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Summary 
 
The migration of seismic data recorded over a complex 
subsurface structure requires accurate modeling of wave 
propagation. Ray tracing, based on a high-frequency 
approximation, and one-way wave equations assuming 
small velocity perturbations, often break down in complex 
models. Migration based on a finite difference scheme for 
the two-way wave equation does not suffer from these 
drawbacks but the computational cost is very high. 
However, if the wave equation is solved in the frequency 
domain, the computational cost of the finite difference 
scheme is proportional to the number of frequencies. After 
a Fourier transform of the time-domain seismic data, each 
frequency panel of the data carries information on the 
reflectivity. To make finite difference migration affordable, 
it is proposed to migrate only a few frequency panels and 
apply a regularization term to reduce the ringing in the 
migration image. This approach saves at least one order of 
magnitude in the computational cost. A number of two-
dimensional synthetic examples have been used to assess 
the feasibility of this approach. 
 
Introduction 
 
Pre-stack depth migration of seismic data is a challenge for 
complex subsurface structures. Multiples, channel waves, 
multiple arrivals, and so on may pose serious problems 
when the wave propagation model used for migration is too 
simple to incorporate such events. The common Kirchhoff 
or Born migration schemes based on ray theory are fast and 
suitable for Amplitude Versus Azimuth analysis, but reach 
their limits when migrating data recorded over complex 
subsurface structures like salt domes. 
Recently, migration based on the one-way wave equation 
has regained interest, especially with the efficient 
Generalized Screen Propagator (GSP) method (Jin et al., 
1998). This method is affordable thanks to the 
simplification made on the wave equation and the use of a 
marching algorithm. However, it assumes relatively small 
velocity perturbations, particularly in the lateral dimension. 
Migration based on a finite-difference scheme for the two-
way wave equation overcomes the drawbacks of the 
Kirchhoff and GSP migration since the full wave field is 
computed, but at a very high cost. With the increase of the 
computer power, this type of migration can become 
attractive for imaging complex subsurface structures if the 
cost can be reduced by an order of magnitude. From a 
computational point of view, the complexity of the finite-
difference method is proportional to the number of time 
samples in the time domain and to the number of 
frequencies in the frequency domain. However, whereas it 

is not possible to reduce the number of time steps, it is 
possible to use a smaller number of frequencies. Here we 
will work with only a very small number of frequencies. 
This approach is already known in the context of velocity 
analysis with full-waveform inversion (Pratt, 1999). In that 
case, the inversion is started with the lowest frequencies to 
capture the large-scale variations of the velocity. Higher 
frequencies are added later on to increase the amount of 
detail in the velocity model. The weak part of this approach 
is its construction of the background model. It is quite easy 
for the optimization process to end up in a local minimum, 
rather than the true minimum. We therefore take a far less 
ambitious approach and assume the smooth background 
velocity model to be given by classical velocity analysis. 
The small-scale structures, namely the reflectors in this 
background are then determined by finite-difference 
migration of only a few frequencies. This will lead to 
unwanted oscillations or ringing in the resulting image. The 
ringing can be reduced by 
• increasing the number of frequencies (but this we want 

to avoid); 
• increasing the offset range, thereby enlarging the 

range of effective wave numbers illuminating a 
subsurface point (Sirgue and Pratt, 2001); 

• regularization terms; 
• performing a number of optimization steps to improve 

the amplitudes. 
From an optimization point of view, we still may end up in 
a local minimum of the least-squares cost function. From a 
practical point of view, this method allows us to perform 
pre-stack depth migration in complex models where the 
traditional methods break down at a reasonable 
computational cost. 
Here we briefly review the finite-difference scheme in the 
frequency domain and the principle of least-squares 
migration. Next, several 2D synthetic examples are 
presented in order to demonstrate the feasibility of this 
idea. 
 
