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Abstract 

Implicit difference schemes for the one- 
dimensional Euler equations with conservative 
upwind spatial differencing and linearization in 
time are tested on a problem of steady 
discontinuous flow. Fastest convergence (quadratic 
for the first-order "backward Euler" scheme) is 
obtained with upwind switching provided by Van 
Leer's differentiable split fluxes, which easily 
linearize in time. With Roe's non-differentiable 
split flux-differences the iterations may get 
trapped in a limit cycle. This also happens in a 
second-order scheme with split fluxes, if the 
matrix coefficients arising in the time- 
linearization are not properly centered in space. 
The use of split second-order terms computed from 
split fluxes degrades the accuracy of the solution, 
especially if these are subjected to a limiter for 
the sake of monotonicity preservation. Second-order 
terms computed from Riemann invariants perform 
best. 

1. Introduction 

Implicit time-dependent methods for computing 
steafy inviscid flows have been around from some 
time , h t  there have been few applications with 
strong shocks. In particular, the influence of a 
shock wave on the convergence to a steady state is 
not well known. The aim of this paper is to study 
in detail the performance of one implicit method 
for time-integration of the one-dimensional Euler 
equations using conservative upwind-biased spatial 
differencing for a proper treatment of shocks. 

The implicit method, "backward Euler", is 
formulated in Sec. 2. It is tested on a one- 
dimensional model of the isothermal flow in a 
spiral galaxy, described in Sec. 3. Computations of 
this flow with explicit methods were made by Van 

2 Albada et al. . It makes a good test problem, 
because of the strong shock (Mach 2.5) and the 
cyclic space coordinate that prevents disturbances 
to leave the computational domain. 

The performance of schemes with first-order 
spati 1 accuracy is described in Sec. 4. First, 
Roe' sij approximate solution of the Riemann problem 
for neighboring cells is used to provide the upwind 
switching, with a modification to exclude e ansion 

- shocks. Then we use flux-vector splittingq with 
continuousl~ differentiable flux-vectors according 
to Van Leer . 

The latter method is also used in the schemes 
with second-order spatial accuracy tested in Sec. 
5. Such accuracy can be achieved by assuming a set 
of independent state quantities to have linear 
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distributions in each cell, rather than uniform 
distributions, as with first-order schemes. The 
slope of a linear distribution can be found through 
a difference-averaging procedure constrained by the 

5 monotonicity condition . The averaging was applied 
to differences of various sets of quantities: the 
split flux-vectors, variables related to the 
Riemann-invariants, and the correct Riemann 
invariants. 

Section 6 contains the main conclusions of the 
paper. 

2. Formulation of the method 

Let w 
quantities, 
s(w,x) the 

denote the vector of M conserved state 
f(w) the corresponding flux-vector and 

source-term vector. The space co-ordinate 
is x, time is t. We wish to find a stationary 
solution for w of the partial differential 
equations: 

which is equivalent to the problem of determining w 
such that g vanishes. 

In order to discretize Eq. (1) we define a grid 
with N zones centered at the points xi, separated by 
Ax. Time at iteration steq n is denotednby tq' the 
timestep by Atn, so tn+ = tn + At . Diffe ences 
with respect to time are written as A w = w"+' - wn 

t and with respect to space as A w = w ~ + ~  - wi. Here 
wi represents the zone-averageh%lue of w. 

Let W be the vector consisting of NxM elements 

wki (k=l,2,. . . ,M and i=l,2,. . . ,N), and let G be 

defined analogously with elements gki. The implicit 

scheme can be written in "delta form"' as 

aG where is the Jacobian of G with respect to W. For 

-0, Eq. (2) reduces to an explicit scheme, for 

a=1 (backward Euler or implicit Euler scheme) and 
~ t "  + - we have Newton's method for finding a root, 
with quadratic convergence. 

The right-hand-side G" of Eq. (2) contains all 
the physics of the problem and defines the accuracy 
of the solution. The matrix L" controls the 
convergence process. 

Newton's mthod will work properly if W is 
sufficiently close to the stationary solution. 
Therefore, the scheme is started with a small Atn to 
let the iteration process mimic an explicit, time- 
accurate integration. Cnce W starts nfeeling the 
attraction of the final solution, At may become 
large and, if a - 1, Newton's method starts working. 



