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Equivalent retarder approach to reflective liquid crystal displays
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Reflective liquid crystal display$LCDs) are studied using the Jonesk2 matrix method. The
reflective LCD effectively behaves as a single retardation layer. Conditions on the retardation and
optical axis orientation of this equivalent retarder in order to obtain high brightness and high
contrast are derived and applied to twisted nematic layers without and with a compensating
waveplate. The optimization of the display performance by numerical calculations is greatly
simplified by analytical results relating the parameters of the liquid crystal, incident polarization,
and compensator. €999 American Institute of Physid$S0021-897€99)08921-5

I. INTRODUCTION II. EQUIVALENT RETARDER APPROACH

Reflective liquid crystal displayd_CDs) are interesting ‘The Jones X2 matrix method deals with light propa-
from the point of view of two different applications. The 9ating along the normal of a stack of planparallel uniform
absence of a backlight makes them suitable for portable eled@Yers. Taking the axis along the normal the andy com-
tronic equipment with little energy consumption. Alterna- ponents of_the electric field, andE, at the exit side of_the
tively, combined with monocrystalline active matrix arrays Stack are linearly dependent & andE, at the entry side,
they can be applied in compact high resolution projectors2nd the propor_tlogallty coefficients are the components of
Optimizing the performance of these displays requires undefN® Jones matrixy
stan_ding of the propagation. of polarized Iight through a re- E, Ji Jio[E, E,
flective LCD. In a recent articlel have described the use of [ [E } =7 E } . (1)
the Berreman % 4 matrix method for reflective LCDs. This Y Ydin Ydin
method is basic to most numerical calculations of the opticairhe Jones matrix for light propagating backwardly, i.e., from
properties of LCDs. This article deals with the Jones2  the “out-side” to the “in-side” is also.7, provided that the
matrix method. In this method only the primary reflection atelectric field components are written as a row vector instead
the mirror is taken into account, as opposed to the Berremagf as a column vectdr When the electric field is written as a
method, in which all reflections at all interfaces are takencolumn vector the Jones matrix for light propagating back-
into account. Within the framework of the Jones methodwardly is 77, the transpose aff
many analytical results can be derived. It is the goal of this
article to use such results to simplify and speed up numerical
optimization and aid the physical understanding of the optics

of reflective LCDs. I~ . :
V Yvhere the accent indicates light propagating backwardly. A

The main result presented in this article is that any set o f based the B L i thod b
birefringent layers in front of a mirror behaves effectively asProo! based on the berrema matrix method can be
found in the Appendix. It is remarked that the same coordi-

a single retardation layer. Clearly, the retardation and opticalot ¢ _ dtod ive liaht tina in the t
axis angle of this fictitious equivalent retarder are then syffate frame IS used to describe fight propagating In the two

ficient to characterize the system. On the basis of this resug'reCt!gns' ASI‘ a_copseql:epce, Qtr;]e ag%the star:nedlo:es vefctor
conditions for minimum and maximum reflection can be eas<c>CIP€S polarization states with a ditterent handedness for

ily formulated. These conditions can be used for calculating}he two d.|rect|ons of propagatloq. . .

the liquid crystal parameter values that give rise to optimum . Consider the case where an ideal mirror IS plaped on one

brightness and contrast of reflective LCDs. suje of the stack. The.ba.ckwarQIy propagating field at the

The content of this article is as follows. In Sec. Il ex- MO depends on the incident field as

pressions for the Jones matrices relevant to reflective systems [E/

are presented and the equivalent retarder approach is intro- '

duced. This approach is used to formulate requirements for Y

optimum brightness and contrast. These requirements are aghereas the reflected field depends on the forwardly propa-

plied to twisted nematics without a compensating waveplategating field at the mirror by

in Sec. lll and to twisted nematics with a compensating E E
X X

EyLut J

waveplate in Sec. IV. The article is concluded in Sec. V with
a summary of the main conclusions. Ey

The forwardly and backwardly propagating fields at the mir-
dElectronic mail: sjoero.stalling@philips.com ror are related by the phase jump equaltdeading to
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E. When the propagation direction is taken along the postitive
E/ . (30 direction a different coordinate frame is needed after reflec-
Y- mirror tion. As a consequence an additional matrix enters the ex-
This overall minus sign may be ignored. Combining thesepression forJ, . In the absence of absorption Jones matrices
three equations gives the relation between the reflected arate unitary matrices, the determinant of which can be taken

Ex
Ey

mirror

incident fields as equal to one. Such a matriXcan always be expressed in the
following form:*
E, E,
%Lfﬂah’ @ F=ROUSR(-R(), (7a)

where the Jones matrix for reflection is equal to the producYVIth the retardation matrix

of J and its transpose exp(i o) 0
. Ud)= N (7b)

I=JT". (5) 0 exp —id)
It follows that 7, is a symmetric matrix, because: and the rotation matrix

