Velocity and attenuation perturbations can hardly be determined simultaneously in acoustic attenua-
tion scattering
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SUMMARY model produces nearly identical data.

To better understand these observations, we simplify the prob-
lem to reflections caused by horizontally layered scatterers in
an otherwise homogeneous background for a constant-density
acoustic wave equation. Pressure data generated by perturba-
_tions both in velocity and attenuation are given by the Born ap-
proximation and high-frequency asymptotics. We show that a
imaginary part also involves attenuation perturbations. Anal- Sc@led, depth-weighted Hilbert transform of the scatterers pro-
ysis of the constant-density visco-acoustic wave equation in Vides almost the same data for a choice of parameters that is
the Born approximation for a constant background model with €0MMon in marine seismic exploration. We then derive an ex-

horizontally layered scatterers and without density variations Pression for the difference between data in the original and the

shows that recorded surface data hardly change if the scatterif@nsformed scattering model. This difference is quite small

ing model is replaced by a weighted Hilbert transform in depth. N typical seismic settings. We also show that migration of
Migration of acoustic data for velocity and attenuation pertur- S€iSmic data will produce a smallest-norm average of the orig-

bations in a known smooth background model reconstructs Nl scattering model and its transform. A numerical experi-
linear combination with smallest norm of the true scattering Ment for a 2D salt-dome model shows that the same is approx-

model and its transform. Simultaneous quantitative character-Mately true in a more complex geological setting.
ization of velocity and attenuation perturbations will therefore
be difficult without additional constraints.

We encountered a fundamental problem in constant-density
visco-acoustic imaging of scatterers representing both veloc-
ity and attenuation perturbations in the context of seismic ex-
ploration with surface data. In the frequency domain, a single
complex-valued model parameter that depends on position de
scribes both. Its real part is related to velocity variations, its

1D SCATTERERIN A HOM OGENEOUSBACK GROUND

The constant-density visco-acoustic wave equation in the fre-
quency domain is-w?vp; — APy = s, wherepi(w,x) is the

o ) ] ) ) ) pressures(w,X) a source terme = 2rtf, frequencyf, and
Acoustic imaging of scatterers is a non-invasive method widely model parameters

used in such diverse fields as medical ultrasound scanning,

non-destructive testing, and seismic exploration for oil and V(x) = 1_1 1—£Iog(f/f )
gas. Given a known background velocity, the goal is to de- v2 2 nQ '
termine structural information by finding the locations of scat- . .

terers in the material. Examples are the outlines of an infant 1N Compl& velocity v(x) consists of a sound spee(k) and

in the womb, cracks in pipelines and concrete, and hydrocar- Auality factorQ(x). Causality dictates the logarithmic term,
bon bearing geological formations. Qualitative structural jm- defined refative to a reference frequerieyWe split the model
ages are often sufficient for further interpretation. Quantita- N0 V = Vo + V1, wherevp represents a constant background
tive characterization of a scatterer's reflection and attenuation Mdel andvi(2) a horizontally layered sequence of scatterers
properties may allow for a distinction between, for instance, a that are assumed to be independent of frequency.

cyst and a tumor, aﬂuid-fillgd and dry crack, or afluid-bearing g, 5 surface source &t — —h, ys=0, =0 with half-offset
and dry porous rock formation.

INTRODUCTION

i
5!

h>0 and a delta function wavelet, the background pressure is

We were studying quantitative imaging of geological struc- 9iven by the Green functlopO(w,é) = (4nrs)1*;exp(|kors),
tures using seismic data in a constant-density acoustic scatterWhereko = @/vo andrs = [(x+h)* + Y+ 22, The scat-
ing approximation, when we encountered a problem in distin- t€réd wavefieldpy is recorded by a detector or receivexat
guishing between impedance and attenuation contrasts in thd® ¥r = 0, z = 0. The Born approximation and application of
earth. The constant-density assumption reduces impedancdn® Principle of stationary phase for the integration ovand
contrasts to velocity contrasts. We could determine velocity Y 1€2ds to

or attenuation perturbations separately, keeping one of them

fixed, but not both simultaneously. Further investigation re- p1(w,h) ~
vealed an ambiguity that did not only occur during imaging,

but already at the level of forward modelling, that is, gener- We assume that;(z) = 0 for z< zy, zn > 0.

