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1. I n t r o d u c t i o n  

One of the bottlenecks in the application of the multigrid method to the computation of steady-state flows 
is alignment, the flow being aligned with the grid [1,4]. Consider, as an example, the hyperbolic equation 
ut + auz + buy = 0. The steady-state problem becomes one-dimensional for b ~ 0, a ¢ 0, namely, auz = O. 
Thus the solution will be independent of y, unless some structure in the y-direction is imposed by the 
boundary conditions. A proper discretization will reflect this by being independent from neighboring values 
in the y-direction. Suppose now that the iteration error (the deviation from the steady state) has an 
arbitrary structure in the x-direction and is highly oscillatory in the y-direction. Restriction to a coarser 
grid will involve some sort of averaging in both co-ordinate directions. The oscillatory y-component will 
cause cancellation, and as a result, this error will not show up on the coarser grid and can not be removed 
by the multigrid method. It also can not be removed by smoothing on the finest grid, as would normally be 
done, because there is no coupling in the y-component. This component actually must remain unaffected if 
the discrete operator reflects the character of the differential equation. The only way to remove the error is 
by some relaxation scheme acting along the x-direction. If the x-component of the error is smooth, this will 
be an inefficient process. For a relaxation scheme that uses only local data, the communication of boundary 

data to the interior will take O(N½) iterations, where N is the total number of points in the computational 
domain. Thus, grid-independent convergence rates can not be obtained. 

Line relaxation is one way to overcome the problem of alignment. Damped alternating-direction Line- 
Jacobi relaxation provides uniformly good convergence rates for the Euler equations of gas dynamics in two 
dimensions [3]. Line relaxation requires a global linearisation of the residual, and can be avoided by using 
semi-coarsening. In this paper we present a new method that employs semi-coarsening in d co-ordinate 
directions simultaneously, where d is the number of space dimensions. We will mainly concentrate on the 
two-dimensional case, the generalization to three dimensions being obvious. 

2. M e t h o d  

Semi-coarsening can be implemented in several ways. The most obvious approach involves coarsening in 
alternating directions, but this does not solve the problem of alignment. It is necessary to apply semi- 
coarsening in two directions simultaneously. A straightforward approach starts out with, say, a 8 x 8 grid, 
and coarsens to a 4 × 8 and an 8 × 4 grid. The 4 x 8 grid is coarsened to 2 × 8 and 4 × 4, etc. At each coarser 
level, the number of grids doubles. This leads to an O(N log N) method in 2 dimensions. It becomes useless 
in 3 dimensions because the number of points increases too rapidly on progressively coarser levels. 

The method proposed here has O(N) complexity. Figure 1 shows the various grids employed if the 
finest grid has 8 x 8 points and the coarsest 1 x 1. In d dimension the cost of a V-cycle is proportional to 
2dN, and of an F-cycle ( d +  1)2dN. For a W-cycle, the O(N) complexity is lost. 

The method requires a modification of the usual restriction and prolongation operators, because data 
from more than one coarser or finer grid have to be combined. This modification is the crucial part of the 
present method. A convenient and simple scheme is proposed, which allows the use of parallel smoothing 
(parallel to the computation of the coarse-grid corrections). 

Let a grid be denoted by (ml, m2). In the finite-volume case, it would have 2 'n' cells in the x-direction 
and 2 m2 in the y-direction. In the finite-difference case these numbers have to be increased by 1. On the 
finest grid, ml = M1 and m2 = M2, whereas the coarsest has ml = m2 = 0. The current solution on a grid 
is denoted by u(m~"n~), and the corresponding residual by r (ml,m2) ~- f(ml,m2) _ ~(ml,m2)(U(ml,m2)) ' where 
~(u) = f is the nonlinear problem to be solved. Let the restriction operator be denoted by R for the residual 
and by _~ for the solution. The initial solution on a coarser grid (ml, m2) on level I = ml + m2 is found as 
the restriction of one or two solutions on level l + 1, depending on the number of links to finer grids (cf. Fig. 
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Fig.  1. Arrangement of  finest (8 × 8) and coarser grids, that leads to an O(N)  mulLigrid 
method [or problems with alignment. The level numbers are given on the right. The arrows 
indicate how the grids are linked by restriction (downward) and prolongation (upward). 

