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SUMMARY

We examine the resolution function or hessian for a point scatterer
in a homogeneous isotropic elastic background. A suitable approxi-
mate hessian will improve the efficiency of an elastic migrationcode.
Isotropic elasticity requires three model parameters. Migration of
recorded data will mix contributions from perturbations in these pa-
rameters. The hessian can be interpreted as the migration result of
data generated by a point scatterer. This involves 3×3 migration im-
ages. The standard choice of density, P-, and S-impedance provides
some decoupling between model parameters, that is, a density pertur-
bation produces the strongest amplitude in the density migration im-
age, and so on. If we want to use the inverse of the block-diagonal part
of the hessian as a preconditioner for an iterative inversion scheme,
we should investigate the decoupling of the model parameters in terms
of the preconditioned migration images. An example for a receiver
line with vertical-component data generated by vertical-force sources
shows that the density and the Lamé parametersλ +2µ andµ provide
slightly better decoupling than the standard choice of density, P-, and
S-impedance.

INTRODUCTION

Migration maps reflections in the recorded data to their correct loca-
tions if the given background velocity model is correct. The method
correlates the forward wave field generated by a source with the time-
reversed or back-propagated wave field generated by the recorded data
at the receiver positions. The hessian plays an important role in the
migration scheme because it corrects for acquisition imprint and geo-
metrical spreading. Mathematically, the hessian contains the second
derivatives of the least-squares error functional with respect to the
model parameters. The error is the difference between modeled and
observed data. The gradient or derivative with respect to the model
parameters determines the direction in which the model should be up-
dated. The gradient is equivalent to a migration image (Lailly, 1983;
Tarantola, 1984). Multiplying the gradient with the inverse of hes-
sian determines an optimal step towards the minimum. Computa-
tionally, the hessian is out of reach for large-scale applications, al-
though it is sometimes used for smaller-size problems (Pratt et al.,
1998; Houten et al., 1999). However, a suitable diagonal approxima-
tion is already sufficient for the linearized acoustic case,as shown by
Plessix and Mulder (2004) who mix results from the gradient compu-
tation with analytical estimates. Gélis et al. (2007) compute the diag-
onal of the hessian without approximations for the elastic case. Phys-
ically, the hessian can be interpreted as the migration image obtained
from reflection data generated by a delta-function perturbation of one
of the model parameters. For that reason, several authors (vonSeg-
gern, 1991; Wapenaar, 1997; Berkhout et al., 2001; Chen and Schus-
ter, 1999; Toxopeus et al., 2004) use the term resolution function. Ide-
ally, the resulting image reproduces the original point-like perturba-
tion. In practice, artifacts occur because of the finite length of the
receiver array, the finite number of shots, and the finite band-width of
the recorded data. A vertical-force source generates P- andSV-waves.
The scatterer also produces both P- and SV-waves. Migrationof, for
instance, the recorded vertical component will mix these wavetypes
and generate artifacts. Stacking the migration results of many shots
will reduce the amplitude of the artifacts but may not completely re-
move them. In addition, the perturbation of one of the three elastic
model parameters produces images in all three parameters. Therefore,
the hessian consists of 3×3 matrix blocks in each point.

Beylkin and Burridge (1987, 1990) showed that the hessian isblock-
diagonal in the high-frequency asymptotic limit, as used in ray the-
ory, if multi-pathing is avoided. Applying the inverse of thesmall
3× 3 block to migration images for each of the elastic parameters
solves the linearized inverse problem. In practice, the inverse can be
ill-conditioned. Beydoun and Mendes (1989) used the 3D far-field
Green functions for the homogeneous isotropic elastic case and 2D ray
tracing for the heterogeneous case. Jin et al. (1992) considered itera-
tive elastic inversion in the 2D ray-based case and employed ablock-
diagonal approximation of the hessian. The authors determined the
condition number of these small matrices to assess the well-posedness
of the inverse problem. Eigenvalue analysis or singular-value decom-
position as a function of reflection angle provides more detailed in-
formation about well-posedness. P-P scattering was considered by
de Nicolao et al. (1993). Lebrun et al. (2001) included P-S, S-P, and
S-S reflections. Bostock and Rondenay (1999) applied these ideas to
seismological problems. Tura and Johnson (1993) lists the scattered
field for the homogeneous isotropic case with a point scatterer. They
describe ways to invert for the parameters of the scatterer ina stable
manner. Eaton and Stewart (1994) and Burridge et al. (1998) treated
the anisotropic elastic case in the high-frequency asymptotic regime.