ating synthetic seismic data for the acoustic wave equation in . . ) )
the frequency domain for a given earth model with a finite- Our main result is that a scaled and weighted Hilbert trans-

difference code. We could show in a 2D numerical example form o_f the scattering model provid_es nearly identi_cal data.
(Mulder and Hak, 2009) that the application of a weighted 1€ Hilbert transform#’[g] of a functiong(z), depending on
Hilbert transform in depth to the complex-valued scattering

e / * 2oV V1(2) o )
16m Jo z '
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depthz, is its convolution with(rz)~1. The scaled and depth-
weighted version is the transform

MY = —iz'(9/2. 2

The more refined version (Mulder and Hak, 2009) will not be
considered here. Although it will improve the results, it will
also lengthen the description without changing the basic idea.

Figure 1 shows a simple scattering mode(z) and its trans-
form .#[v,]. Parameters are typical for a marine seismic ex-
periment:co = 1.5km/s,f = 15Hz, f; = 1Hz, andQq = 100.
The resulting data as a function of half-off$eare displayed

in figure 2 and are almost identical after the transform.
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Figure 1: (a) Scattering model. The blue line represents the

real part of the squared slowness perturbation, the green its

imaginary part. (b)#[vy], its scaled depth-weighted Hilbert
transform.
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Figure 2:Real (a) and imaginary part (b) of the recorded pres-

sure at the surface as a function of half the source-receiver dis-
tance. The blue line represents the pressure for the original
model, the red one the difference between data in the trans-

formed and original model. The difference is too small to be
visible.

ANALYSIS

Let u(z) = v1(z)/z. For fixed half-offseth and angular fre-
quencyw, the pressure data are

p-Af hEu@E h@-TEHE, @)

whereH(z) denoteshe Heaviside or unit step function. The
data for the transformed model are givena [ f1.#[u]dz
=iA[% #[f1]pdz Tofind arelation betweefy and#[f1],
we consider a contour in the first quadrant of the complex
plane bounded by the positive real and positive imaginary axis.
We want to determine the integral
1 /% fi(x)

A=l =1 [ o
If z> 0, wehave a pole on the real axis which, when passed by
a semi-circle from above, results in a contributigh =i f1(2)
by the residue theorem. Next, we follow a quarter of a circle
from the positive real axis to the positive imaginary axis with a
radius that goes to infinity. This contributggz = 0. Finally,
we have to integrate over the positive imaginary axis:

. -0 .
Fa= ;T[/ ilfli)/;dy: —i[f2(2) + f3(2)],
with
| LV | [meaVE
f2(2) = E/O Wdf7 f3(2) = E/l ﬁdf

Herea = 2hky andZ=z/h. From _¢1+ #>+ #3+ 74 =0,
we obtainf; =i27[f1] + fo+ f3. The difference between the
data in the transformed and the original modetis [ (f,+

f3)udz.

There are two reasons why this difference can be small, rel-
ative to the data in the original model. Firdt, is an oscil-
latory function ofz, whereasf, and f3 are smooth. If the
scatterers/; are obtained as the difference between a rough
earth modelv and its smoothed versiowy, they have an os-
cillatory character. Their interaction witfy will produce a
large contribution relative to the smoothing effect fof and

f3. Secondly,f, and f3 are smaller tharf, for typical pa-
rameter choices. We can derive the following bounds} <
exp(—Im(a)vV1+2), |f,| < (1/m)arcsinh(1/|Z]), and| f3] <
1/(ma|?>v1+2). The bound forf; is notvery sharp. For
smallZ f, has a logarithmic singularity whef&| will exceed

[fa].

Marine surveys typically have offsets (2h) between 125m and
3 to 12km for targets down to a depth of about half the max-
imum offset. Recording times between successive shots are
about 5 to 10 seconds. Seismic data are usually band-limited to
the range between, roughly, 10 and 100Hz. Reflections from

cal spreading — the factor 1jiz equation (1) — and will drop
below the noise level at some point, making longer recording
times unnecessary.

