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SUMMARY

We model time-domain electromagnetic measurements of induction
currents for marine and land applications with a frequernmyain
code. A robust multigrid solver makes frequency-domain modelin
followed by a Fourier transform an attractive choice. Areipblation
criterion determines the choice of frequencies. The skintdiep each
frequency defines the computational grid at each frequen@migles
illustrate the behavior of the method.

INTRODUCTION

Controlled-source electromagnetic measurements of inductioents

in the earth can provide resistivity maps for geophysicatpeating.

In marine environments, the current source often employs ore or
few frequencies. In shallow sea water or on land, the regpofair is
dominant and time-domain measurements are more appropriate. Be
cause electromagnetic signals in the earth are stronglysili#f, direct
interpretation of measured data can be difficult. Inversibthe data

for a resistivity model may provide better results. We thexefreed

an efficient modeling and inversion algorithm.

For time-domain modeling, there are a number of options. The sim-
plest method uses explicit time stepping, but this is rathetlgoThe

Du Fort-Frankel method (1953) is more efficient, but involvasaa
tificial light speed term. Implicit methods can only compete ifatf
solver is available (Haber et al., 2002). Drushkin and Kn&man
(1994; 1999) proposed a technigue based on Lanczos redantith
matrix exponentials. Time-domain solutions can also be obtHirom

a frequency-domain code after a Fourier transform. Newman. et al
(1986) present examples for horizontally layered media.

Mulder and Slob (2007) compared the computational complexity o
these methods. The complexity measures computational costris te
of the number of unknowns without the actual constants thfihele
the run-time of a code. On a grid wih(n®) points,O(n) per coordi-
nate direction, the explicit scheme has@n®) complexity, whereas
the others roughly have ad(n*) complexity. The frequency-domain
approach is an exception and has a complexit@@f;n3), whereny

is the number of frequencies. nif is of the same order of magnitude
asn or smaller, this is an attractive choice. Moreover, the gtidaeh
frequency can be easily adapted to the skin depth (Plesaix 2007).
Grid adaptation is more difficult with the other methods.

Here we describe the issues arising when using a frequentgid

code for time-domain modeling. These involve the choice ofifesy

cies, the choice of the discretization grid, interpolatioraccelerate
convergence, and the need for a robust solver. We presembemof

examples to illustrate the performance of the method.

METHOD

We summarize the governing equations and their discretizafiben,
we describe the automatic selection of frequencies, foliblyea dis-
cussion on how the skin depth at each frequency determinemthe
putational grid.

The Maxwell equations and Ohm’s law for conducting media in the
frequency domain can be written as

1wHoGE — O x p 0% E = —10pgJs. 1)
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The vectorE (w, x) represents the electric field components as a func-
tion of angular frequencyw and positionx. The current source is
Js(w,x). The quantityd(x) = 0 — Iwepe;, with o(x) the conductiv-

ity, & (x) the relative permittivityu, (x) the relative permeability, and

& andp their absolute values in vacuum. We adopt the Fourier con-
vention

1 [®a
E(t,x)= — | E(w,x)e"'“dw
(/ ) 27'[/—00 ( : )
and use Sl units in the examples.

In the frequency domain, the multigrid method (Mulder, 2006)ves
for a reasonably fast solution of the discretized equatighen used
as a preconditioner fosicgstab2, a conjugate-gradient type itera-
tive method (Van der Vorst, 1992; Gutknecht, 1993). On egtadit or
mildly stretched grids, the number bicgstab2 iterations required
to solve the equations at a given frequency is typically adofour,
independent of the number of unknowns. Qriegstab?2 iteration
involves two multigrid preconditioning steps. With stronggretch-
‘ing, however, the number of iterations increases dramaticEie grid
stretching is necessary because of the artificial boursitivée must be
included when the computational domain is truncated to fire A
more powerful method based on semi-coarsening and line-t&axa
(Mulder, 2007) is less sensitive to grid stretching but repuired com-
puter time per fullbicgstab?2 iteration is about 11 times larger. In
this multigrid variant, on®icgstab2 iteration involves six multigrid
preconditioning steps, each being more costly than theseasimpler
multigrid preconditioner. The number bicgstab2 iterations is usu-
ally about two for problems of practical interest. In spiteitsfcost,
the method becomes attractive with stronger grid stretcltiege, we
used the simpler solver if the grid stretching was mild and theemo
robust solver if the grid stretching was more severe.

