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SUMMARY

Present-day computers allow for realistic 3D simulations of seismic wave propagation, as well as
migration and inversion of seismic data with numerical solutions of the full wave equation. The finite-
difference method is popular because of its simplicity but suffers from accuracy degradation for complex
models with sharp interfaces between large impedance contrasts and for models with rough topography. A
tetrahedral mesh offers more flexibility and maintains its accuracy if element boundaries are aligned with
sharp interfaces. Higher-order finite elements with mass lumping provide a fully explicit time-stepping
scheme. We have implemented elements of degree one, two, and three for the 3D acoustic wave equation.
Numerical tests confirm the accuracy of the mass-lumped elements. There are two different third-degree
elements that have almost the same accuracy, but one has a more favourable stability limit than the other.
Convergence analysis shows that the higher the order of the element, the better the computational
performance is. A low-storage implementation with OpenMP shows good scaling on 4-and §8-node
platforms.
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I ntroduction

The wave equation in the time domain is traditionally solved by the finite-differeret@od, which is
relatively easy to implement and parallelize. For problems with complex geomatritstrong hetero-
geneities, the finite-element method is better suited. In particular, tetrahiéerahe flexibility to fit
element boundaries to the sharp interfaces between materials with diffecparties. Unfortunately,
the standard finite-element method requires solution of the large sparsedyrstam of equation that
represents the mass matrix. Tordjman (1995) (Cohen et al., 1995, 26@d9sed the use of mass
lumping, replacing the mass matrix by a diagonal matrix. This results in a fully éxpiiee-stepping
method. The mass-lumped finite elements should obey the following requirencenfermity, sym-
metric arrangement of nodes, positive integration weights, and the samedraccuracy as elements
without mass lumping (Chin-Joe-Kong et al., 1999). For their construdti@nstandard finite element
of a certain degre# is enriched with higher order polynomials that reduce to deitemn the edges.
The extra degrees of freedom should enable the construction ofisnffjcaccurate integration rule
that allows mass lumping without loss of accuracy. The standard secdredimear element\] = 1)
fits these requirements in 2D and 3D. In 2D, the quadratic triangular elerist 2) enriched by a
cubic bubble function (Fried and Malkus, 1975) is the one with the smallesbauof nodes. Tordjman
(1995) found a cubic triangular elemei & 3). Higher order elements were found by Mulder (1996)
(M =4), Chin-Joe-Kong et al. (1999/(= 5) and Giraldo and Taylor (2006l = 6, 7). Mulder (1996)
made the extension of this idea to 3D for the quadratic tetrahedral eleMent) by adding polyno-
mial bubble functions of degree 4 to the fachk (= 4) and the interioril; = 4), resulting in 23 points
per element. Later on, Chin-Joe-Kong et al. (1999) considered cldrteats and found two different
ones with the desired propertied & 3, Ms = 5, M; = 6; 50 points per element).

Here, we present an implementation of these 3D higher-order tetraHadtalelements with mass
lumping and investigate their accuracy and performance.

Implementation details

We want to solve the constant-density acoustic wave equation

1 9%p(t,x)

WT_AD(LX) =s(t,x) (1)
with pressurep(t,x) depending on timeé and positionx, sound speed(x) and source terns(t,x),
x € Q ¢ R3. The natural (van Neumann) boundary conditions are considerew&hak formulation of
this problem is

%p
/ c 22 v+ Oyu- Ogv—sv| dx = 0, 2)
Q 0%t

for all test functions/ € H}(Q). The discretization of (2) with the finite-element method leads to
pn—i—l — 2pn o pn—l +At2$p”, P — ///h_l (7% pn Jrsn)’ (3)

if standard second-order time stepping is chosen. Higher-order timarsgapgtraight-forward (Dablain,
1986; Shubin and Bell, 1987)#, is the mass matrix/#;, the stiffness matrix andis discrete source
term. The superscript counts the time steps.