The stage of convergence can be monitored by 

where hk i s  some posit ive constant tha t  prevents 
d iv is ion  %y zero. The time-step is  derived from t h i s  
quanti ty according to:  

Eq. (4)  guarantees t ha t  i n  the  e x p l i c i t  case 
( ~ 0 )  the r e l a t i v e  change of the  s t a t e  quan t i t i e s  
per time-step w i l l  ncwhere exceed E : 

IAt ~ k i l  < E k=1,2,...,M and i=1,2,...,N. 

3. The t e s t  problem 

The t e s t  problem, due t o  woodward12 and used 
previously f o r  a  comparison2 of e x p l i c i t  methods, i s  
b r i e f l y  summarized below. It describes the flow of 
isothermal gas along an almost c i r c u l a r  path through 
the  s t e l l a r  gravi ta t ional  f i e l d  of a  ro ta t ing  two- 
armed s p i r a l  g a l a q .  The vector of conserved 
quan t i t i e s  i n  t h i s  case is: 

w =k], ( 5 4  

where p is  the density,  u the ve loc i ty  perpendicular 
t o  and v the ve loc i ty  along the s p i r a l  arms. The 
space-coordinate x measures distance perpendicular 
t o  the arms; vector  of f luxes i n  t h i s  d i r ec t ion  i s :  

f = [F + c2)] ,  (5b) 

with c the ef fec t ive  sound speed, a  constant. The 
source-term vector is: 

Here n = Q(r)  i s  the angular ve loc i ty  a t  a  radius r 
with respect  t o  the cent re  of the galaxy. The s p i r a l  
arms a r e  assumed t o  be t i g h t l y  wound, with small 
p i tch  angle 8 . The unperturbed ve loc i t i e s  a r e  
approximately vos=r(Q - R ) and uo = ar(n  - Q ), 
where R i s  the p a t t e k  speed of the 'rapidly 

P 
ro t a t i ng  s p i r a l  pa t te rn  and a = s i n 8  << 1. The 

2Q ( r2n) ,  epicycle frequency K i s  given by K - 7 dr 

A i s  the amplitude of the  s p i r a l  perturbation on the  

g rav i t a t i ona l  f i e l d ,  and 1.1 i s  the s p i r a l  phase 
2x 

defined by 1.1 = -. The source term with A i s  due t o  
the  gravitation&!f f i e l d ,  the  other source terms a re  
due t o  the Cor io l i s  force. The problem is  periodic: 
w ( ~ 2 r , t )  = w(q,t). A procedure t o  f i nd  the s ta t ion-  
ary so lu t ion  by in tegra t ing  the  s ta t ionary  
d i f f e r e n t i a l  equations is  given by ~ o b e r t s ~ .  For 
su f f i c i en t ly  large A t h i s  so lu t ion  is  transonic and 
discontinuous. 

The parameters a r e  chosen a s  is thought t o  be 
appropriate- o r  t h  so l a r  neighbour ood: 
n = -', ~ ~ 3 1 . 3 k m ~ - ' k ~ ~ - ~ ,  a = 
13.52L?-8 kPtEf,  c  = 8.56 km s- , r = 10 kpe, 

wsin(6O.7) and A = 72.92 (km 
A l l  ca lcula t ions  s t a r t e d  from uniform i n i t i a l  
values: 
py=l, uI=uo, vy'.vo, i = l , Z , . . . , ~  . ( 6 )  

The constants  hki i n  Eq. (3) a r e  chosen t o  be: 

Finally,  we mention tha t  the source-terms a r e  
l i nea r  i n  w: 

4. First-order accurate resul t s .  

Up t o  t h i s  point we have d iscre t ized  Eq. (1) i n  
time, yielding Eq. (2) ,  and we have specif ied the  

source term. We now have t o  d i sc re t i ze  i n  space i n  
af 

order t o  evaluate --. This i s  done by upwind ax 
differencing i n  two d i f f e r en t  ways: ( i )  using ~ o e ' s ~  
l i nea r  zed Riemann solution and ( i i )  using Van 
Leer'st flux-vector s p l i t t i n g .  For a comprehensive 
review of upwind-differencing techniqu s  the  reader 7 i s  re fer red  t o  Harten, Lax and Van Leer . 
4.1 Roe's approximate Riemann solver 