1). Thus, the restriction operators R and ~t correspond to semi-coarsening in the z-direction (R~ and ~tz), 
or semi-coarsening in the y-direction (R v and Its), or a combination of both. The last is necessary if the 
coarser grid is linked to two finer grids. In that case, we give equal weights to the appropriately restricted 
data from each grid. An algorithmic description of the operations involved in restriction from level l + 1 to 
l is: 

for all (ml,m2) with ml + m2 = l, 0 < ml < M1, 0 < m2 < M2 do 

if there are links to (mr + 1, m2) and (ml, rn2 + 1) then 

r(,,,,.,,,~) := 
else if there is only 

u(ml, m2) : :  

r(,-,,,~) := 
else if there is only 

u(m~,m2) : =  

,r(ml, m2) : :  

end if 

½[R=rC,n~+l,m2) + Rvr( . . . . .  +1)] _ r( . . . . .  )(u(m,,,r,2)) 

one link to (ml + 1,m2) then 

R=r ('hI+I'm2) - r( . . . . .  ) (u(ml,~r~)) 

one link to (ml,m2 + 1) then 

R~r( . . . .  ~+1) _ r( . . . . .  ) (u( . . . . .  )) 

end do (2.1) 

The resulting coarse-grid problem becomes 

L( . . . . .  )(~,( . . . . .  )) = f(,,,1,,~) + r( . . . . .  ). 

Here the solution ~(ml,,r~) can be determined approximately by a multigrid cycle with respect to the grid 
(ml, m2), or by a single-grid solver if this grid is chosen to be the coarsest. 

The basic difference with the standard multigrid approach is the occurrence of two links to finer grids. 
We have chosen equal weighting of data from the two grids. If u (ml+l,m2) and u (ml,m2+l} have been obtained 
directly by restriction from the finest grid (M1, M2), then 

u(MI+I,M2) = RI/u(MI,M2), u(M1,M2+ 1) : Rzu(MI'M2), 

u(MI+I,M2+I) : l[[:~z~y ~- ~II~z]u(M1,M2) " (2.2) 

A similar expression is obtained for the restriction of the residual. For common choices of the restriction 
operator, such as nine-point restriction or volume-weighted restriction, we have It= v = tt=/~ v = tt~R=, 
implying that (2.2) results in the same expression as when ~tzv is applied directly. The same is true for 
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all coarser grids, tha t  is, (2.1) produces the same result when going from the finest grid (Ms,M2) to any 
arbitrary coarser grid (ms, ms), as one obtains by selecting an arbitrary path between these two grids and 
applying only _~ or Ry. In practice, the solution will be modified on each grid before it is restricted to still 
coarser grids, and this equivalence disappears. 

The prolongation operator brings corrections from one or more coarser grids to the current grid. We 
choose the following approach: 

for all (ml,m2) with ml + m2 = 1, 0 < ml <_ M1, 0 < m2 <_ Mz do 

,,( . . . . .  ) : =  S ~, (u( . . . . .  ) , f (  . . . . .  ) ,Z c . . . . .  )(.)) 

if there is a link to (ml,m2 - 1) then 
u (m','r~) := u Cm',''~) + Py[u( . . . . .  -1) _ kyu( . . . . .  )] 

end if 

if there is a link to (ml - 1, ms) then 

u ('m,'~) := u( . . . . .  ) + P,[uC '~'-s,'r~) - Rzu( . . . . .  }] 

end if 

end do (2.3) 

Here we have included v v parallel smoothing steps with some relaxation scheme $. Next the one or more 
coarse-grid corrections are added to the solution on the current grid (ms, m2). The fundamental difference 
with standard multigrid is tha t  the corrections are always computed with respect to the restriction of the 
most recent solution rather than the one at the begin of the coarse-grid correction cycle. Choosing the 
y-direction first in (2.3) results in an asymmetry of the algorithm with respect to the co-ordinate directions. 
In the actual code used in Sect. 3, this asymmetry is reduced by alternating the order of prolongation in x 
and y each time (2.3) is carried out. 

The restriction operator (2.1) uses equM weights when more than one finer grid exists. The prolongation 
operator (2.3) can also be expressed in terms of weights: 

, . . . . .  . . . . .  

This shows that  the weight for the first term on the right-hand side is I, for the second (I - P~/~z), and 
for the third ( I -  P z R z ) ( I -  PyRe). Because P~Ry and PzR, approach I for the low frequencies, the 
low-frequency component of the new solution is mainly determined by Pzu (ml'm~-l}. This preference with 
respect to one co-ordinate direction can be reduced by the alternating approach mentioned above. Then 
the next prolongation would result in an expression similar to (2.4), but with x and y interchanged. 