Figure 3 compares the magnitudes fef f,, and f3 for the

same parameters as before at half-offsets of 50 and 1000 m.
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larger depths are weaker because of attenuation and geometri-
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h=50m

practice, the fact thad > 1 for frequencies in the seismic band
by itself makes it difficult to measure scattering attenuation ef-
fects. The ambiguity described here only makes it worse. The
next question is: what kind of scattering model will migration
actually provide?

MIGRATION

-=1fs
-2 -15 -1 -0 0.5 1 15 2

Cosule/) The goal of linearized inverse scattering is the reconstruction
(@ of both the geometry and the intrinsic properties of the scat-
h = 1000m terers. Mathematically, the inverse problem can be posed as
minimization of the least-squares error between modelled and
observed data. If the initial model is smooth, it will hardly
produce reflections in the frequency-band of the observations.
I N The direct wave from source to receivers is usually removed
E from the data. As a result, the data difference for the first

. T— iteration will equal the pre-processed data. The gradient of
B the error cost function with respect to the model parameters
- for this first iteration will provide a subsurface image. Given
95 5 25 2 s i 95 o 05 = the substantigl computational cost of thig proc_:edur_e, the inv_er-
sion process is usually stopped after a single iteration. The im-
®) age provides structural information about the scatterers. With
Figure 3: Comparison of thef; (solid), fo (dashed), ands proper weighting, quantitative information can be extracted.

(dash-dot) for a half-offset of 50m (left) and 1000m (right). ~ The pseudo-inverse of the Hessian of the cost function pro-
vides the best weighting, because it solves the least-squares

problemin a single step. Since the Hessian is usually too costly
Clearly, | f3| < |f2| and |f,] lies well below f; in the range to compute, a suitable diagonal approximation is often used.
wherez/h = O(1). This is consistent with the earlier result With these so-called migration weights, one or a few iterations
that almost the same data are found for the original and trans-usually suffice to obtain quantitative ‘true-amplitude’ results in
formed model. Differences arise at small and large depths. At the absence of attenuation (Beylkin, 1985; Docherty, 1991; ten
smaller depths, the logarithmic singularity ifishows up. At~ Kroode et al., 1994; Chavent and Plessix, 1999; Gray, 1997;
larger depths,f; | drops below f,| due to the attenuation ofthe ~ Shinetal., 2001; @stmo et al., 2002; Plessix and Mulder, 2004,
background medium. The latter causes the exponential decayMulder and Plessix, 2004a). Consider the least-squares error

of f, whereasf, decreases as 1/z Y heo | BP(w, h) — P1(w,h)[?, where pPs are observed and
p1 = Fv1 modelled data for receivers located at a finite num-

The fact thatf; dominates overf, + f3 does not necessarily  per of offsets. The linear operatbris defined by equation (1).
imply that the integration withu in equation (3) will produce  The inverse problem requires the solutiorFF v, = F"[20S.
alarger result foff; . If, forinstance i is constantover arange  Here F* denotes the conjugate transposeof The Hessian
of depths, the oscillatory behavior &f will cause cancellation  E+E js singular or close to singular, as follows from the earlier
in the integration. The smoother functiofisand f3 may then discussion.

produce a larger result after integration. We studied this be-

havior by applying a Fourier transform in depth and found that After preprocessing of the data to remove the fanipand the
the small wavenumbers, or long wavelengths, ofill lead to source signature over the available frequency range, we obtain
large contributions forf, and f3 after integration, relative to  the weighted migration image

f1. Therefore, we only obtain approximately the same pres- a0 ‘

sure data for the scattering modgland its transform#[v1] m(z1) O zlz/ dw [ dz 2Ky, (25) /25,

if the model is sufficiently oscillatory in depth. This is the case h  Ghin 0

in the example of figure 1. Because, in practice, the scattering

model can be defined as the difference between the originalwherery = ,/z§+h2 for k= 1,2 and the asterisk denotes the
rough mOdel and its smooth Version, it will be OSCi"aFOf‘y by complex conjugate. Its weighted Hilbert transfowm[m(zl)/zﬂ’
construction. The smooth version should produce kinemati- involves.#[f;]. Therefore s [m(z1)/z1] ~ i(M(z1)/z1).