An upwind method of d i s c re t i z ing  the  f lux  
a f  

der iva t ive  - has been described by We ax 
included Roe's own modification t o  suppress 
expansion shocks, reported elsewhere9. The r ight-  
hand-side of Eq. (2)  becomes: 

where A+ and A- a r e  the  posi t ive and negative par t  
of A E af/aw and depend on w. Roe's approximate 
Riemann solver includes a simple recipe t o  ca lcula te  
these matrices but t h e i r  der iva t ives ,  needed on the  
left-hand-side of (21, a r e  cos t ly  t o  compute and do 
not even e x i s t  i n  shocks and around sonic points. We 

herefore f reeze  A* a t  the  old l eve l  when deriving . Eq. (2 )  becomes: 

giving the matrix L" a  cyc l ic  block-tridiagonal 
s t ruc ture .  A t  t h i s  point we remark t h a t  i f  a  matrix 
M~ i s  defined by: 
i 



then Eq. (10) can be r ewr i t t en  as: 

The matr ix on the left-hand-side of t h i s  equat ion 
d i f f e r s  from the  gne i n  Eq. ( 2 ) ,  but t h i s  does no t  
mat te r  i f  g: = <wi u l t imate ly  vanishes. 

The convergence behavior of t h i s  scheme is 
give i n  Figure l a ,  f o r  ~ 1 , W 6 4  and ~=0 .5 .  P lo t t ed  

, . i s  '010g (,sn) a s  defined i n  Eqs. (3) and (7 )  
versus t he  number of i t e r a t i o n  s t ep s  n. After  some 
almost e x p l i c i t  searching the  convergence process 
s e t s  i n ,  but it suddenly s tops.  Closer inspec t ion  
revea ls  t h a t  the  so lu t ion  jumps symmetrically up and 
down across  the  co r r ec t  solut ion:  the  convergence 
process i s  locked i n  a two-vector l i m i t  cycle. An 
a na ly s i s  of Eq. 612) makes t h i s  comprehensible. For 
a ~ 1  and l a r g e  A t  we have: 

i m  y in  t h a t  Mnwn+' = 0, but not  necessar i ly  
Mng'wn+' = 0 which i s  a c t u a l l y  des i red .  For the  two 
so lu t i ons  i n  t he  l i m i t  cycle we f i nd  t he  following, 
almost exact ,  r e l a t i on :  

Mn+lwn+l = - MnWn. (14) 

2 
Neglecting terms of the  order  O((A w) ) we can t 

wr i te  the l e f t  hand s i d e  as :  

Thus we a r e  co fronted with t he  f a c t  t h a t  t he  time 2 de r iva t i ve  of A , hence of M, was neglected e a r l i e r .  

It i s  worth mentioning t h a t  a run with f ixed  
boundary values, taken from the  exact  so lu t ion ,  
converged properly (Fig. l b ) .  Clear ly  t h e  boundaries 
provide enough damping t o  avoid t he  l i m i t  cycle. 

Being aware of Eq. (141, we experimented with 
two d i f f e r e n t  amendments. The most obvious remedy is  
t o  make a > 1, implying under-relaxation. It turned 
out  t h a t  f o r  a )_ 1.2 t he  scheme converged: t he  
convergence slowed down with increas ing  a. The 
behavior f o r  ~ 1 . 2  i s  shown i n  Fig. l c .  

Another way out i s  t o  r e p a i r  t he  inconsistency 

of Eq. (14). A cons is ten t  formulation would be - 
M"" Atw = fl+'wn, ensuring t ha t  @+'w~+:+~ 0. #I 
t h e  left-hand-side we may rep lace  M by M 
without reproof. In order  t o  es t imate  f o r  t h e  
right-hand-side we devised a predictor-corrector  
method t h a t  w i l l  be r e f e r r ed  t o  a s  t he  "6-scheme": 

