
 

70th EAGE Conference & Exhibition — Rome, Italy, 9 - 12 June 2008 

 

H002
Preconditioning for Linearised Inversion of
Attenuation and Velocity Perturbations
B. Hak* (Delft University of Technology) & W.A. Mulder (Shell International
Exploration and Production)

SUMMARY
We consider the case of the linearised constant-density viscoacoustic wave equation, which involves
simultaneous inversion both for velocity and attenuation contrasts or perturbations. The medium parameter
can be characterised by a complex-valued velocity that includes wave speed as well as attenuation.

The least-squares error measures the squared norm of the difference between modelled and observed data.
Its gradient with respect to the medium parameter represents a migration image. We can use a gradient-
based minimisation algorithm to invert for the model parameter. Convergence rates will improve by using
a suitable preconditioner, which usually is some approximation of the Hessian.
 
For the linearised, constant-density viscoacoustic wave-equation we derive an exact Hessian that differs
from the more conventional Hessian by including the complex-valued part. For the inverse problem, we
consider a single point-scatterer and investigate four different approximations of the Hessian as
preconditioner. The method does not appear to improve the convergence rate. On the contrary,
convergence rates are worse and the norm of the error is larger.  We conclude that we have not been able to
exploit the imaginary part of the Hessian with the preconditioners considered here, although there may be
other options.



Introduction
Inversion is a mathematical procedure that should find a model that is consistent with measured
data. An example is the construction of medium parameters such as P-wave velocity and den-
sity from seismic source and receiver data. One class of inversion schemes uses a gradient-based
algorithm to minimize the misfit between the recorded and modeled data. Gradient-based algo-
rithms require the computation of the gradient for the first-order derivative of the misfit function
w.r.t. the model parameters. A conditioner can improve the convergence rate of the algorithm.
These preconditioners are usually approximations of the Hessian, which is the second derivative
of the same misfit function.

Waves lose energy while passing through the earth by various mechanisms such as geomet-
rical spreading, reflections, transmission, scattering, and intrinsic attenuation. The scattering
and intrisic attenuation can be represented by an overall quality factor. This factor causes an
amplitude decrease of the seismic wave, and also distorts the phase. One can view these forms
of attenuation as a nuisance and compensate for it in migration and inversion schemes to avoid
errors in the reconstructed earth model parameters. However, the attenuation factor can provide
useful information about rock characteristics, such as saturation.

For these reasons, several authors have proposed methods to include attenuation in their
migration or inversion schemes. For example, Ribodetti and Virieux (1998) described a method
to estimate anelastic medium properties (density, shear modulus, and attenuation factor) by a
complete SH-waveform inversion. Hicks and Pratt (2001) attempted to estimate attenuation
with a two-step inversion method, which performs alternate inversions for the reflectors and the
background velocities. Causse et al. (1999) address the problem of the amplitude distortion.
To solve the problem at reasonable numerical cost, they propose two possible preconditioners to
improve convergence properties of their viscoacoustic inversion scheme. In general, all methods
perform better in estimating the velocity than in inverting for the attenuation factor. The latter
remains quite chalenging, having either poor results or unstable behaviour. Ribodetti et al.
(2007) suggested to investigate the Hessian matrix, for a better understanding of how to estimate
the attenuation.

Here we actually investigate this Hessian. We will look at the linearised scattering prob-
lem, or Born approximation. Our misfit function is the least-squares cost functional, involving
derivatives with respect to a complex-valued parameter. In the frequency domain, the attenua-
tion can be related to the imaginary part of this parameter. In the framework of the linearised
wave equation, the attenuation is considered a local perturbation on a smooth complex-valued
background velocity model. Note that we do not address the perhaps more important and far
more difficult problem of estimating the background velocity and attenuation. For simplicity, we
only consider a single point scatterer in a homogeneous constant-density acoustic background
model for which the 3D Green functions are readily computed. The model is perturbed for both
the real and imaginary part of the parameter.

Theory
We consider the constant-density viscoacoustic wave-equation in the frequency domain. The
model parameter ν is given by the square of the complex-valued slowness. The viscoacoustic
wave velocity c can be expressed in a wave velocity for a lossless medium v and an attenuation
factor 1/Q. The model parameter is

ν ≡ 1
c2

=
1
v2

(
1 +

ı

Q

)
. (1)

As said earlier, the gradient and Hessian require a derivative of the least-squares cost func-
tional with respect to the unknown parameter(s). When using a complex-valued parameter, this
derivative is not trivial, since our functional is a non-analytic function. Therefore, we need to
generalize the complex derivative to deal with non-analytic functions. The generalization can
be obtained by connecting the complex space to the two-dimensional real space, where the two
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unknowns in the real space are the real and imaginary part of the complex-valued unknown. For
a brief explanation of how to take the complex derivative of the least-squares cost functional we
refer the reader to Van den Bos (1994).

Our misfit function is the least-squares cost functional, denoted by J . The gradient g, the
Hessian H , and the parameter perturbation δν can be represented by their real and imaginary
part, i.e.,

g = gr + ıgi, H = Hr + ıH i, and, δν = δνr + ıδνi, (2)

where the real and imaginary part are denoted by superscripts r and i, respectively. The gener-
alized complex derivative for one complex-valued parameter leads to the system

(
δνr + ıδνi

)
= − (

Hr + ıH i
)−1 (

gr + ıgi
)
. (3)

Note that the system uses both the real and imaginary part of the gradient and Hessian to update
the real and imaginary part of the parameter.