In addition to the above parallel smoothing, one can perform vs pre- and v2 post-smoothing steps, just 
as in the standard multigrid method. The method can in principle be used for any problem with strong 
anisotropy. However, it can not handle alignment at 45 °. This is not important  for the example discussed 
next. 

3. A p p l i c a t i o n  to  t he  E u l e r  e q u a t i o n s  of gas  d y n a m i c s  

The method has been applied to the nonlinear Euler equations that  describe the flow of an inviscid ideal 
compressible gas. The system of 4 equations is diseretized by upwind differencing, providing solutions 
with first-order accuracy. The restriction operator is based on volume-averaging, the prolongation operator 
employs piecewise constant interpolation (cf.[4]). 

Convergence rates are estimated by two-level analysis for the linear constant-coefficient case. With 
damped Point-Jaeobi as smoother, a worst-case convergence factor of 0.730 per multigrid cycle is obtained if 
one smoothing step parallel to the coarse-grid corrections is performed. If only one pre- or post-smoothing 
step is carried out, the worst-case convergence factor becomes 0.500. These convergence factors are the 
worst-case values for any grid-size and aspect ratio of the grid. 

Figure 2 shows the two-level convergence factor -~r(u/c, v/c) for a grid with aspect ratio h~/hz -- 1 and 
size 64 x 64, based on (2.4). Here hz and h v are the cell-sizes in both co-ordinate directions. The u and v 
are the velocities in the z- and y-direction, respectively, and e is the sound speed. 
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For the nonlinear equations, it is recommended to use post-smoothing because of shocks. The coarse- 
grid correction may want to move the shock a bit, and this results in large local errors after prolongation 
to a finer grid. These have to be removed by smoothing, otherwise convergence may be lost. Here we use 
one post-smoothing step with damped Point-Jacobi. 

The nonlinear equations are discretized by either van Leer's Flux-Vector Splitting [8] or Osher's scheme 
in the natural  ordering [6,7]. The matrix used for Point-Jacobi smoothing can be obtained directly from 
the Jacobians of the fluxes if Flux-Vector Splitting is used. With Osher's scheme one has to choose an 
inconsistent linearization to avoid eigenvalues close to zero. 

Both schemes have been applied to flow through a channel with a circular arc at  one of the walls. 
Convergence rates between 0.3 and 0.4 are found for subsonic, transonic, and supersonic flow, independent 
of grid-size, up to a finest grid of 128 × 64. The coarsest grid used during the F-cycle has 4 x 2 cells. In a Full 
Multigrid [1] code, where refinement doubles the number of cells in both co-ordinate directions, a stationary 
solution with an iteration error smaller than the discretization error is found in only 3 to 6 multigrid cycles. 
A coarser version of the grid used in the computations is displayed in Fig. 3a, whereas Figs. 3b-d show the 
converged solutions for the three cases. 

The results shown are obtained with a first-order scheme. Higher-order accuracy is a requirement for 
practical computations, and can be obtained with the current method by using defect correction [2:(14.3.2)]. 
This will be discussed elsewhere [5]. A longer version of the current paper has been submitted to J. Comp. 
Phys. 
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Pig.  2. Two-level convergence rate Ar as a function o fu  and v (c = 1), for a 64 x 64 grid 
with hz ----- hy, using damped Point-Jaeobi smoothing with ul + u2 = 1, up = O. The worst 
convergence factor is 1 ~, for v = O and [v I = o. 
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Fig .  3a .  64 x 32 grid used in the computations. The channel  has dimensions 5 
by 2, with the circular arc between 1.5 and  2.5 i f  the let~ lower corner  is at • = O. 
The thickness of  the  arc is 4 . 2 ~  o f  the  chord. Inflow is f rom the left, outflow to 
the right. The resul ts  in the following figures are computed on ~ 128 × 64 grid. 

Fig .  3b .  Iso-Mach lines for mach 0.5 inflow. Contours are 0.01 apart (first-order 
Osher scheme). The asymmetry gives an indication of  the low accuracy of  the 
first-order scheme. 

Fig .  3c.  Iso-Mach lines for mach 0.85 inflow. Contours are 0.025 apa r t  (first-order 
Osher scheme). 

Fig .  3d .  Isc~Mach lines for roach 1.4 inflow. Contours are 0.025 apart (first-order 
Osher scheme). 
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