1 
Step 1: [- - a Mn] A;W = MV, 

,- - ~t~ 

-n+ 1 -n+l 
from which follow w = wn + A \  and M , t 

a f t e r  which follows the  f i n a l  update wn+' = 

wn+ A w. For 6=0 we have t h e  o l d  vers ion  of Eq. 
(11). tThe obvious choice P I ,  does not lead t o  

I I I I I I I I I 
0 2 5 0  

I TERAT I ON 
Fig. la .  Convergence h i s t o ry  f o r  scheme ( l o ) ,  based 

on Roe's approximate Riemann solver .  The 
i t e r a t i o n  process ends up i n  a two vector  
l i m i t  cycle. Parameters: a = 1, E = 0.5. 
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Fig. lb. As l a ,  but with f i xed  boundary values. 

0 250 
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Fig. lc. As  l a ,  but with a = 1.2. 

convergence. Eq. (14) suggests  t h a t  6=* a t  l e a s t  
w i l l  destroy the  limit cycle. It a c t u a l l y  does, a s  
can be seen i n  Fig. Id, with a=1. 

Note t h a t  the  inversion of t he  cyc l i c  block- 
t r i d i agona l  matr ix i n  Step 2 is i d e n t i c a l  t o  the  one 
i n  Step 1. Since t h i s  invers ion  is  the  most 
e l abo ra t e  p a r t  of t he  scheme, the  second s t e p  adds a 
r e l a t i v e l y  small amount of ex t r a  computer time. A l l  
toge ther  the  &scheme i s  almost twice a s  e f f i c i e n t  
a s  the  o r i g i n a l  scheme with ~ 1 . 2 .  



Attempts t o  optimize t he  &scheme by choosing a 
l i n e a r  combination of A w(8=O) and A w(B=+) t t 
r e su l t ed  i n  a  somewhat f a s t e r  convergence, but no 
s i g n i f i c a n t  decrease i n  computer time r e su l t ed  
because of t he  e x t r a  work involved. 

We end t h i s  sec t ion  with f ig .  2, showing the 
converged so lu t i on  of Roe's scheme. 

4.2. Flux-vector s p l i t t i n g  ,--. 
I n  order  t o  formulate a  scheme f u l l y  cons is ten t  with 
Eq. (2)  we need a Riemann so lver  t h a t  allows 
continuous d i f f e r e n  ia t ion .  The simplest  one i s  
given by Van Leer ' on the ba s i s  of flux-vec 
s p l i t t i n g ,  a  technique due t o  
Another p o s s i b i l i t y  is  Osher's 
l eads  t o  more complicated formulas and w i l l  not be 
considered here. Fig. Id. Convergence h i s t o r y  f o r  the  0-scheme a s  

given i n  Eq. (15) .  
Parameters: a = 1, E = 0.5 and 6 = 0.5. In  flux-vector s p l i t t i n g ,  t he  f l u x  f  is  

considered the-  sum of a  forward f l ux  f+  and a 
backward f l u x  f  . Here we use 

We now c a n ,  r e ad i l y  der ive  t he  Jacobian 

matr ices E* = - afr, needed i n  t he  imp l i c i t  upwind 
d i f fe renc ing  s%eme. 
Eq. (2)  becomes: 

The rnatrix L again has a  cyc l i c  block-tridiagonal 
s t r uc tu r e .  - 

The improvement i n  convergence speed with 
regard t o  the  previously described schemes i s  
dramatic. Fig. 3a shows t he  convergence h is tory :  
machine zero i s  reached i n  16 s t ep s  with quadra t ic  
convergence. The so lu t i on  is displayed i n  Fig. 3b. 
Comparison with Fig. 2  shows t h a t  Roe's modified 
scheme is super ior  i n  describing t he  flow near  the  
sonic pr in t .  

,SPIRRL PHRSE 

Fig. 2. The converged so lu t i on  using Roe's 
approximate Riemann solver .  



We end this section with the conclusion that 
quadratic convergence can be achieved for 
discontinuous flows using an implicit first-order 
upwind-difference scheme with a continuously 
differentiable numerical flux function. We shall use 
the same numerical flux function in the second-order 
schemes of the next section. 

, SP I R R L  PHRSE 

Fig. 3a. Convergence history and 3b first order 
accurate solution for scheme (181, using 
flux vector splitting. 
Parameters: a = 1, E = 0.5. 