IT=(TTN =57"= 7. (6) Ri)= cos¢ —sing 7
The same result has appeared in Ref. 3. It is noted that the sing  cosé
same reference frame is used before and after reflectioMhis leads to the explicit expression:

|
cosdcosh+isindcogf+2y) —cosdsinf+isindsin(6+2y) .
I=| cosssing+i sindsin(#+2y) cosdcosf+isinscog 8+2y) | (7d)

Equations(7) mean that any birefringent system may bex axis, the requirements for a reflection coefficient equal to
replaced by an effective retarder and an effective rotatorone or equal to zero can now be easily formulated in terms of
This effective retarder introduces a phase differen8d@  the parametery and é of the equivalent retarder. The reflec-
tween two eigenwaves that are linearly polarized at angles tion coefficient equals zero ifand only i) the equivalent
and y+ /2 with the x axis, whereas the effective rotator retarder is a\/2 plate with its optical axis atr/4 with the
rotates the polarization ellipse over an angleClearly, the  polarizer axis, i.e.,
action of an arbitrary birefringent system on polarized light 285= /2 (109
can be described by the three parameters, and 6. '

For a birefringent stack with an ideal mirror placed at theand

bottom of the stack, the Jones matrix for reflection takes a y= = rlh (10b)
special form. Given that the Jones matrix for forward propa- T
gation can be expressed according to Eqﬁ_the Jones ma- The reflection coefficient equals unity if either the effec-
trix for backward propagation can then be written as tive retardation equals zero or if the effective optical axis is
. aligned with the polarizer transmission or absorption axis,
TT=R(= OR(PUGDR(~7), ® e,
and the Jones matrix for reflection as 25=0, (119
T =TT =R(VURSR(— ). 9
Apparently, the effective rotator components cancel each / /
other, while the effective retarder components add up. This | -0
means that the action of a reflective birefringent system on st .
polarized light is equivalent to that of a single retardation _— —
layer, described by two parametefsand &. This is shown light in / /
schematically in Fig. 1. The physical symmetry underlying
this re_sult is the invariance undt_ar time reversal of MaX\_/veI_I’s / /:/9
equations. This symmetry specifies the electromagnetic field oy
when the direction of propagation is reversed. Time reversal ot : i |
invariance leads to the same result in the framework of the _ g
exact Berreman % 4 matrix method. light out - P
Suppose that the birefringent layers are sandwiched be- .
tween an ideal mirror at the bottom and an ideal polarizer on mirror

top. Th.iS _descri_bes a direct V_ieW reflective LCD. _\Nhen ther|G. 1. The polarization rotation for backward propagation cancels that for
transmission axis of the polarizer makes an angleith the  forward propagation leaving only retardation.
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By driven state is the bright state for direct view type reflective

/ LCDs, whereas it is the dark state for projection type reflec-
director !

tive LCDs, with ideal reflection coefficientR=1 and R

¢ director =0, respectively. This means that direct view displays are
glass-side mirror-side - ;
normally black, whereas projection displays are normally
X white. The nonaddressed state may be approximated as a

nontilted uniformly twisted layer, provided that the surface
pretilt is sufficiently small. The Jones matrifor forward
propagatioh can then be expressed®as

optical axis entry polarization

equivalent retarder TJ=R(B)KR(— B+ ¢), (13

FIG. 2. The relative orientation of the director on the top/glass side, thavhere/C is the Jones matrix in the frame that corotates with

director on the bottom/mirror side of the cell, the equivalent retarder opticathe twisting director, and is given by
axis, and the polarization of the light incident on the display.

% u
cogwl)+i Fsin(q-rl") Fsin(wl“)
or K=
! in(7l) cognl)—i Y sin(#I")
— = SIN( 7 ml)—1 = v
y= oo (11b) r r
Y+ ml2 (14
It is remarked that these conditions can also be derivedhe quantitieas, v, andI” are defined as
from the rather simple expression for the reflection coeffi- P
cient in terms ofy, v, and é u= — (159
R=1-sir?(248)sirt(2y—24). (12) n
n
Equations(10) and (11) are applied to the twisted nematic V= (15b)

effect in the next two sections.
For a direct view reflective LCD the polarizer is also the = /;Z+ 2. (150

analyzer, i.e., the incident and selected polarization are the i ) )
same. This is different from a reflective LCD in a projector,The Jones.matrlx of the tW'Ste,d nematic 'a¥ef can als.o be
which is illuminated through a polarizing beam splitter expressed in terms of an effective retarder with retardadion