The time-domain solutions require a large number of frequendiée
choose an adaptive approach, explained in the descriptitredirst
test problem in the next section.

The physics of the problem dictate that at high frequenaesy a
small portion of the earth affects the recorded electric fieliereas at
lower frequencies, a larger part of the earth is seen. Thgthestale
is controlled by the skin depths = 503//c f, whereo is the con-
ductivity and Sl units are used, 4q is in meters. Several conflicting
requirements guide the choice of the grid (Plessix et al.7200

- Numerical accuracy requires 3 to 8 points per skin depth.

- The grid should be sufficiently fine to honor the details @ tbsis-
tivity model close to the source and the receivers.

A point-dipole or finite-length line source generates gslar solu-
tion. For receivers at a short distance from the source,itigeikgar-
ity must be resolved with sufficient accuracy, requiring a fine.
For receivers further away, the solution can have suffi@entracy
without resolving the details of the singularity, thereleguiring a
less fine grid around the source.

As we use perfect electric conductor boundary conditiarmund-
ary strip of about 5 skin depths is added around the model til avo
undesirable boundary effects. For the air layer, an evekéehiayer
is added.

The primary-secondary formulation may offer an advantage imeso
cases. If we abbreviate eq. (1) B& = f, we can split the linear
operator intoL = L+ Lg and the solution int& = E, + Es such
thatLpEp = f andL, can be easily solved. The secondary solu-
tion is then given byLEs = —L<Ep. If the secondary problem has
the same relative magnetic permeability as the primary probleen, t
Ls = 1wo(G — Gp). The secondary problem is as difficult to solve
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as the original one, but the advantage is a potentially mocarate
solution. If the source resembles a delta function, the soiuwill
be singular close to the source. If a receiver is locatedectoshe
source, a rather fine grid is required to resolve the singugdiavior
of the electric field. If the formation has a conductiviy around the
source and.s = 1wpo(G — Gp) is non-zero sufficiently far away from
the source and does not have the character of an isolatetiqoaita
terer, the secondary field will generally be less singuldreréfore, a
different grid can be used that does not require very smdl cidse
to the secondary source.

RESULTS

Homogeneous for mation

The first example is a point current soutke=js6(x)d(t), with js =
(1,0,0)T Am, in a homogeneous formation with a conductivityoof
1S/m. The frequency-domain solutions were computed on a giithwh
was adapted to the skin depth and finest near the source. fawer
grid stretching (Mulder, 2006) was applied away from therseuThe
grid was different for each frequency. Thecgstab? iterations were
stopped as soon as the norm of the residual dropped belofwtifes
the norm of the residual obtained for a zero electric fieldguFé 1
shows the real and imaginary partsaf thex-component of the elec-
tric field, measured by a single receiver at 900m distance ftwen
source at the same depth. The computational grid had &els.
First, solutions were computed at five frequencies 109Hz, with
g=-2,—1,0,1,2, soAq= 1. Zero initial values were used for the
electric fields. Next, the computed values of the electricfietorded
at the receiver for each frequendy were compared to a prediction
based on piecewise cubic Hermite interpolation using theesat the
other frequenciedy, excluding the one for which the prediction was
made Kk # m). If the relative difference between the interpolated and
actual value exceeded 1%, frequencieg atgm+ %Aq were selected
for the next level of computations. From the circles in Figlyé can
be seen that all four values betwegr- —1.5,—-0.5,0.5,1.5 were in-
cluded. Initial values for the electric fields were now baeadcubic
Lagrange interpolation using solutions for the four freggies nearest
to the current one. Next, the relative difference betwegerpolated
and computed receiver values was considered again for alablea
frequencies, and new neighboring valuesfat a spacing ohq=1/4
were selected if the relative difference exceeded 1%. Eigushows
that new values betweenl and 2 were selected. This procedure was
repeated until all relative differences were less than 1¥\g= 1/8,
only nine new frequencies were added and@& 1/16 no new ones
were needed. The resulting values Egrare shown in Figure 1 as cir-
cles, together with the curves obtained by interpolatioth #ye exact
solution (Ward and Hohmann, 1987).