5. Second-order spatial accuracy 

We can achieve second-order accuracy by assuming a 
set of (not necessarily conserved) quantities q to 
have a piecewise linear distribution in each 
computational cell: - 
n n x-xi 
q (5) = qi + 5 bign , 5 :- Ax ' 15) < f- (19) 

n 
The undivided gradient A,q , or simply h, is found 

* n n 
by averaging the differences Ai,+ q and A 

i t q  , 
or A and A_. In this way information of 3 zones is 
used: leading to the desired increase in accuracy. 
In regions where q varies smoothly an obvious way of 
averaging is: - 
A = 6 r f (A + A_). However, this is not justified + at the head or foot of a discontinuity; some 
modification is recommended then to limit - 
A to O(Ax). A clear account on this subject is 
given by Van Leer on the basis of the monotonicity 
condition. A smooth approximation of the switches 
given in 5, Eq. (66) has been proposed by 
Van Albada : 

3 where E is a small bias of order O((Ax) ), 
clipping of smooth extrema. 

The averaging-limiting procedure is valid for a 
single convection equation, implying that we should 
choose the quantities q to be the Riemann invariants 
of our equations. In the following we will consider 
averaging on (i) the components of the split flux- 
vectors f* as given by Eq. (l7), (ii) vari bles 
related to the Riemann invariants, as used in ' and 
(iii) the true Riemann invariants. 

We start with (i) . To justify the choice of the 
split flux-vectors we mention that the f* themselves 

are Riemann nvariants associated with the h 
matrices E* = 5, albeit only for 1 ul < c. It is 

tempting to write down the following second-order 
version of scheme (18): 

The only change with respect to (18) is the explicit 
addition of the proper second-order terms on the 
right-hand side; the left-hand side is the same as 
in (18) in order to preserve the block-tridiagonal 
structyre. The effect of the second-order terms is 
that fi is evaluated at the right boundary of cell i 
and fi at the left. 



The convergence h i s t o ry  and so lu t i on  f o r  scheme 
(21) with N=64 a r e  given i n  Figs. 4a and b. The 
so lu t i on  i s  not a s  accura te  a s  we expect from a 
second-order scheme, ne i t he r  i n  the  supersonic nor  
i n  the  subsonic region (c f .  Figs. 5b). There a r e  two 
reasons fo r  t h i s .  (a )  I n  t he  supersonic regions t h e  
f l uxes  f* a r e  not  the  Riemann i nva r i an t s  of the 

0 100 
ITERATION 

equations. + (b)  I n  a sonic point  t he  matr ices 
E'= af- a r e  continuous but not  continuously 

aw 
d i f f e r en t i ab l e ,  a s  requi red  i n  a second-order 
method. The e f f e c t  of t h i s  is  c l e a r l y  v i s i b l e  i n  t he  
p l o t  of u i n  Pig. 4b. 

The b i a s  vector  E was given a f a i r l y  l a rge  
va lue  i n  t h e  expetime& of Fig. 4, implying weak 
l imi t ing .  For smaller values,  o r  s t ronger  l im i t i ng ,  
t h e  so lu t i on  becomes non-unique, namely, d i f f e r e n t  
f o r  d i f f e r e n t  i n i t i a l  values. This, f again,  i s  a n  
e f f e c t  of the  non-smoothness of af /aw, worsened by 
t he  l im i t e r .  In b r i e f ,  second d i f fe rences  of s p l i t  
f luxes ,  l imi ted  o r  no t  l imi ted ,  should be avoided. 

Continuing with ( i i )  we choose: 

We f i r s t  evaluate p, u and v a t  

(22) 

c e l l  
boundaries, then use these  values t o  compute fi- a t  

the  l e f t  one and f i+ a t  the  r i g h t  one. It is  

necessary t o  eva lua te  the m t r i c e s  E: on the bas i s  
A 

of the  same boundary values f o r  proper convergence. 

Using mid-zone values of E ~ * ,  a s  i n  (21) ,  the  
convergence process causes t o  end up i n  a l i m i t  
cycle. The devia t ion  from the  s teady s t a t e  is 
l a rge s t  on the  subsonic s i de  of t he  sonic point ,  
suggest ing t h a t  the  l i m i t  cycle i s  caused by the 
non-smoothness of E* around t he  sonic point .  