Leté,i =0,...,3, with &g = 1— & — & — &3 be the barycentric coordinates on each reference tetra-
hedron. Then the contribution of each elemeptto the mass matrix#, is cnq2 det(Jm)A, whereJy

is Jacobian of the coordinate transformation &g = [; @d&1dé>dés is evaluated on the reference
element? with shape functiongx (&), k=1,...,n. On each element, shape functions are defined as
Lagrangian polynomials that equal 1 on one of the nodes and 0 on thenoithes. The polynomials are
chosen in such a way that mass lumping can be applied without loss of egclinat means that poly-
nomials up to degreg= M +max(M, M¢, M;) — 2 should be integrated exactly by numerical quadrature,
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M type | CFL . .

1 118 Table 1 Values ofCFL based on the spectral radius for a single

2 0.090 reference element, for various mass-lumped elements of degree
3 1 | 0.059 M. These numbers represent estimates of the constant in the
3 > | 0105 stability condition.

for shape functions of a maximum degtdeand additional degredds andM;. If mass lumping is used,
the matrixA is replaced by a diagonal matrix obtained from row suiag = ' ; Ac|. Before starting
the time steps, the inverse mass matrix is computed. To save storage, thesstifiteses are recom-
puted in each time step. The contribution to the stiffness matrix for each tetcahgglis 3 | C{{‘IB“»',

WhereB = I 32 g‘g' d&;d&>d&s andCy) are the entries €™ = det(Jn) ~J,,1J,". The matrices*!

on the reference tetrahedron remain fixed and are hardcoded in thepnme. Note th%kI B'J‘f
which together with the symmetry @™ is used to reduce the number of operations. The contribution

to the time step becomes

3
&
2

whereg; contains the inverse of the diagonal mass matrix and other factors. In olenraptation,

the global stiffness matrix is never formed. We only store the wavefield atita@levels, reusing the
storage op"! for p"*1, the diagonal inverted mass matrix of the same size, and a single pointer table
for the local to global map.

C,TKZB"kppL Z c (Bﬁ’,-'+B!:,-k) p?], (@)

For the simplest elemenY] = 1, it is more efficient to directly evaluate the contribution of the stiffness
matrix for each element rather than using precomputed matBtes|In that case, we end up with a
contribution of the forn{6 detJy)) *GmG/,p" per elementy, whereGl, = (X3 —X1) X (Xa—X1) (X2 —

Xo) X (X3 — Xo) (X3 — Xo) X (Xl — Xo) (Xl — Xo) (Xz — Xo)) .

The second-order time-stepping scheme is statflati® < 4/Anax(-Z), With Anax(-Z) the spectral ra-

dius of & from (3). A crude estimate it < (d/C)min CFL with CFL = 2/ (d(© )\r%ax) Y2 where(d/c¢)min

is the minimum ratio over all elements of the radui®f the inscribed sphere and the velocity. Here
)\é]ogxz )\max(Aflzﬁzl Bkvk) is computed on a single reference tetrahedron with natural boundary con
ditions, havingd© = 1— 1/+/3. Table 1 provides these constants for a number of different types of
elements. The second cubic elemeiM = 3, type 2, see Table 24 of Chin-Joe-Kong et al. (1999) — has
a more favourable stability limit than the first.

For higher-order elements, an OpenMP parallelization of the last expnegelded good speed-ups on
4- and 8-core platforms, see Table 2.

cores efficiency . . .
M=2 M=3(2) Table 2 OpenMP efficiency, the ratio of measured elapsed time
2 0.87 0.92 on one core to number of cores multiplied by elapsed time on
3 0.61 0.85 those cores, for elements of degree 2 and 3 (type 2).
Results

We start with accuracy tests for a constant velocity model and an explssiwce. To avoid problems
with the source representation and absorbing boundary condition@ngaer the initial value problem
with natural boundary condition. The domain is a cube with sides of 2km, tloeityeis 1 km/s. The
wavelet is the second derivative[df— (2t /T,,)?]® for |t| < Ty/2 and zero otherwise. The duration of the

