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Summary

We consider the linearized constant density viscoacoustic
wave equation, which involves simultaneous inversion both
for velocity and attenuation contrasts or perturbations. The
medium parameters can be characterized by a complex-valued
velocity that includes wave speed as well as attenuation.
The least-squares error measures the squared norm of the dif-
ference between modeled and observed data. Its gradient with
respect to the medium parameters represents a migration im-
age. We can use a gradient-based minimization algorithm
to invert for the model parameters. Convergence rates will
improve by using a suitable preconditioner, which usually is
some approximation of the Hessian. For the linearized, con-
stant density viscoacoustic wave equation we derive an exact
Hessian that differs from the more conventional Hessian by
including the complex-valued part.
For the inverse problem, we consider a single point scatterer
and investigate the one-dimensional vertical line as precondi-
tioner. We observe that this preconditioner improves the con-
vergence and accuracy. However, the question remains if the
suggested preconditioner is feasible, since computing andin-
verting it is computationally costly.

Introduction

Inversion is a mathematical procedure that should find a model
that is consistent with measured data. An example is the con-
struction of medium parameters such as P-wave velocity and
density from seismic data. One class of inversion schemes uses
a gradient-based algorithm to minimize the misfit between the
recorded and modeled data. Gradient-based algorithms require
the computation of the gradient for the derivative of the mis-
fit function w.r.t. the model parameters. A preconditioner can
improve the convergence rate of the algorithm. These precon-
ditioners are usually approximations of the Hessian, whichis
the second derivative of the same misfit function.

Waves lose energy while passing through the subsurface by
various mechanisms such as geometrical spreading, reflec-
tions, transmission, scattering, and intrinsic attenuation. The
scattering and intrisic attenuation can be represented by an
overall quality factor. This factor causes an amplitude decrease
of the seismic wave and also distorts the phase. One can view
these forms of attenuation as a nuisance and compensate for it
in migration and inversion schemes to avoid errors in the re-
constructed earth model parameters. However, the attenuation
factor can provide useful information about rock characteris-
tics, such as saturation.

For these reasons, several authors have proposed methods to
include attenuation in their migration or inversion schemes.
For example, Ribodetti and Virieux (1998) described a method
to estimate anelastic medium properties (density, shear mod-

ulus, and attenuation factor) by a completeSH-form inver-
sion. Hicks and Pratt (2001) attempted to estimate attenua-
tion with a two-step inversion method, which performs alter-
nate inversions for the reflectors and the background veloci-
ties. Causse et al. (1999) address the problem of the amplitude
distortion. To solve the problem at reasonable numerical cost,
they propose two possible preconditioners to improve conver-
gence properties of their viscoacoustic inversion scheme.In
general, all methods perform better in estimating the velocity
than in inverting for the attenuation factor. The latter remains
quite chalenging, having either poor results or unstable behav-
ior. Ribodetti et al. (2007) suggested to investigate the Hessian
matrix for a better understanding of how to estimate the atten-
uation.

Here we will investigate this Hessian to obtain a suitable pre-
conditioner for the conjugate-gradient method. We focus on
an approximation of the Hessian that only requires the com-
putation of vertical lines. We will compare the outcome with
a preconditioner based on the diagonal of the Hessian. We
observe the linearized scattering problem, or Born approxima-
tion, where our misfit function is the least-squares cost func-
tional, involving derivatives with respect to a complex-d pa-
rameter. In the frequency domain, the attenuation can be re-
lated to the imaginary part of this parameter. In the frame-
work of the linearized wave equation, the attenuation is con-
sidered a local perturbation on a smooth complex-valued back-
ground velocity model. For simplicity, we only consider a sin-
gle point scatterer in a homogeneous constant density viscoa-
coustic background model for which the 3-D Green functions
are readily computed. The model is perturbed for both the real
and imaginary part of the parameter. Note that we do not ad-
dress the perhaps more important and far more difficult prob-
lem of estimating the background velocity and attenuation.

Theory

We consider the constant density viscoacoustic wave equation
in the frequency domain. The model parameterσ is given by
the square of the complex-valued slowness. The viscoacous-
tic wave velocityc can be expressed in a wave velocity for a
lossless mediumv and an attenuation factor 1/Q. The model
is parameterized by

σ ≡ 1
c2 =

1
v2

„
1+

ı
Q

«
. (1)

Note that the real part of this parameterσ can be related to the
velocity, where the imaginary part relates to the attenuation.