Minimisation of the least-squares cost functional for the linearised problem requires just a
single step when the full Hessian is available. Since, in practice, the computation of the full
Hessian takes too much computer time and storage, we are forced to go to an iterative solution
method that can be accelerated by using a part of the Hessian as preconditioner. Moreover, since
the inverse of the preconditioner is needed, we aim at a simple structure of the approximation.
The feasible approximation should contain as much of the characteristics of the original Hessian
as possible, but at the same time have a structure that allows for easy computation of its inverse.

Methodology
As an example, we will look at a point scatterer located beneath a row of sources and receivers
in a two-dimensional setting. The background velocity is complex-valued, and also we have
a complex-valued velocity perturbation. We can use the 3D Green function to compute the
gradient and Hessian of the scattered wave field.

We will consider four different preconditioners for our gradient. The gradient that belongs
to this model is shown in figure 1. In our case, the real part of the gradient is larger than its
imaginary part. It can be shown that also the real part of the inverse Hessian is larger than its
imaginary part. This means that the effect of using the imaginary part of the Hessian will hardly
be visible when used as a preconditioner for the real-part, and will mainly improve the imaginary
part. This may explain why the velocity perturbation or reflectivity is usually modelled fairly
accurate, even without using the full complex-valued Hessian.

The four preconditioners are (A) The diagonal of the full Hessian; (B) The blockwise in-
verted Hessian, which uses the Schur complement, and where blocks are the real and imaginary
part of the Hessian. The real part of the Hessian and of the Schur complement are both ap-
proximated by the diagonal of the real part; (C) The diagonal of the full Hessian with the two
strongest off-diagonal lines on both sides; (D) The real-valued part of approximation (C). Since
the diagonal of the full Hessian, case (A), is strictly real-valued, this preconditioner does not use
the imaginary part of the Hessian. The same holds for approximation (D). Approximations (B)
and (C) do use the imaginary part.

We performed convergence and accuracy tests for these four cases, using the preconditioned
conjugate-gradient method. For testing the convergence rate, we set our accuracy is to 10−6,
meaning that the norm of the residuals of two successive steps should be smaller than this value.
Results are shown in table 1. For reference, we need almost 200 steps with the full, real-valued
Hessian to reach the desired accuracy. For our accuracy test, we fix the number of conjugate
gradient steps and look at the norm of the error of the real and imaginary part seperatly. Table 2
lists the results. The final parameter update of the last two methods, with and without the use of
the imaginary part of the Hessian, can be found on the last page in figure 2 and 3.

70th EAGE Conference & Exhibition — Rome, Italy, 9 - 12 June 2008



Figure 1: The real and imaginary part of the gradient. The model has a background velocity of
v = 2000 m/s and the quality factor of the background medium is Q = 50. At the point scatterer
the model is perturbed by both δνr =−9.0 10−8, and δνi =−3.4 10−9. Receivers are positioned
at−1000(50)1000 m and sources at−975(50)975 m. The frequencies are 1(1)30 Hz and we use
a Ricker wavelet with the peak frequency at 10 Hz. The scatterer is located at depth of 1000 m
beneath the central receiver.

Conclusions and perspective
We have derived the gradient and Hessian for the constant-density, visco-acoustic wave equation
in the frequency domain. The wave equation is linearised and the complex-valued parameter is
chosen such that the equation is homogeneous of degree one in this parameter.

The complete Hessian derived here is, of course, the best preconditioner for the gradient
and provides the correct update in a single step. This Hessian differs from the more commonly
used one by having an imaginary part. For the full case, this is clearly an advantage, since
the preconditioner using only the real-valued Hessian needs many iterations to converge to the
correct solution.

However, for the four feasible approximations of the Hessian we have tried, no improvement
is seen by using the complex-valued Hessian. Moreover, from both the first and second table we
can conclude that including the imaginary part of the Hessian has an adverse effect. Therefore,
we have to conclude that the imaginary part offers no advantage in feasible approximations of

Method Steps
(A) Diagonal Hessian 971
(B) Alternative diagonal Hessian 3082
(C) With off-diagonals 2766
(D) Real-valued part of (C) 486

Table 1: Table with iteration counts for the four different methods. The last column gives the
number of steps to reach the desired accuracy.

Method Real & Imaginary Real & Imaginary
(A) Diagonal Hessian 8.5 10−16 3.4 10−16 4.1 10−16 3.7 10−16

(B) Alternative diagonal Hessian 2.4 10−15 9.2 10−17 1.8 10−15 1.6 10−16

(C) With off-diagonals 2.5 10−15 9.7 10−16 2.0 10−15 9.6 10−16

(D) Real-valued part of (C) 3.1 10−16 2.9 10−16 2.3 10−16 2.3 10−16

Table 2: Table giving the 2-norm of the error of the four different methods after a fixed amount
of iterations. The middle two columns give the norm of the real and imaginary part after 10
iterations. The last two columns give the norm of the real and imaginary part after 20 iterations.
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the Hessian. Still, there may a chance of finding alternative approximations that could benefit
from using the complex-valued Hessian.

Figure 2: The parameter update after 10 conjugate gradient iterations with the preconditioner
defined in (C) for the model described in figure 1.

Figure 3: The parameter update after 10 conjugate gradient iterations with the preconditioner
defined in (D) for the model described in figure 1.
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