The data points were interpolated by piecewise cubic Herimti¢éepo-
lation (Fritsch and Carlson, 1980) to an equidistant grift@juencies
and transformed to time by a fast Fourier transform. A compartison
the exact time-domain solution, which can also be found in tizpter

by Ward and Hohmann (1987), is shown in Figures 2 and 3. The erro
are largest at early and late times, due to lack of the loweshagh-

est frequencies. Also, there is a difference between thle ysaes of
about 1% visible in Figure 2.

Two half-spaces

The above shows that we can accurately compute the frequandy-
time-domain solutions in the homogeneous case. Next, we @nsid
two half spaces witho = 3.0S/m andg; = 80 forz< 0, ando =
0.5S/m andg; = 17 forz > 0. The source is located &f =0, ys = 0,
andzs = —25m. Figure 4 shows the amplitude of the in-line electric-
field component at the interface fat= 100m,y = 0m,z= 0m) for a
frequency of 6 Hz. The numerical solution, computed on a grid with
128 cells, agrees well with the exact one.
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Figure 1: Real(black) and imaginary (blue) partmgffor various fre-
quencies. The circles indicate the computed values, the Vieee de-
termined by shape-preserving piecewise cubic interpaiafithe real
and imaginary parts of the exact solution are drawn as well.

x107°
r

T T
Homogeneous, exact
Computed

E, (Vim)

1800

0 L L L L
0 200 400 600 800

L L L I =
1000 1200 1400 1600 2000

Time (ms)

Figure 2: Time-domain solution for the homogeneous problem.

Shown in blue is th&-component of the electric field. The exact solu-
tion is drawn in black. The peak value has an error of about 1%.
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Figure 3: The same time-domain solution for the homogeneous prob

lem as in the previous figure, but now on a logarithmic scale.
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Figure 4: Exact and numerical solution at the interface fertioblem
with two half-spaces. The logarithm of the absolute valutheferror
is plotted as well.
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Figure 5: The top figure shows the secondary solution in géguiency
domain computed for grids with 13®ells. The bottom one displays
the response obtained by taking the difference betweeruthediu-
tions with and without scatterer.
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Figure 6: The secondary solution in the frequency domain coecpu
for grids with 64 cells.

T T T
Homogeneous, exact
Computed

£, (vim)

L L L L . " n n n
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time (ms)

Figure 7: The time-domain solution for the scatterer computid w
the primary-secondary formulation on a grid with $2&lls. The ex-
act solution for the homogeneous case is shown in black for agmp
son.
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Figure 8: Logarithm of the resistivity (Iggo 2, Sl units) for a model
with a salt body.
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Scatterer in a homogeneous formation

The third example is a resistive scatterer in a homogeneous bac
ground with a conductivity of 1S/m. A rectangular scatteréthw
x € (=300,300m, y € (—200,20Q m, andz € (400,600 m has a con-
ductivity of 0.1S/m. The source is the same as in the previoamex
ple. The grid, however, is different. It is equidistant desthe scatterer
and hyperbolic cosine stretching (Mulder, 2006) is appéiedy from
the object. In this case, we used a primary-secondary forioolat
which the homogeneous response is subtracted so that theegerm
and its singular response is replaced by a source term thavés the
exact solution.