As said earlier, the gradient and Hessian require derivatives of
the least-squares cost functional with respect to the unknown
parameter(s). When using a complex-valued parameter, these
derivatives are not trivial, since the least-squares cost func-
tional is not analytic. Therefore, we need to generalize the
complex derivative to deal with non-analytic functions. This
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is done in Wirtinger calculus as described in Remmert (1991),
or by connecting the complex space to the two-dimensional
real space, where the two unknowns in the real space are the
real and imaginary part of the complex-valued unknown. For
a brief explanation of how to take the complex derivative of
a real-valued function, we refer the reader to Van den Bos
(1994).

Our misfit function is the least-squares cost functional, denoted
by J. The gradientg, the HessianH, and the parameter pertur-
bationδσ can be represented by their real and imaginary part,
i.e.,

g = gr + ıgi , H = Hr + ıH i , and, δσ = δσ r + ıδσ i ,
(2)

where the real and imaginary part are denoted by superscripts
r and i, respectively. The generalized complex derivative for
one complex-valued parameter leads to the system“

Hr + ıH i
”“

δσ r + ıδσ i
”

=−
“

gr + ıgi
”

. (3)

Note that the system uses both the real and imaginary part of
the gradient and Hessian to update the real and imaginary part
of the parameter.

Minimization of the least-squares cost functional for the lin-
earized problem requires just a single step when the full Hes-
sian is available. Since, in practice, the computation of the
full Hessian takes too much computer time and storage, we
are forced to go to an iterative solution method that can be
accelerated by using a part of the Hessian as preconditioner.
Moreover, since the inverse of the preconditioner is neededfor
computation, using the full Hessian is computational intensive
as well. Therefore, we aim at a simple structure of the ap-
proximated Hessian. The feasible approximation contains as
much of the characteristics of the original Hessian as possible
to achieve good preconditioning. At the same time we strive
for a structure that allows for easy computation of its inverse.

Methodology

As an example, we will look at a point scatterer located be-
neath a line of sources and receivers in a two-dimensional set-
ting. The background velocity is complex-valued, and we also
have a complex-valued velocity perturbation. We can use the
3-D Green function to compute the gradient and Hessian of the
scattered wave field. We will consider the Hessian approxima-
tion that is diagonalized in thex- andy-direction. The resulting
Hessian uses only information ofz-lines to precondition our
gradient. We compares results with the most common precon-
ditioner; the diagonal of the Hessian matrix, and the method
without any precoditioning. The gradient that belongs to our
model is shown in figure 3.

The full Hessian between two points under the Born approxi-
mation can be represented by a complex-valued exponent with
a certain phaseϕ and amplitudeA. Note that the phase and
amplitude include factors as source strength and frequencyef-
fects. Hence, the HessianH is a summation of a sine and a

cosine, yielding

H =
Z

W

Z
S

Z
R

A(cos(ϕ)+ ısin(ϕ))dr dsdω, (4)

where we integrate for all frequenciesω ∈W , sourcess ∈S ,
and receiversr ∈ W . From equation (4) we can see that inte-
gration will give a symmetric behavior to the real part and an
anti-symmetric behavior to the imaginary part of the Hessian.
This is illustrated in figure 1, where we observe a vertical line
around the scatterer of the Hessian for this medium.
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Figure 1: The real and imaginary part of a vertical line of the
Hessian around the scatterer location. The Hessian belongsto
the medium described in figure 3. Note the symmetric shape
for the real part, and the anti-symmetric shape for the imagi-
nary part.

For a point scatterer the gradient can be built by multiplying
the Hessian with the perturbation at the point scatterer. We
want a peak at the location of the scatterer for both the real
and imaginary part. However, we will observe a zero-crossing
for the imaginary part. This imaginary part of the gradient is
formed by,

gi =−(H i δσ r +Hr δσ i), (5)

In general, the perturbation of the real part is much bigger than
the perturbation in the imaginary part. Hence, the imaginary
part of the gradient is mostly defined by the first term. Since
that includes the anti-symmetric behavior, the imaginary part
of the gradient will also show an anti-symmetric behavior.
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Figure 2: The real and imaginary part of a vertical line of the
gradient of the medium described in figure 3. Note we don’t
observe a peak at location of the point scatterer for the imagi-
nary part.
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This is depicted in figure 2, where we plotted the gradient for
the same vertical line as in figure 1. The apparent zero cross-
ing at the scatterer is in fact not going through zero. At the
scatterer location it takes the correct value, but the strong am-
plitude of the real part of the perturbation contaminates the im-
age. The fact that the real part of the gradient has a peak that
remains at the right location can explain why the velocity per-
turbation, or reflectivity, is usually modeled fairly accurately,
even without using the full complex-valued Hessian.