cally correct wavefields without significant reflections in the
seismic frequency bandwidth. The last result represents a minimum-norm solution in the fol-

lowing sense. Since and —i#’[u] approximately produce
We conclude that surface data for a sufficiently oscillatory scat- the same data, a linear combination of the foft- y)u +
tering model at not too shallow depths hardly change after a y(—j#[u]) will do that as well. It is straight-forward to show
scaled and weighted Hilbert transform in depth. As a conse- that the smallest norm is obtained fpr= % Theresulthas

quence, quantitative simultaneous imaging of velocity and at- {4 property# [;(“ _ L%p[“])] _ il(ll —i[u)). Because
tenuation perturbations will be nearly impossible. Note that, in 2 2
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m/z has thesame property, we have shown that weighted lin-
earized inversion or migration produces a reconstruction of
%(u —i2[u]). The limited frequency range implies that the
reconstruction will be band-limited.

MIGRATION IN A 2D EXAMPLE ) ”ju

25 3

1 15 2 1 15 2
Depth (km) Depth (km)

Earlier (Mulder and Hak, 2009), we found that the ambiguity @ ®)

occurred in a 2D constant-density visco-acoustic model. Here,

we investigate the migration image obtained for the data gen- Figure 5: Cross sections of the migration image at 2km dis-
erated in that example. Figure 4 shows a blocky salt-dome tance from the origin. The blue line represents the result for
model, which was replaced by a smooth version. We took the the original model, the red line for the transformed one. The
difference of the complex-valued squared slowness betweenreal partis shown on the left, the imaginary part on the right.
the original and smoothed model as a scattering model and

solved the pair of wave equations that represents the Born ap-

proximation. The resulting data only contained primary reflec- for instance, when added to the background model, may corre-
tions. It turned out that a weighted Hilbert transform in depth spond to unphysical values of the perturbed attenuation, both
of the scattering model produces nearly the same data if the re-in size and sign. Suitable constraints on admissible solution
flectors were not too shallow and not too steeply dipped. This Will reduce, but possibly not remove, the ambiguity.

agrees with the conclusions obtained in the 1D case. . . . .
Our result seems to contradict conclusions on visco-acoustic

inversion by several authors, so some comments are in place.
o035 Some authors (Ribodetti et al., 1995; Ribodetti and Virieux,
o0 1998; Innanen and Weglein, 2007; Hak and Mulder, 2008)
consider point scatterers of delta-function type or blocky per-
ooz turbations. Because these contain long wavelengths, they do
not fit our assumption of a sufficiently oscillatory scattering
model. Another way to understand this, is the fact that their
Hilbert transform is proportional to inverse depth, so the trans-
formed model will produce near-surface scattering even if the
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@ (b) scatterer itself is buried at large depth. Clearly, our observed
Figure 4: Original model with velocityc (left) and inverse ambiguity will not occur in that case and Ilnearlzed.lnversmn
quality factor 1/Q(right). should be feasible. Density, velocity, and attenuation pertur-

bations can be recovered by inversion if only one of these pa-
rameters at the time is considered (Blanch and Symes, 1994;
Ribodetti et al., 1995). With the constraint that the inverted pa-
rameter is either real or imaginary, the ambiguity is removed.

We performed true-amplitude migration (Plessix and Mulder,
2004; Mulder and Plessix, 2004a,b) of the synthetic data in the
smooth background model. Figure 5 displays vertical cross
sections taken from the 2D migration images. In the 2D case, we should emphasize that our observations do not relate to
we have to modify the geometrical spreading factor in the depthattenuation estimates from diving waves or direct arrivals in
weighted Hilbert transform# (-] of equation 2: instead of crosswell or surface-to-well transmission data. These provide
we use,/z. The result of applying this transform to the mi- 3 characterization of the background model. For scatterers
gration results shown by the red lines in figures 5(a) and 5(b).  that represent the difference between a rough earth model and
The migration result and its transform match quite well, except jts smoothed version, which should be kinematically correct
for the shallow reflectors and the deeper part around 1.5km without producing significant reflections in the seismic fre-
depth, where the steeply dipping salt flank is located. This quency range, the ambiguity will occur for not too shallow
demonstrates that the minimum-norm solution of the previous reflectors with small dips. A more detailed description will be

section is also obtained in the 2D case for not too shallow and published elsewhere (Mulder and Hak, Geophysical Journal
not too strongly dipped reflectors. International).