(PBS. A PBS transmits light of one polarization and reflects2nd optical axis at an anglg—y with the x axis (which
light of the orthogonal polarization. The reflective LCD is Means an angle with the director on the top sigeand an
placed in the beam reflected by the PBS. The beam is incEfTeCtive rotator ovew as

dent on the PBS for the second time after being reflected at  7=R(B— y)U(S)R(— B+ y)R(6). (16)
the LCD. Only if the reflective LCD changes the polarization
is the beam transmitted by the PBS, and projected on th
screen. It follows that the selected polarization is orthogonakl=R(— y)U(S)R(0+ y— ¢)

to the incident polarization. The reflective LCD/PBS combi- i

nation can thus be seen as a reflective LCD “between” ~ cosécog 60— ¢) _—cosssin(g— )
crossed polarizers, whereas the direct view variant can be _| tiSindcos2y—¢+6) +isingsin2y—d¢+6)

gonsequently

seen as a reflective LCD between parallel polarizers. As a cosdsin(6— ¢) cosd cog 60— ¢)
consequence, the reflection coefficiéhbf direct view dis- +isingsin2y—¢+60) —isindcos2y—¢+0)
plays must be replaced by-IR for projection displays, the (17)

conditions for zero reflection are now the conditions for )
unity reflection, whereas the conditions for unity reflection!t follows directly that
are now the conditions for zero reflection. 0=¢—27y. (18

This relation is a consequence of the symmetry of the direc-
. TWISTED NEMATIC LIQUID CRYSTAL EFFECT tor profile’ The layer does not change when rotated ower

Consider a twisted nematic liquid crystal layer of twist @round an axis perpendicular to the plane spanned by the
angle (which is positive if the twist is right handgdhick- ~ 'ayer normal and the director at=d/2 (midplane director
nessd, and birefringencén. The director makes an ang _Th|s symmetry is also present for driven LCDs, f_rom WhICh
with the x axis on the top sidéat z=d), and 83— ¢ at the it f(_)llows that Eq.(18) aI;o holds when a voltage is ap_plled.
bottom side(atz=0), as shown in Fig. 2. In order to analyze USing Eq.(18), the relations betweery and 5 on one side,
brightness and contrast expressions for the Jones matrix f'd #/7 anddAn/\ on the other now follow as
the addressed and nonaddressed states are required. In a first coss cog2y)=coq #I'), (1939
approximation the director profile in the addressed state may
be considered homeotropic so that there is no retardation left. sins= Xsin(wl“) (19h)
The Jones matrix is then the unity matrix. Consequently, the r '
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FIG. 3. Contour plot of§ in theuv plane. Thes values range from Qight
gray) to approximately & (dark gray. The full lines are contours of fixedl
the dashed lies are the singular lines or branch cuts.

u
cosssin(2y)= Fsin( 7). (190
Equations(19) can be solved fory and & or for ¢/# and
dAn/\. In the first case’ follows from Eq.(19b) andy from
Egs. (199 and(19¢. It is found that

o= mw+(—1)marcsir{%sin(wl“)}, (209

u
2y=mmu+ arctar{ftar( 771“)], (20b)
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FIG. 4. Contour plot ofy in theuv plane. They values range from Qight
gray) to approximately 3r/2 (dark gray. The full lines are contours of fixed
v. There are singular points on tleaxis (atv=1/2,3/2,5/2,...).

dan_ sing
o JSir? 6+ co€ 5siré(27)
o 2k2+1_(_1)karcsir{cosﬁcos(27)} .

(23b)

Just as before, the choice of the integes arbitrary. It
turns out that each brandhgives values fou andv such
that k<I"<k+1. Figures 5 and 6 show=¢/7 and v
=dAn/\ as a function of§ and y for k=0. Clearly,u andv
are invariant under the combined substituti®n 5+ 7 and

wherem is an integer, the choice of which is arbitrary. For Y7 /2.

any choice ofm singularities appear in thev plane, mean-

ing that points and/or lines are not characterized by a uniqugeflection analytical expressions are found for the twist angle

pair of 6 and vy values. If it is required that and y are
nonsingular along the=dAn/\ axis andu= ¢/ axis, then
m must be the largest integer smaller tHan 1/2 (m=0 if
0<I'<1/2, m=1 is 1/2<I'<3/2, etc). Figures 3 and 4
show contour plots for this choice of of & and y, respec-
tively.

We now turn to the second case, solvingandv in
terms ofy and 8. First, I" follows from Eq.(199 as

2k+1 arcsifcosé cog2
_ L aresi g 7)}' (21
2
with k an integer. It then follows that
sin(7") = (—1)*{sir? 6+ cog &sir(27y). (22)

Using Egs.(19b and (1909 ¢/7 and dAn/\ can now be
expressed as

' o cosssin(2y)
. \sir? 8+ cog §sirf(2y)
2k2+1 (_1)karcsu{cosfcos(27)} . (23

Using Egs.(23) and the conditions for zero or unity

and retardance in terms of the anglebetween the entry

20 [

2y/m
o

0.5

0.0

0.5 10 15

5/m

FIG. 5. Contour plot ofp in the 5y plane for the branckh=0. The ¢ values
range from—r (light gray) to 7 (dark gray. The full lines are contours of