739 EAGE Conference & Exhibition incorporating SPE EUROPEC 201
Vienna, Austria, 23-26 May 2011



‘-‘9@" Vienna ’11

waveletTy, is 0.4s in this example. We start the computation at a time3$ @nd stop it at.5s when
the wave approaches the boundary. Figure 1 shows results fordseanmhfourth-order time stepping on
increasingly finer grids. The errors at the end of the computation wengoted by the maximum norm
(dashed lines) over all element nodes and by th@drm (drawn lines). The integral over the domain
for L, norm was computed with the numerical integration weights obtained with the masmturijpe
errors were normalized by the maximum value of the exact solution. Botmdeemd fourth-order
time schemes ran at 75% of the maximum time step, which for the fourth-ordemscts larger than
the second-order scheme by a fact@. With fourth-order time stepping, the errors show the expected
accuracy behaviour a8+, with h a length scale proportional t§—1/3 andN the number of degrees
of freedom or solution values at one time step. ForNhe- 3 elements the second-order time-stepping
error starts to show lower-order behaviour on finer grids (laierThe pictures on the right show that
higher-degree elements are more efficient than those of lower degrpedrosthe additional cost per
element, except perhaps if one is willing to accept a fairly large error. ishsgmilar to the 2D case
(Mulder, 1996).

Error
Error

1
N3 Time (s)

Error
Error

10 o 10 16 10
Figure 1 Error as a function of the degrees of freedom N to the poly@& (left) and computer time
used (right) for degrees M= 1, 2, and 3, respectively. For the last, the two different elements produce
nearly the same errors. The two lines for each degree mark the maximoinfdashed ) and its 2-norm
(drawn), the last being always smaller. The three black lines next to tleadem the picture on the
left-hand side have slopes e M + 1), equal to the power of the expected spatial discretization error.
The top row shows results for second-order and the bottom row for fauddr time stepping with a

time step based on 75% of the maximum CFL number.

1
Time (s)

The Interior-Penalty Discontinuous Galerkin (IP-DG) method (De Basthk, 2008) hatM + 1)(M +

2)(M + 3)/6 nodes per element, less than the mass lumped elements, but nodes asretbaisiong
neighbours. FoM = 2, IP-DG has 10 nodes per element, whereas the mass-lumped element with 23
nodes per element effectively has around 8.5 nodes per element fucalthesh. We therefore expect

the mass-lumped elements to be more efficient.NFet 3, we have 20 nodes for IP-DG and around 25

for mass lumping. In that case, it needs to be seen which element is morengffiecause, although
IP-DG requires less nodes, it involves additional flux computations. NatdPRDG has the advantage

of going to arbitrary high order and offers more gridding flexibility.
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Figure 2 shows a cut through the mesh and a vertical cross section otledield for a simple example
with an ellipsoidal high-velocity region. Ideally, the diameters of the tetrahedale with the local
velocity. In that way, the number of points per wavelength as well as théigtabquirements are the
more or less the same in each element.
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Figure 2 Example of a tetrahedral mesh (left) and a vertical cross section of thefiedd (right) gener-
ated by an explosive source just below the free surface in a constanityetazdel with an ellipsoidal
high-velocity volume.

Conclusions

Higher-order mass-lumped tetrahedral elements allow for flexible andatecmodelling of complex

subsurface models and topography. They resemble explicit finite-@lffer methods both in terms of
time stepping and in ease of parallelization, but are more accurate in thessesation of sharp inter-
faces between materials of differentimpedance if the element boundallms the interfaces. Accuracy
tests confirm the expected scaling of the numerical errors with element diaiQei@dratic continuous

elements should be more efficient that their IP-DG counterpart. For cidrteats, we expect them to
be competitive. For higher degrees, continuous elements have noteyetlbeermined.
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