The frequency-domain solution for a source at the origin amd-a
ceiver located at (900,0,0)m and computed on grids with? i28ls
is displayed in Figure 5(a). For comparison, we have comptted t
full electric field for the homogeneous medium with the scattand
subtracted the numerical solution for the homogeneous meditim w
out the scatterer. The difference is shown in Figure 5(bhc&we
have subtracted the numerical primary field, its numericalrgrio
both computations cancel, even when large. This explainsrired!
differences between the figures. Note that the adaptiveeproe se-
lected frequencies for the full field that are different fridmse for the
secondary field. The reason is that the primary solution dowesrthe
full field and is different from the secondary solution.

To get an indication of the numerical accuracy, we have repetie
computations for 634cells. The results, shown in Figure 6, should be
less accurate. The differences with the computations oA d€i& are
small. The relative difference is about 3% up till 10Hz. Itieases at
higher frequencies as the amplitude tends towards zero.

The time-domain response obtained for the primary-secondamuf
lation on 128 cells is shown in Figure 7. The exact primary solu-
tion was added to the computed secondary field and is incluoled f
comparison. Because the scatterer has a higher resishuityits sur-
roundings, the peak in the recorded field is somewhat higlaer fibr
the homogeneous case.
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Figure 9: Frequency response fér, for a source at (6500,6500,50) m
and a receiver at (9000,6500,100) m at the sea bottom.
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Figure 10: Time response foE;, for a finite-length source at
(6500,6500,50)m and a receiver at (9000,6500,90)m at thébse
tom.

beyond 3660 m depth, was set t®02 Ohmm. For the resistivity of
the sediments, we uséd/1700388 Ohmm, with the velocity in m/s
(Meju et al., 2003). For air, we set the resistivity t& @hmm. Figure
8 displays the resistivity on a logarithmic scale.

We positioned a finite-length current source between (68500, 50)
and (6600, 6500, 50)m. The receivers were placed on the starbot
Initial solutions were computed at frequencie$ &, with g between
—2.5and 2.5 at a 0.5 increment. More frequencies were added in a
adaptive manner. As before, cubic interpolation or extrafpah of
solutions for other frequencies provided an initial guesdlie itera-
tive solution method. The spatial grid was again based onanbal
between the skin depth at the given frequency and the defaitse
model. In the water layer, the grid was equidistant in theicairdi-
rection and power-law stretching was used away from thesarand
maximum depth of the water layer. In the horizontal directiquusver-
law stretching was applied away from the center of the sou@oe of
the time-domain solutions is shown in Figure 10. The airwawevsh
up as an early peak. Of course, the air interface will alsecaffliffu-
sion fronts that come in later. The anti-causal part must beezhby
missing high frequencies and numerical errors in the higheuen-
cies.

CONCLUSIONS

We have synthetized time-domain solutions using a frequeiocyain
method which has a computational complexityQthy n3)with ns the
number of frequencies, if the solver convergences in a fixechau of
iterations. This could be accomplished on stretched grida tlti-
grid variant based on line relaxation and semi-coarsenirgereas
on uniform or mildly stretched grids, a simpler multigrid schemwses
used. We described the automatic selection of frequentiegoice
of grid depending on skin depth, and the use of monotone piseew
cubic interpolation and a fast Fourier transform to deteentire time-
domain solutions. After validation against two exact solns, we

The SEG/EAGE salt model (Aminzadeh et al., 1997) served as a tem- 2PPlied to code to a realistic marine example.

plate for a realistic subsurface model. This model was dedifoe
simulating seismic wave propagation and contains a compleleay
surrounded by sediments. The sea water has depths around E20m.

dimensions are 13500 by 13480 by 4680m. We replaced the seismic

velocities of the model by resistivitiesr(1). For the water velocity
of 1500m/s, we chose a resistivity of3Mhmm. Velocities above

4000m/s, indicative of salt, were replaced by 300Ohmm. Basement
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