Theory 
 
Finite-difference schemes are commonly applied for the 
numerical solution of partial differential equations. In 
geophysics, this technique has been applied to the wave 
equation for some 30 years (e.g. Marfurt, 1984, Pratt, 
1990). With the increase of computer power, finite-
difference schemes are nowadays also used for inversion 
purposes (Pratt, 1999). However, these methods still 
require substantial computer power and are not affordable 
for industrial-scale cases, especially in 3D. The 
computational cost of the finite-difference method is 
proportional to the number of time samples in the time 
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domain or to the number of frequencies in the frequency 
domain. Whereas it is not possible to reduce the number of 
time samples, it is possible to use only a small set of the 
available frequencies. This trivial idea may automatically 
reduce the computational cost by an order of magnitude. 
After discretisation of the wave equation in frequency 
domain, the pressure field for a given velocity, v, and at the 
frequency, f, in the whole discretized domain is found by 
solving a linear system (Marfurt, 1984). Then the synthetic 
seismogram, c,  
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corresponds to the value of this pressure field at the 
receiver location, xR, with P(xR) the projection operator 
onto the receiver xR. 
The goal of the migration is to recover the small-scale 
perturbations, δv, of the velocity given a background, v0. 
The background should then correspond to the large-scale 
variations of the true model. Numerically, the migration 
amounts to finding δv* that minimizes the cost function 
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with d the seismic data in the frequency domain obtained 
after a Fourier transform. The gradient (sensitivity) of the 
cost function J with respect to the velocity corresponds to a 
migration operator (Tarantola, 1984). However, it is well 
known that the gradient poorly restores the amplitudes. 
This means that a pre-conditioner and/or an iterative 
scheme must be applied to correctly retrieve the small-scale 
perturbations. Note that this approach does not give the 
global minimum of J, but the minimum in the valley of the 
background. This assumption is common to all migration 
methods. The minimum will be the global minimum only if 
the background gives the correct kinematics of the events. 
To reduce the cost of J, the number of frequencies, the 
number of shots, and/or the number of receivers need to be 
diminished. This means that the amount of data is reduced 
under the assumption that there is redundant information 
with respect to the frequencies, sources, and/or receivers. 
Note that the redundancy with respect to the sources and 
receivers is commonly used to determine the background 
velocity. From a computational point of view, the most 
expensive part is the Helmholtz solver. This solver only 
depends on the frequency, given the velocity background. 
Therefore, it pays to reduce the number of frequencies. 
However, this may introduce unwanted oscillations in the 
image, which can be suppressed by regularization terms 
added to J. In order to demonstrate the importance of these 
regularization terms, we consider a 1D model (2 km wide 
by 1 km deep): a 50 m thin layer with a velocity of 2700 
m/s imbedded in an homogeneous medium with a velocity 
of 2500 m/s. We generate two frequency panels at 15 and 
20 Hz and then invert with the regularization terms ||δv||2 
and ||δv/µ||2/(1+||δv/µ||2). The results are shown Figure 1. 
Whereas the first iteration gives a very ringing result, the 

result at iteration 30 is close to the true reflectivity. This 
result shows that it is possible to reduce the number of 
frequencies and avoid the unwanted oscillations thanks to 
correct regularization terms. The definition of the number 
of frequencies and the regularization terms depends on the 
acquisition geometry and on the depth of investigation. 

 
Figure 1: the true reflectivity is in black, the result after the first 
iteration is in green, and the result at iteration 30 is in red 
 
Examples 
 
The required processing of the data consists of 
• finding a background velocity,  
• creating the small set of frequency, 
• minimizing the cost function J. 
A limited-memory quasi-Newton optimization is performed 
to minimize the cost function. The gradient is pre-
conditioned by zα to boost the contributions from the 
deeper parts of the model. 
 
In the following examples, the data have been generated 
with the same finite-difference modeling as used in the 
migration. This is an inverse crime. However, the 
background velocity differs from the true velocity (the one 
used to generate the data), which allow us to draw some 
conclusions on the feasibility of the present approach. 
 