Here, we revisit the hessian for the homogeneous isotropic elastic
case. Our motivation is a frequency-domain elastic inversioncode
that generalizes the acoustic work by Pratt (1999), Plessixand Mul-
der (2004), Mulder and Plessix (2004), and many others. A suitable
approximate hessian will improve the efficiency of an elastic migra-
tion code. We limit ourselves to the case of a vertical-force source and
vertical-component data. The choice of model parameters affects the
amplitudes of the main- and off-diagonals of the hessian. Tarantola
(1986) showed that a representation in density, P-, and S-impedance
is a good choice. Another issue is how well multiplication by the in-
verse of the block-diagonal part of the hessian affects the decoupling
of model parameters and amplitudes of artifacts.

RESULTS

The equations for the 3D scattered field due to a point scatterer in a
homogeneous background can be found in, for instance, the paper by
Wu and Aki (1985). The scattered field can be constructed fromthe
Green functions (Aki and Richards, 1980;Červeńy, 2001) and their
derivatives. Migration involves similar expressions.

We consider a line of shots between−887.5 and 887.5m at a 25-m
interval at zero depth. The receivers have positions between−900 and
900m on the same line and with the same interval. We use vertical-
force sources and a Ricker wavelet with a peak frequency of 10Hz.
The sources, receivers, and point scatterer are all locatedin the plane
at y = 0m. This means that only P- and SV-waves are involved and
no SH-waves. The homogeneous background medium has a density
of 2g/m3, a P-wave velocity of 2km/s, and an S-wave velocity of
1.2km/s. The scattering point is located atx = 0m and a depth given
by z = 750m. We computed the hessian in the frequency domain for
each shot and all receivers, transformed to the time domain using the
Ricker wavelet, and stacked over all shots. Figure 1 displays the hes-
sian for the first, left-most shot and the full line of receivers. The
first column of the figure shows the migration result for a point-like
perturbation of the densityρ, and the rows display the effect on, sub-
sequently,ρ and the Laḿe parametersλ = ρ(v2

p −2v2
s ) andµ = ρv2

s .
Here vp and vs are the P- and S-wave velocities, respectively. The
second column corresponds to a perturbation ofλ and the third ofµ.
The cleanest image is obtained for theλ -image of aλ -perturbation,
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Figure 1: Migration images for a point-scatterer with a single source
acting as a vertical force and a line of receivers that recorded the verti-
cal displacement. Depth is on the vertical axis, offset on thehorizontal
axis. From top to bottom and left to right, the model parametersare
δρ/ρ, δλ/λ , andδ µ/µ. The columns from left to right correspond
to point-like perturbations ofδρ, δλ , andδ µ, respectively. The rows
from top to bottom show the migration images for the same parame-
ters.

the central image in Fig. 1. In this case, the artifacts are dueto the
finite length of the receiver array. In all other cases, we seeartifacts
caused by incorrect imaging of PP-, PS-, SP-, and SS-scattering. If a
PP-scattered wave is imaged as an SS-wave, it produces an artifact at
shallower depths than that of the scatterer. Similar artifacts will occur
for PS-waves. Note that SS-scattering produces the sharpest results be-
cause S-waves have the shortest wavelengths. They produce the larger
amplitudes for the same reason.

Ideally, the hessian consists of spikes at the scattering point and the
model parameters decouple, that is, a perturbation of one parameter
does not produce an image in the other. In other words, we want all
off-diagonal migration images to be zero everywhere. Stacking all
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Figure 2: The images after stacking the results for all sources. The
number at the top of each panel represents the maximum amplitude.

sources produces the result shown in Fig. 2. Compared to Fig. 1, the
summation reduces the amplitudes of the artifacts but does not remove

the interaction between model parameters. Theδλ/λ -image caused
by a perturbation of the same parameter, is shown in the centralpanel
of Fig. 2. It has a relatively small amplitude compared to theδλ/λ -
images caused by a perturbations in one of the other parameters. Using
λ +2µ instead ofλ improves the situation, as displayed in Fig. 3. We
may ask if there exists a set of three model parameters that further
boosts the images on the diagonal and reduces the amplitudes ofthe
off-diagonal images. A more common parameter choice consists of
densityρ, P-impedanceρvp, and S-impedanceρvs (Tarantola, 1986).
Figure 4 shows the result for this model representation basedon all
sources and receivers. There are no strong events besides the ones at
the location of the scatterer. The ratio of the maximum values on the
diagonal and off-diagonal maximum values is also better than in the
case of the Laḿe parameters. However, the S-impedance perturbation
produces a large correction in theδρ/ρ-image, roughly of the same
size as the image generated by theδρ/ρ-perturbation.