0.0 2.0

fixed ¢. Singular points are located on a square grid with integer coordinates

(I, m) such that +m is odd.
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FIG. 6. Contour plot ofdAn/\ in the 8y plane for the branclkk=0. The
dAn/\ values range from-1 (light gray) to 1 (dark gray. The full lines are
contours of fixeddAn/\. Singular points are located on a square grid with
integer coordinated, m) such that +m is odd.
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FIG. 7. The values oé (full line, left y axis) anddAn/\ (dashed line, right

y axis) of the branctk=0 giving rise to optimum brightness of a normally
white projection reflective LCD without compensator as a function of the
polarizer angley.

the present nomenclature they would be termed as 0TN-45
and O0TN45. The branch in th@An/\ — ¢/ 7 plane with in-

polarization and the top side director. This polarizationdexk coincides with the contour lined= (4k+2=+1)x/4 in

makes an angl@— s with the x axis, as shown in Fig. 2.
The bright state conditions for @ormally white pro-
jection type display follow from combining Eq$10) and
(29):
f — ( -1 k

T

cog2¢)
V1+cos(2¢y)

2k+1 (1)K arcsir{siqr-nr(zw)/fz}}

X 5 , (244

dAn 1)k 1
RN

V1+cos(2¢)

y [ 2k;L 1 (1)K arcsir{sijzw)h/i}} .

It is proposed here to adopt the shortha#@iNys for
“the twisted nematic effect with twist anglé and a linear
entry polarization at an anglewith the director on the entry
side of the liquid crystal.” The most well-known effect is
then termed as the 63TNO effect, which Has0 and ¢
=0, and hence ¢=v27/4=63.6° and dAn/\=v2/4
=0.354%"1 Another case is the “self-compensating”
60TN30 effect, invented by H. A. van Sprdicand later
rediscovered? This effect hasy= ¢/2, i.e., the entry polar-

(24b)

ization is parallel to the midcell director. As a consequence,

the twist angle satisfies

éz(_l)kqub
7T J1+cos ¢
» 2k2+1+(_1)karcsir{s;n¢>/f2} ’ (25

which for k=0 gives ¢=58.67° anddAn/\=0.627. The

limiting case of the nontwisted electrically controlled bire-

fringence effect is described by the cases + w/4. Within

Fig. 3. Figures 7 and 8 show the relation betwdd&m/\, ¢,
and ¢ for the branchk=0. Remarkably, the twist angle is
restricted to values smaller than approximately 72°. The
branches withk=1 have higher twist angles. The relation
betweendAn/A and ¢ has been derived before in Ref. 11,
but not in the explicit form of Eqs24).

The bright state conditions for @ormally black direct
view type display follow from combining Eq$11) and(23)

f—(—l)k €0sd sin(2y)
T JSir? 6+ coZ 6 Sirf(24)
X2k+1_(_1)karc3|r{cosécos{24//)}}, 263
2 T
0.8
\wmzo
0.6 - .
< i
5§ 04
__—_—_//gsmo
0.2 -
0.0 ] ]
0 30 60 90

¢(deg)

FIG. 8. The ratiodAn/\ as a function of¢ of the branchk=0 giving rise
to optimum brightness of a normally white projection reflective LCD with-
out compensator.
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dAn siné ficulties, the requirements for a good bright and dark state
—=(—1)k—= _ Eqgs.(10) and(11) in terms of the equivalent retarder param-
A Vsin? 5+ cos §si(2¢) eters are still the same, and these conditions may be used to
2k+1 arcsif{coss cog 24)} simplify the task of finding an optimum display configura-
> (= k - . (26b tion using numerical calculations. It is assumed that the com-

pensator is placed on top of the liquid crystal layer and not in

Here, d is a free parameter. Clearly, any pair of valuesbetween the mirror and the liquid crystal. The latter case

for ¢ and dAn/\ can give rise to a good dark state. The excludes the use of an in-cell reflector, which is needed to
curvesI'=km with k an integer are the solutions already avoid parallax. It is remarked that the compensated driven

found in Ref. 14. state can have an arbitrary retardation, as opposed to the
uncompensated driven state which has a limited retardation.
IV. TWISTED NEMATIC LIQUID CRYSTAL EFFECT This implies that the driven state can be the state which

WITH RETARDER effectively behaves as ®/2 plate, i.e., as a dark state for a

It turns out that quite high voltages are needed to achievdirect view display and as a bright state for a projection
an addressed state which is practically isotropic. Drivers thadisplay. Consequently, both the direct view as the projection
can supply such high voltages are relatively expensive, antype of reflective LCD can be normally white or normally
are therefore not used in practice. It then follows that inblack, provided that the liquid crystal is compensated by a
practical circumstances the addressed state always has a retarder.
sidual retardance. Clearly, the approximation used in the pre- Starting point of the analysis are expressions for the
vious section does not hold in practice, meaning that a mordones matrices of the liquid crystal and of the compensator.
refined treatment is needed. This treatment is based on nin these expressions the frame of reference is rotated around
merical calculations, as no analytical expression for thghezaxis over an angle, so that the new axis is along the
Jones matrix in the addressed state are known. entry polarization. The Jones matrices of the liquid crystal in