DISCUSSION ACKNOWLEDGMENTS

We have shown that two different oscillatory scattering mod- This work is part of the research programme of the ‘Sticht-
els provm_ie almost |dent_|cal dat_a and that migration produc_es ing voor Fundamenteel Onderzoek der Materie (FOMY)’, finan-
a scattering model that is a weighted average of the two with cjally supported by the ‘Nederlandse Organisatie voor Weten-

smallest norm. This implies that it is impossible to uniquely schappelijk Onderzoek (NWO)' and by ‘Stichting Shell Re-
determine both the velocity and attenuation perturbations from search’.

the data without additional constraints. The transformed model,

SEG Houston 2009 International Exposition and Annual Meeting 3081



EDITED REFERENCES

Note: This reference list is a copy-edited version of the reference list submitted by the author. Reference lists for the 2009
SEG Technical Program Expanded Abstracts have been copy edited so that references provided with the online metadata for
each paper will achieve a high degree of linking to cited sources that appear on the Web.

REFERENCES

Beylkin, G., 1985, Imaging of discontinuities in the inverse scattering problem by inversion of a causal generalized Radon
transform: Journal of Mathematical Physics, 26, 99-108.

Blanch, J. O., and W. W. Symes, 1994, Linear inversion in layered viscoacoustic media using a time-domain method: 64th
Annual International Meeting, SEG, Expanded Abstracts, 1053-1056.

Chavent, G., and R. E. Plessix, 1999, An optimal true-amplitude least-squares prestack depth-migration operator: Geophysics, 64,
508-515.

Docherty, P., 1991, A brief comparison of some Kirchhoff integral formula for migration and inversion: Geophysics, 56, 1164—
1169.

Gray, S., 1997, True amplitude migration: A comparison of three approaches: Geophysics, 62, 929-936.

Hak, B., and W. A. Mulder, 2008, Preconditioning for linearised inversion of attenuation and velocity perturbations: 70th Annual
Conference and Exhibition, EAGE, Extended Abstracts, H002.

Innanen, K. A., and A. B. Weglein, 2007, On the construction of an absorptive-dispersive medium model via direct linear
inversion of reflected seismic primaries: Inverse Problems, 23, 2289-2310.

Mulder, W. A., and B. Hak, 2009, Simultaneous imaging of velocity and attenuation perturbations from seismic data is nearly
impossible: 71st Annual Conference and Exhibition, EAGE, Extended Abstracts, S043.

Mulder, W. A., and R. E. Plessix, 2004a, A comparison between one-way and two-way wave-equation migration: Geophysics,
69, 1491-1504.

Mulder, W. A., and R. E. Plessix, 2004h, How to choose a subset of frequencies in frequency-domain finite-difference migration:
Geophysical Journal International, 158, 801-812.

@stmo, S., W. A. Mulder, and R. E. Plessix, 2002, Finite-difference iterative migration by linearized waveform inversion in the
frequency domain: 72nd Annual International Meeting, SEG, Expanded Abstracts, 21, 1384-1387.

Plessix, R. E., and W. A. Mulder, 2004, Frequency-domain finite-difference amplitude-preserving migration: Geophysical
Journal International, 157, 975-987.

Ribodetti, A., and J. Virieux, 1998, Asymptotic theory for imaging the attenuation factor Q: Geophysics, 63, 1767-1778.

Ribodetti, A., J. Virieux, and S. Durand, 1995, Asymptotic theory for viscoacoustic seismic imaging: 65 th Annual International
Meeting, SEG, Expanded Abstracts, 631-634.

Shin, C., S. Jang, and D. J. Min, 2001, Improved amplitude preservation for prestack depth migration by inverse scattering
theory: Geophysical Prospecting, 49, 592-606.

ten Kroode, A. P. E., D. J. Smit, and A. R. Verdel, 1994, A microlocal analysis of migration: Wave Motion, 28, 149-172.

SEG Houston 2009 International Exposition and Annual Meeting 3082