Example1: surface seismic case 

 
Figure 2: True model for the surface seismic case 
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A surface seismic survey of 237 shots and 238 receivers 
has been simulated. The distance between two consecutive 
shots or receivers is 25 m. The true model, a subset of the 
well-known Marmousi model, is plotted in Figure 2. Four 
frequency panels are generated at 15, 21, 27 and 33 Hz. 
A smooth model, Figure 3, has derived from the true model 
by picking the first large contrast in the true model and by 
assuming smooth variations above and below. The smooth 
model does not capture the two faults and the hard layers 
below the first strong contrast. It is supposed to mimic a 
model obtained after velocity analysis and is used as 
background in the migration algorithm. 

 
Figure 3: Smooth model for the surface seismic case 

 
Five iterations with a limited-memory quasi-Newton 
algorithm have been carried for a grid of 751 by 201 points. 
One iteration took about 40 minutes on a SUN workstation. 
The resulting reflectivity is plotted in Figure 4. 

 
Figure 4: The optimal reflectivity for the surface seismic case 

 
Some large-scale variations are visible in the image 
although we are looking for small-scale velocity 
perturbations. This means that during the minimization the 

background velocity is slightly modified. In fact, full 
waveform inversion is carried out using the full wave 
equation and not on the linearized wave equation. It is 
therefore not possible to distinguish between the 
background and the perturbations during the inversion. 
However, since a local gradient optimization algorithm is 
used, the inversion is mainly driven by the small-scale 
variations. 
We can clearly see the earth structure. The two faults are 
well retrieved up to 0.8 km. However, due to the 
inaccuracy of the background, the summations in the 
migration are destructive below this depth and not all the 
hard-layer structures are correctly retrieved. The image can 
be compared with the true reflectivity, defined as the 
difference between the true model and the smooth model 
divided by the smooth model, shown in Figure 5. 

 
Figure 5: True reflectivity of the surface seismic case 

 
Example 2: crosswell seismic case 

 
Figure 6: True model for the crosswell case 

 
A crosswell survey is simulated over the velocity model 
shown in Figure 6. The sources are on the left, the receivers 
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at the right. The wells are vertical and the well separation is 
250 m. The distance between two consecutive sources or 
receivers is 1.5 m. A typical gather is plotted in Figure 7. 
Channel waves appear around trace nr. 50. The first arrivals 
are not the most energetic and can hardly be seen. 
Reflections are visible as almost straight events. 
 

 
Figure 7: shot gather of the crosswell survey 

 
Figure 8: Smooth model obtained by traveltime inversion 

 
Figure 9 Final reflectivity for the crosswell seismic survey 

 

The smooth model, Figure 8, is obtained by traveltime 
inversion of the first arrivals. For the migration, three 
frequency panels at 350, 370 and 390 Hz have been used. 
The final reflectivity, Figure 9, corresponds to the result 
after 5 iterations. Each iteration takes about 45 minutes on 
a SUN workstation. The size of this problem is 301 by 351 
points. The smooth model obtained by inversion of the first 
arrivals does not capture all the lateral details of the true 
model and is relatively far from the latter in some parts. 
Therefore, the stacks in the migration are not fully 
constructive, making the interpretation difficult. However, 
it is possible to recognize the vertical contrast around 60 m 
depth on the right size of the image. The hard layer around 
a depth of 140 m is also retrieved. In the deeper part, some 
of the lateral variations are partly visible, for instance the 
layer in the middle of the picture at 230 m depth. 
 
Conclusions 
 
Two synthetic examples have been correctly migrated by 
using only 3 or 4 frequencies. As always, the migration 
result depends on the background velocity model. Some 
large-scale variations can be observed in the final 
reflectivity images, because the iterative migration is based 
on the full wave equation is used. However, the 
optimization is mainly driven by the small-scale variations, 
as expected. Regularization terms allow us to reduce the 
amplitudes of the unwanted oscillations in the migrated 
images. With a small number of iterations, the 
computational cost remains reasonable, at least for the 3 to 
4 frequency panels used in the 2D examples. 
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