The effect of a compensating retardation layer added tthe two states A and B for reflection can then be expressed in
the display can be quite benefictdr:!®Including a retarder terms of the effective waveplate parameters retardation val-
makes the calculations even more complicated due to theesd, and 6z and optical axis angleg, and yg at voltages
increased number of degrees of freedom. Despite these di¥/, andVg as

' [COS264)+i SIN(26,)cOg 2 75— 24)) i SIN(26,)SiN(2y4—24))
A= i SIN(26,)SIN(2ya— 246) COL28,) — i SIN(28,)COg 2ya—20) | (279
| cog26p) +isin(26g) cog2yg—2¢) i Sin(26g)SiN(2yg—2¢) o7
B= i SiN(28)SiN(2ys— 219) COL255) — i SiN(285) cos 2y —2¢) | (279

The effective waveplate parametets, S5, ya, andyg are calculated numerically from the director profileVat and
Vg. If V, or Vg are below threshold the analytical expressions for the retardation and optical axis angle derived in the previous
section may be used without introducing a significant error. The compensator Jones matrix for transmission is

COSOR+1SINSgCOL2yr—2¢) iSINSRSIN(2ygr—2Y)
i SINSRSIN(2yr—2¢) C€OSOR—1 SINSRCOL2YRr—21)

R=

: (28)

According to Eqs(10) and(11) the compensated state A is or
equivalent to an/2 plate with optical axis atr/4 with the
entry polarization whereas the compensated state B is
equivalent to a waveplate with retardatiofighd optical axis
parallel to the entry polarization. This means that state A is
the dark state for direct view displays and the bright state for
projection displays, whereas B is the bright state for direct
view displays and the dark state for projection displays. Con- e ) )
sequently, the overall Jones matrices for reflection of thevhereJr " is found from the expression forr by replacing

liquid crystal/waveplate combination for state A and B are Sr PY — dr. After straightforward but lengthy matrix multi-
plication the following six expressions for the matrix ele-

ments of 7, and Jg are found

0 i
i 0

J=Jg* TRt (30a

expis) 0

0 expi—i5)| TR " (300

JB=J§1

.
JRJAJR=R(7T/4)L{(7T/2)R(—77/4)=[i (')} (299
COg28,) =SsiN(26g)SiN(2ygr—24)), (31a

TrIsTr=U(0) = (29b)

exp(id) 0 }

0 exg —id) SiN(28,)CoY2ya— 2¢) = —sir? SrSiN4yr—4), (31b
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FIG. 9. The optimum rati@dAn/\ as a function of$ according to numerical

S. Stallinga

respect to the incident and selected polarization. Figure 9
shows the numerically calculated relation betwegrand
dAn/\ for a liquid crystal layer with elastic constanis;
=2K,=K3;=15pN, dielectric constantg, =3.0 and ¢
=8.0, pretilt angle 2°, and driving voltages for state A and B
equal to 1.0 and 5.0 V. The numerical result is qualitatively
similar to the analytical approximation. ThrelAn/\ values
are somewhat higher for the exact numerical result. The
maximum twist angle is approximately 65° compared to 72°
for the approximate analytical result. Finally, it is mentioned
that there are other branches with higlgeanddAn/\ val-
ues than the plotted branch. These may be appropriate for
passively driven displays, which require effects with a high
twist angle.

Equation (33) is related to a theorem derived in the
analysis of gray scale inversion in transmissive twisted nem-

calculationg(full line) and according to the analytical approximation of Fig. atic LCDSlg According to this theorem the difference in re-

8 (dashed-dotted line

SiN(8)SiN(2ya— 2¢)) = coF Sx+ sir? Sgrcog4yg—47y),

(319
C0Y26g)=C0SSC0g20R) +SiNSsiN(20g)cog2ygr—2Y),
(310
sin(26g)cod2yg—2¢)
= —C0SSSIN(25R)COL2yr—2¢)
+sin [ cog Sg—sir? Sgrcog4yr—44)], (31e

SiN(20g)SiN(2yg—2¢) = —C0SSSIN(25g)SIN(2ygr—21)
—sin&sir? Sg sin(4yr—4).
(31)

flection (or transmissioncoefficient for voltaged/, andVg

is bound by a maximum, which does not depend on the in-
cident or selected polarization, nor on the properties of pos-
sibly present retarders
The angler describing the maximum reflection difference
can be expressed in terms of the Jones matrice¥ foand
Vg by

cosT= ST JaJ 5 ]=c0425,)c0g 25)
+Sln(25A)Sln(25B)COE(2'yA—2'}/5) (35)

Here, Tr indicates the trace of a matrix, which is defined as
the sum of its diagonal elements. For optimum brightness

It turns out that only four of these six relations are inde-and contrast one of the reflection coefficients must be equal

pendent, as the parameters on the left hand side of(Bijs.
satisfy

COS(268,) + SINP(84)COS(2ya—2))

+SinP(264)SINP(2ya—2¢) =1, (329
COS(28g) + SirP(285)coS(2yg— 24)
+ i (268g)SINP(2ya—24h) =1, (32b

to zero and the other equal to unity. This optimum can only
be obtained when the angtds equal tor/2. It follows from
Eq. (35) that this requirement is equivalent to E§3).