Results

We performed convergence and accuracy tests for our Hessian
approximation, using the preconditioned conjugate-gradient
method build in MATLAB R©. The method uses a relative re-
sidual to determine convergence. We say the method has con-
verged, if the relative residual reached a certain threshold, or
tolarence. For testing the convergence rate, we fixed this to-
larence. Results are shown in table 1.

Method Iterations
none 846 7982

(A) diagonal 348 3148
(B) z-line 175 1646
(C) real part of (B) 212 1764

Table 1: Table giving iteration counts of four different methods
for a fixed tolarence. The last two columns give the number
of iterations to reach this desired tolarence, respectively 10−4,
and 10−6.

From table 1 we can see that the proposed preconditioner sig-
nificantly improves the convergence. Comparing thez-line to
the diagonal, we need only half the number of iteration steps.
We also see an improvement in convergence when we compare
to the preconditioner that takes only the real part of thez-line.

For our accuracy test, we consider the residual after a fixed
number of conjugate-gradient steps. Table 2 lists the results.

Method Relative residual
none 0.14 0.074 0.026

(A) diagonal 0.029 0.015 0.0052
(B) z-line 0.022 0.0047 0.00097
(C) real part of (B) 0.013 0.0034 0.0011

Table 2: Table giving the relative residual of the error of four
different methods after a fixed amount of iterations. The last
three columns give the relative residual after 10, 20, and 40
iterations, respectively.

From table 2 we see again better results in comparison with the
diagonal approximation. Also from figures (4) - (6) we observe
that method (B) performs better when considering amplitudes.
However, the fullz-line method seems to need a number of
iterations before paying off, when compared to its real-valued
counterpart.

Figure 3: The real and imaginary part of the gradient. The
model has a background velocity ofv = 2000 m/s and the qual-
ity factor of the background medium isQ = 50. Receivers are
positioned at−1000(25)1000 m and sources are placed from
−987.5(25)987.5, in between two successive receivers. We
use frequencies 5(1)55 Hz, and a Ricker wavelet with a peak
frequency of 20 Hz. The point scatterer is located at a depth of
1000 m beneath the central receiver. The model is perturbed at
the scatterer byδσ r =−9.0 10−2, andδσ i =−3.0 10−3.

Conclusions

We have computed the gradient and Hessian for the constant
density, viscoacoustic wave equation in the frequency domain.
The wave equation is linearized and the complex-valued pa-
rameter is chosen such that the equation is homogeneous of
degree one in this parameter.

The complete Hessian derived here is, of course, the best pre-
conditioner for the gradient and provides the correct update in
a single step. This Hessian differs from the more common one
by having an imaginary part. For the full case, this is clearly an
advantage, since the preconditioner using only the real-valued
Hessian already needs many iterations to converge to the cor-
rect solution.

We have seen that the preconditioner using the Hessian, diago-
nalized inx- andy-direction, performs significantly better than
the diagonal approximation. The full complex preconditioner
again shows an improvement, with respect to the real-valued
case, although it needs some start-up iterations.

We should note that in our considerations, we did not include
the computational cost of the inverse of the Hessian approxi-
mation, which is of course higher for the proposed precondi-
tioner. Also, the question remains how to generalize the exam-
ple to a feasible preconditioner, applicable to arbitrary media.

Acknowledgements

This work is part of the research programme of the ’Stichting
voor Fundamenteel Onderzoek der Materie (FOM)’, which is
financially supported by the ’Nederlandse Organisatie voor
Wetenschappelijk Onderzoek (NWO)’.

2038SEG Las Vegas 2008 Annual Meeting



Preconditioning for attenuation and velocity

Reconstructed parameter (real part)

 

 

−500 0 500

500

600

700

800

900

1000

1100

1200

1300

1400

1500

−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

Reconstructed parameter (imag part)

 

 

−500 0 500

500

600

700

800

900

1000

1100

1200

1300

1400

1500 −0.01

−0.008

−0.006

−0.004

−0.002

0

0.002

0.004

0.006

0.008

0.01

Figure 4: The real-valued and imaginary-valued parameter after one update step with approximation (A) for the model described in
figure 3.

Reconstructed parameter (real part)

 

 

−500 0 500

500

600

700

800

900

1000

1100

1200

1300

1400

1500

Reconstructed parameter (imag part)

 

 

−500 0 500

500

600

700

800

900

1000

1100

1200

1300

1400

1500
−0.06

−0.04

−0.02

0

0.02

0.04

0.06

−8

−6

−4

−2

0

2

4

6

8

x 10
−3

Figure 5: The real-valued and imaginary-valued parameter after one update step with approximation (B) for the model described in
figure 3.
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Figure 6: The real-valued and imaginary-valued parameter after one update step with approximation (C) for the model described in
figure 3.
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