Convergence f o r  the  scheme with E* evaluated a t  
the  same pos i t ion2as  f* was achiev d within 90 s t ep s  
f o r  N.64 and c -0.008, a s  i n  . The r e su l t i ng  
so lu t i on  is  a l&st  ind is t inguishable  from so lu t ion  

obtained with the e x p l i c i t  time-accurate scheme of 

2. Comparison with the f i r s t - o rde r  so lu t i on  i n  Fig. 
3 shows t h a t  the  kink across  t he  sonic point ha s  
disappeared, a r e s u l t  of the  second-order approach. 

We have a l s o  t r i e d  a d i f f e r e n t  averaging 
procedur somewhat c loser  t o  the  switches i n  Eq. 
(66) of "than Eq. (20): 

Fig. 4a. Convergence h i s t o r y  and 4b second-order 
accura te  so lu t i on  f o r  t he  f lux-vector  
s p l i t t i n g  scheme (2 1) with averaging 
procedure (20) based on t he  s p l i t  f luxes  
(a = 1, E = 0.5). 

This does not  appear t o  s i g n i f i c a n t l y  a f f e c t  t h e  
convergence o r  the  accuracy of t he  scheme. 

F ina l ly ,  we discuss  t he  averaging ( i i i )  applied 
t o  d i f fe rences  of the  t r u e  Riemann invar ian ts :  

u - - l n p  

u - + l n p  

v - 
C 
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Fig. 5a. Convergence h i s t o r y  and 5b so lu t i on  with 
averaging procedure (20) based on t h e  
Riemann i nva r i an t s  
(24) ( a  = 1 ,  r = 0.5, 2 = 0.008). 

We use r2 = 0.008 i n  the  averaging procedure (201, 
a s  i n  2, sand eva lua te  fi* and E ~ *  both from the  same 
boundary values of p, u and v i n  zone i. Results  a r e  
shown i n  Fig. 5. Convergence i s  s i g n i f i c a n t l y  f a s t e r  
than f o r  the  previous second-order schemes. The 
so lu t i on  is  a notch b e t t e r  i n  t he  regions where the  
flow is  smooth. Apparently , i n t e rpo l a t i ng  Riemann 
i nva r i an t s  y ie lds  the most e f f i c i e n t  second-order 
scheme. This scheme is  a l s o  more e f f i c i e n t  than t he  
f i r s t -order  schemes of Figs. 2 and 3b, which requi re  
a mesh-refinement of about a f a c to  116 i n  order  t o  
match t he  accuracy of Fig. 5b ( s ee  I ,  Table 1) .  

6. Conclusions 

Our t e s t  of imp l i c i t  upwind-dif ferencing schemes 
f o r  the Euler  equations, including two d i f f e r en t  
Riemann so lvers  lead  t o  t he  followinn conclusions. - 

Quadratic convergence t o  a s teady s t a t e  
incorporat ing a shock can be achieved with f i r s t -  
o rder  upwind differencing.  
Fast convergence requi res  a Riemann so lver  t h a t  
al lows continuo s d i f f e r e n t i  ~ b i o n .  Such a so lver  
is  provided by ' ( t e s t e d )  o r  (not  t e s t ed ) .  
Incomplete l i n e a r i z a t i o n  i n  time of the imp l i c i t  
scheme may cause the  i t e r a t i o n  process t o  end up 
i n  a l i m i t  cycle. One economic way t o  avoid t h i s  
i s  our &scheme. 
The second-order terms needed i n  second-order 

upwind schemes must not  be computed d i r e c t l y  a s  
d i f f e r ences  of s p l i t  f luxes.  Computation from 
d i f fe rences  of Riemann i nva r i an t s  performs be s t ,  
e spec i a l l y  i n  view of the necessary l im i t i ng  
process. 
The decrease i n  convergence speed f o r  a second- 
order  upwind scheme i s  amply compensated by t he  
increase  i n  accuracy of t he  so lu t ion .  The 
convergence speed is  comparable t o  t h a t  of t h e  
non -con~yva t i ve  schemes of Napolitano and 
Dadone . 
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