When the liquid crystal parameters are such that(E8).
is satisfied there are three independent E§4) left that
relate the polarization anglg, the waveplate retardatiofy
and optical axis angleg and the effective retardatiof of
state B. It follows that one of these four parameters can be
chosen freely. This single free parameter can be used to op-

for all values of the parameters appearing on the right hangmize the LCD for a third favorable propertybesides

side of Egs.(31). This is related to the unitarity of Jones prightness and contrassuch as the color purity of the dark
matrices. Of the four remaining independent relations one istate. In the followingsy is assumed to have a fixed value.
a relation between the liquid crystal parameters onlyThe polarization angles and the waveplate optical axis angle
Namely, Eqs(31) can be combined to v (and also the parametéy can then be solved in terms of

COK25,)C0H 2 5) + SiN(28,)SIN(255) oL 2 95— 2v5) =0, the liquid crystal parameters angk. It follows from Eg.
(33) (313 that yg— ¢ satisfies

a relation which does not involve the polarization or wave-

. . ; . cog26
plate parameters. This requirement imposes a constraint on  sin(2yg—2¢) = M, (363
the parameters of the liquid crystal. More specifically, it Sin(23¢)
gives the relation between the twist angbeand the retar- S 2
i i Sinf(26g) —cos (26
dance to wavelength ratidAn/\ as a function of the two 0O 2ym— 200) (26r) (264) (36b)

driving voltages and the liquid crystal and cell parameters. It
follows that this relation is independent of possibly present
retarders and of the orientation of the liquid crystal with Equations(31b) and(31c) can then be written as

Sin(26g)

Downloaded 15 Mar 2004 to 194.171.252.100. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



J. Appl. Phys., Vol. 86, No. 9, 1 November 1999 S. Stallinga 4763
180 180
. 150F . 150
[} o
(3} b [
Z =
> = -
120 120
90 ) 1 [ ] 1 ] 90 ( A A , A ;

¢ (deg)

FIG. 10. The polarization anglg¢s as a function of the liquid crystal twist
angle for the liquid crystal parameters used in Fig. 9 anddge /4. The
driven state is compensated such that the equivalent retardex/B @late
with optical axis at 45° with the polarizer. The full and dashed lines refer to
the lowest and highestAn/\ value of the full line in Fig. 9, respectively.

¢ (deg)

FIG. 11. The retarder optical axis orientatigp as a function of the liquid
crystal twist anglep for the parameter setting used in Fig. 10.

normally black direct view display or to a normally white
projection display. Curves for other values&f can be cal-
culated in a similar way.

SiN(26p)CO2ya—2¢)

V. SUMMARY AND CONCLUSION
c0g28,) VSir?(285) — coS(25,)

= 2c0€ o, : (373 The Jones X2 matrix method is applied to reflective
LCDs. Two general results established in the original Jones
) _ 2 cog Sg—CcoS(26,) papers turn out to be of great use. According to the first
SIN(204)SiN(2ya—24) = 2 cod o ; (37D result the Jones matrix for backward propagation is equal to

the transpose of the Jones matrix for forward propagation. A

leading to consequence of this result is that the combined Jones matrix
for reflection is a symmetric matrix. The second general re-
a2 ya—20) = COS'(28,) —2 coS Jg sult is that any Jones matrix can be represented by the prod-

uct of the Jones matrices for a retarder and a rotator. Because

(38 of the symmetry of the reflection Jones matrix the rotation
angle describing the effective rotator equals zero. It follows
that a reflective LCD effectively behaves as a single retarda-
Yion layer.