Up to this point, we have only considered the hessian to assess the
quality of the migration image. We now want to assess its rôle in pa-
rameter updating. With an elastic inversion code in mind, we would
like to use the inverse of the block-diagonal part of the hessian as a
preconditioner for the inversion – or at least some cost-effective ap-
proximation of its block-diagonal. To get an indication of its behavior,
we have not computed this 3×3 block in each subsurface point, but
only at the scatterer and applied its inverse to the images in Fig. 4.
The condition number, the ratio of the largest to the smallest eigen-
value, of the 3×3 matrix was 7.4. Figure 5 displays the result. The
maximum amplitude of the images on the diagonal is now 1, as it
should. However, the amplitude of one of the off-diagonal images,
the effect of a scaled S-impedance perturbation,δ (ρvs)/(ρvs), on the
scaled density,δρ/ρ, is larger than 1, showing that the S-impedance
and density are not decoupled very well. We repeated this exercise
for a model representation inδρ/ρ, δλ/λ , andδ µ/µ, but this also
produced off-diagonal images with an amplitude larger than one. On
top of that, the small 3×3 matrix had a rather poor condition number
of 120. However, for a representation inδρ/ρ, δ (λ +2µ)/(λ +2µ),
and δ µ/µ, we obtained the results displayed in Fig. 6. The condi-
tion number of the small 3× 3 matrix was 11.9, so not as good as
for the previous case, but not too bad either. Now, the images on the
diagonal have the largest amplitude, although not much largerthan
most of the off-diagonal images. Nevertheless, this choice ofparame-
ters is not worse than the usual representation in terms of density and
impedances. Also, it is more natural from an implementation point
of view, as the elastic equations are homogeneous of degree one in ρ,
λ + γµ, andµ, γ being an arbitrary constant which is typically chosen
as 0, 2/3, or 2.

CONCLUSIONS

Several authors have studied the hessian in the context of linearized
elastic inversion. The classic choice of density, P-, and S-impedance
for the representation of the elastic parameters produces a reason-
able decoupling when imaging vertical-component data produced by
vertical-force sources. When the migration image is preconditioned
by the block diagonal of the hessian, however, density,λ +2µ andµ
provide slightly better results. Here, we only considered the vertical
data component. We still want to investigate the inclusion ofother
data components and force-source directions, as well as other model
representations.
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Figure 3: Images after stacking the full survey usingλ + 2µ instead ofλ . The columns from left to right correspond to point-like perturbations
of δρ/ρ, δ (ρv2

p)/(ρv2
p), andδ (ρv2

s )/(ρv2
s ), respectively. The rows from top to bottom show the migrationimages for the same parameters. The

number at the top of each panel represents the maximum amplitude.

x (m)

z 
(m

)

4.51989e−29

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

9.7044e−31

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

4.93499e−29

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

7.20148e−31

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

5.71838e−29

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

1.22288e−29

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

4.96272e−29

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

1.22288e−29

−500 0 500

400

600

800

1000

1200

x (m)

z 
(m

)

2.56125e−28

−500 0 500

400

600

800

1000

1200

Figure 4: Migration image for a point-scatterer for a line of vertical-force sources and vertical-component receivers. The columns from left to right
correspond to point-like perturbations ofδρ/ρ, δ (ρvp)/(ρvp), andδ (ρvs)/(ρvs), respectively. The rows from top to bottom show the migration
images for the same parameters. The number at the top of each panelrepresents the maximum amplitude.
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Figure 5: As Fig. 4, but now left-multiplied by the inverse of the diagonal block of the hessian at the scatterer. The columnsfrom left to right
correspond to point-like perturbations ofδρ/ρ, δ (ρvp)/(ρvp), andδ (ρvs)/(ρvs), respectively.
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Figure 6: As Fig. 5, but now for model parameters{δρ/ρ,δ (λ +2µ)/(λ +2µ),δ µ/µ}.
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