This equivalent retarder picture allows for a formulation
of conditions for minimum and maximum reflection, i.e.,
conditions for high brightness and contrast. For a direct view
display the polarizer is also the analyzer. Zero reflection is
obtained if the equivalent retarder is\& plate with optical

COY238,)\/SIM(28g) — COL(25,)

from which ¢ can be solved easily. Using Eq86) yg can
then be found. With the aid of any one of the three remainin
Egs. (31d), (31e, and (31f), the parameters (the overall
effective retardance of state) Bnay be found. According to
Egs. (36) 6r and the difference betweepg and ¢ are re-
stricted to the range

o o

7 OASOrs 7+ 0a, (393  axis at 45° with the polarizer. Maximum reflection is ob-
tained if the optical axis of the equivalent retarder is parallel

T T or perpendicular to the polarizer and/or if the equivalent re-

7 OASYRTYS 7+ 0n. (39D tarder has zero retardation. For a projection display the con-

ditions for minimum and maximum reflection are the other
In case state A is the driven sta®, is relatively small. This  way around, as now the selected polarization is perpendicu-
implies thatdg and yr— ¢ are close tor/4, i.e., the retarder lar to the incident polarization.
must be close to a/4 waveplate with an optical axis ori- These conditions can be applied to twisted nematics in
ented at approximately 45° with the entry polarization. Fig-order to optimize brightness and contrast. When the residual
ures 10 to 13 show numerically calculated values/adnd  retardation of the driven state is neglected no compensating
yg for 6g= /4 (the compensating waveplate is\& plate = waveplate is needed. In this case analytical expressions for
and for the liquid crystal parameters of Fig. 9. State A isthe twist angle and retardance to wavelength ratio may be
taken to be driven state of the liquid crystal in the calculationderived. When the residual retardation of the driven state is
for Figs. 10 and 11. This corresponds to a normally whitetaken into account numerical calculations are required to op-
direct view display or to a normally black projection display. timize the display performance. These calculations are
State B is taken to be the driven state of the liquid crystal ingreatly simplified by analytical results derived from the con-
the calculation for Figs. 12 and 13. This corresponds to aitions on the equivalent retarder parameters. The first ex-
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180[ APPENDIX: RELATION WITH BERREMAN 4 x4
L MATRIX METHOD
150
i The Maxwell equations for light propagating through a
. 120F birefringent layer with normal along the axis can be re-
o i duced to a set of four coupled first order equations forxhe
T 90+ andy components of the electric and magnetic fiéftsFor
> i normal incidence these equations can be written as
601
i E, 0 1 0 O E,
N 10 e d | mocHy ik Piu 0 P O] puecHy
O--_-—T_—-_—I _____ ' | / dZ Ey _I 0 O 0 1 Ey ’
0 10 20 30 40 50 60 70 — moCHy P,y 0 Py, O — poCHx
p (deg) (A1)

FIG. 12. The polarization anglé as a function of the liquid crystal twist wherec is the speed of light '_n vacuunu, the permeability
angled for the liquid crystal parameters used in Fig. 9 anddgr= /4. The ~ Of vacuum, wher&=2=/\, with A the vacuum wavelength,

nondriven state is compensated such that the equivalent retard@r igate and where the coefficien®,, depend on the components of
with optical axis at 45° with the polarizer. The full and dashed lines refer othe dielectric tensor according to
the lowest and highestAn/\ value of the full line in Fig. 9, respectively.

€y ,€
P11= €xx— XGZZZZX' (A28)
presses the relation between the twist angle and the liquid
crystal retardance to wavelength ratio. This relation does not  p_,— €y fLEZy, (A2b)
depend on the nature of the compensating waveplate or on €22
the entry polarization. The other results are expressions for e
the orientation of the compensator optical axis and of the P, =¢,,— ——, (A2¢)
entry polarization as a function of the retardation of the com- €2z
pensator and the liquid crystal parameters. €y2€2y
For the sake of simplicity only relatively small twist Poo=€yy— . (A2d)
Y4

angles are considered. The results therefore apply to active
matrix displays. Passive matrix displays use liquid crystalFor a uniaxially birefringent medium with no optical activity
layers with a higher twist angle in order to obtain the re-the P, can be expressed in terms of the ordinary and ex-
quired steep electro-optic response. A similar treatment agaordinary refractive inder, andn,, respectively, and the
presented in this article is quite possible. optical axis tilt and twist angleg and ¢, which are defined

Another generalization of the presented results is to thas the angle between the optical axis andxyplane and the
Jones method for obliquely incident light?®?It turns out  angle between the optical axis and ttEplane, respectively.
that the Jones matrix for reflection is then no longer equivaThe resulting expressions are

lent to that of a single retardation layer. The methods for
9 Y n2(n2—n2)cosf?

optimization _outlineq ir_1 this article are therefore not appro- Pi=n2+ — o cos¢?, (A3a)
priate for obliquely incident waves. N, COSH“+ngsin g
o _p n2(n2—n?)cos¢? -
=Py = —— SiN ¢ COS,
127721 02 cosh?+nZ sin 62 ¢ cosé (A3b)
180[
- 2,2 2 2
ns(ng—ng)coseh
150 Py=n24 o sin¢2. A3c
: 22770 " n2cosh?+n2 sin 6 ¢ (A3c)
= 1201~ In the absence of absorption the refractive indices are real,
\%/ O-— implying that the coefficient®,,, are real as well.
= 9 L Eliminating the magnetic field components of E4.1)
= 60-— gives the following pair of second order differential equa-
e tions forE, andE,
30__ ‘~\\“\\ d2 EX}__ 2|: Pll P12 EX (A4)
0 ] ] | ] ] / az_z Ey Pa1 P2 Ey .
0 10 20 30 40 50 60 70 We look for first order equations of the form
p (deg)
) o ) ) o E, Ni3 Npo|[E,
FIG. 13. The retarder optical axis orientatigp as a function of the liquid pr 1 == E | (A5)
crystal twist anglep for the parameter setting used in Fig. 12. dz y No; No y
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that are equivalent to E@¢A4). The set of equations with the 27-dAN

positive sign refer to the wave propagating in the (for- 26=——, (AL13)
ward) direction, whereas the set of equations with the nega-

tive sign refer to the wave propagating in the (backwargd ~ and the overall phase, which can usually be left out, is
direction. Clearly, the backwardly propagating solution cangiven by

be obtained from the forwardly propagating solution by sim-

ply replacing the ternik by —ik. The refractive indices are a= M
real when there is no absorption. It turns out that then the A

N are real as well. The substitutiotk— —ik is then |t turns out that the Jones matrix of this single uniform layer

(A14)

equivalent to taking the complex conjugate. is symmetric, i.e., it is equal to its transpose
The first order Eq.(A5) give rise to the second order .
equations J=TJ . (A15)
& [E, N2+ NNy NpoNgg+ NNy, [Ex} The solution of Eq(A5) for backward propagation
97 == y .
d°z|Ey NoiN11+NioNpy N5+ NNy, LBy Ex ZJ,[Ex} (AL6)
. d [Ny Npof[E, Eylin Eylow
+ik —
- dz|Ny; Nyl Byl (A6) follows from Eq.(A11) by replacingik, i.e., by —ik, i.e., by

er&plac:ingé by —é anda by —a. An additional matrix inver-
Sion is needed because the fieldzat0 is now expressed in
terms of the field az=d instead of the other way around.

The second term on the right-hand side may be neglect
provided that the coefficienty,,, vary little over one wave-

length Matrix inversion also boils down to replacintby — s and«
1|dNj, by —a. It follows that combining the substituticik— —ik
N dz <L (A7) with matrix inversion leaves the Jones matrix unchanged.

Consequently, the Jones matrix for backward propagation is

The second term even vanishes whenNig are constant. In equal to the Jones matrix for forward propagation

these cases the first order E#A5) are equivalent to the

Maxwell equations if J'=J. (A17)
P12= N2+ NNy, (A8a)  Combining this equation with EqA15) it is found that
P12=NioN1y+NaiNop, (A8D) J=J" (A18)
P21=NyNyy+ NioNoy, (A8c)  Now consider a stack d¥l different birefringent layers. The

) gist of the 2<x2 Jones matrix approach is the neglect of all
P22=N3;+N1oNpj. (A8d)  reflection effects at the interfaces between the different lay-

ers. This implies that forward and backward propagation re-

The coefficientsN,,, can now be solved using E¢A3) :
main decoupled throughout the whole stack. As a conse-

Ni;=n,+AN cos &, (A93) quence, the overall Jones matrix for forward propagation can
. be expressed in terms of the individual Jones matrices for
=ny+
Nzz=no+ AN'SI? ¢, (A9 orward propagationy; ,...Jy as
N1,=Ny;=AN sin¢ cosg, (A9c) T= T Todh (A19)
with the effective birefringence . Lo
g The overall Jones matrix for backward propagation is then
ngn ’ 1o ’
AN= 2" 1, (AL0) J'=T1Tp--Tu=J1T 5 Tu=J". (A20)
JnZcog 6+n3sir? 6 _ .
_ . Clearly, relation(A18) also holds for a stack of different but
For a tilt angled equal to zero we finhN=An=n.—n,,  uniform birefringent layers. On the other hand, relation

i.e., the effective birefringence is equal to the real birefrin-(A17) no longer holds for such a stack. Relatighl8) also
gence. IfAn is sufficiently small the effective birefringence holds for nonuniform birefringent layers, provided that te

AN is equal toAn cos’ 6. matrix varies slowly over a wavelength. In that case the
_ The solution of EG(AS) for forward propagation can be jones method can be correctly applied. The nonuniform layer
written as is then approximated by a stack of different but uniform
E, E, sublayers, for which EqA18) is satisfied. For a large num-
el =7 - (Al1l)  ber of sublayers the approximation becomes exact, implying
Ylout Ydin that Eq.(A18) holds for both nonuniform and uniform lay-
The explicit expression for the Jones matgixin this par-  ers.
ticular case is A more direct proof is possible when there is no absorp-
. tion present. Then the Jones matrix for backward propaga-
T=expi ) RIGIUOR(~ ¢). (A12) tion for an arbitrary stack of layers is found by complex
The phase difference between the two eigenwaves is conjugation combined with matrix inversion
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