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SUMMARY tering models that provided nearly identical data (Mulder and

Hak, 2009). One model contained only velocity perturbations,
Migration of seismic data in a constant-density visco-acoustic the other involved attenuation perturbations. Because the prob-
model provides reflectors that consist of velocity and of at- lem is linear in its model parameters under the Born approxi-
tenuation perturbations relative to a given background model. mation, any linear combination of the two extreme cases will
Earlier work has shown that simultaneous imaging of these also produce nearly the same data, if the sum of the relative
perturbations leads to an ambiguity: a velocity perturbation weights equals one. This means that the inverse problem does
may produce nearly the same data as an attenuation perturbanot have a unique solution and that it is impossible to simul-
tion. There are various approaches that can circumvent the am-taneously recover velocity and attenuation perturbations from
biguity. An acquisition geometry with sources and receivers seismic data, at least under the assumptions we made. These
all around the scattering object removes the ambiguity, but is were: (1) we considered a typical surface acquisition geome-
useless in geophysical exploration. Including causality in the try for measuring the seismic data; (2) the background model
scattering model when using the Born approximation will help was visco-acoustic and contained a frequency-dependent cor-
if data with a sufficient broad frequency band are available. rection for causality, but this correction was dropped in the
Here we consider the question if nonlinear inversion is able perturbations; (3) the Born approximation, which makes the
to get around the ambiguity. A numerical experiment with inverse problem linear. In a subsequent paper (Hak and Mul-
a visco-acoustic frequency-domain finite-difference code sug- der, 2010a), we addressed the first assumption and considered
gests a positive answer if causality is included, although the different geometries. Sources and receivers on a circle around
number of iterations required to reach an acceptable solutiona point scatterer, not necessarily at the centre of the circle, re-
is very large. Without causality, nonlinear inversion appears to moved the ambiguity in the 2D case. This confirms the re-
provide better results than linearized inversion with the Born sult of Ribodetti et al. (2000). Unfortunately, it reappeared
approximation, but it seems that the ambiguity still hampers for other, more realistic geometries. Including the correction
convergence to the true solution. for causality in the perturbation proved more fruitful (Hak and
Mulder, 2010b). In a numerical experiment, we found that the
frequency-dependent correction term can apparently circum-
vent the ambiguity if the data have sufficient bandwidth. Still,
the gradient of the least-squares cost function for the first up-
date differed considerably from the desired result. Therefore,
a large number of conjugate-gradient iterations, of the order of
10P, was required to change the first migration image into the
correct one.

INTRODUCTION

Migration of seismic data produces an image of the subsur-
face if a sufficiently accurate background velocity model is
available. With careful weighting, it also provides quantita-
tive information about the reflectors. lterative migration can

improve the accuracy of the result even if the weighting is Thjs |eaves the question if dropping the Born approximation
fairly crude. The algorithm tries to minimize the error be- il also remove the ambiguity. We may expect that visco-
tween the modeled and observed data. More precise migra-acoustic full waveform inversion of the data in a correct back-
tion weights will speed up the convergence. Iterative migra- ground model will do the job if causality is imposed. It is not

tion employs the Born approximation of the wave equation for ¢jear if nonlinear inversion by itself can accomplish the same
forward modelling. As a result, the inverse problem is linear ithout the frequency-dependent correction for causality. We
in the reflectivity and will be easier to handle than full wave- il address this question by a numerical experiment for the

form inversion, which is highly nonlinear and is plagued by two-dimensional constant-density visco-acoustic wave equa-
local minima. The reconstructed reflectivity represents the dif- tjon in the frequency domain.

ference between the reconstructed model parameters and the
given background model.

Earlier (Hak and Mulder, 2008a,b), we applied a frequency- METHOD

domain finite-difference code for 2D visco-acoustic modelling
to the iterative migration problem and encountered unexpected
results. In the constant-density case, the reflectivity consists
of impedance perturbations, which become velocity perturba- wzrﬁp+Ap —s

tions as the density is assumed constant, and of perturbations in

the parameter that describes attenuation, for instance, the qualThe pressurg(w,x) depends on the angular frequerwoy=
ity factor (Ribodetti and Virieux, 1998). We found that migra- 2rf and positiorx, as does the source tesfw, x). The model
tion not only reconstructs velocity perturbations but also leads )

to unphysically large attenuation variations. Further analysis (g, x) — oz(x)[1+ ! —a(w)} a(w) = E|og (ﬂ)
revealed that we could actually construct two different scat- Q(x) n o

The constant-density visco-acoustic wave equation in the fre-
quency domain reads
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contains the slowness(x) and the quality factoQ(x) that andM,(JZ) = cnggl. To this model, we added eight perturba-
parametrizes the attenuation. The causality requirement leadgions in the form of sombrero functions, obtained by applying
to logarithmic terma(w) and is defined relative tay = 27f, the Laplace operator to a gaussian. Its standard deviation was
(Aki and Richards, 1980). A common choice for the reference 40 m. The full model is denoted By1(K) and the difference
frequencyfy is 1Hz. We will useM™® (x) = 0% andM @) (x) = with respect to the background model i) = M) — Mék).

0%/Q as model parameters, implying thatc, x) = M) + The largest peak value aflY) was 5x 108 and 2x 10~8 for

- 2
[i —a(w)M®@. m(@, both in (s/m§. The actual amplitudes of each the som-

brero functions can be read off from the plots of vertical cross

0 - sections through their centers, to be presented later on. Fig-
ure 1 showsnY) andm®@. We generated synthetic data with
the frequency-domain code, using absorbing boundary condi-
a0q ' tions on all sides. The receiver positions ranged fret®00

to 1900m inx at a 25-m spacing. The sources were placed
halfway in between, between1887.5 and 1887.5m with the
same spacing. All source and receivers had zero depth. The
1009 B Ricker wavelet had a peak frequency of 15Hz. We only con-
sidered frequencies between 4 and 20Hz at an interval of 0.5Hz.

-1000 -500 0 500 1000

x(m) Figure 2 displays the reconstructed model after 18690 itera-
(@ tions, when the least squares cost function had dropped by a
@ factor 1077 from its initial value obtained for the background
0 model. We included the correction for causality. The recon-
struction of both components of the model is quite satisfactory
for shallower part of the model, but less so for the deeper part.
400 Nevertheless, the numerical experiment shows that the correc-
£ o0 tion for causality and the nonlinear inversion can circumvent
" the ambiguity in the simultaneous reconstruction of velocity
and attenuation perturbations.

This still leaves the question if nonlinear inversion by itself,
T . — without the correction for causality, is able to get around the at-
xm tenuation imaging ambiguity. For the next experiment, we did
() not include the correction for causality in generating the syn-
thetic data nor in the inversion. It now took 28782 iterations to
Figure 1: (a) First andb) second component of the given reduce the least-squares cost function by a factor of fidm
model after subtraction of the background model. Positive val- its initial value in the constant starting model. Figure 3 shows
ues are red, negative blue. both components of the reconstructed model. Despite the sub-
stantial reduction of the cost function, a significant difference
The least-squares cost functional, which measures the differ-petween the reconstructed and true model remains. This sug-

ence between the modeled datand observed dataP®s, is gests that the nonlinear inversion by itself cannot fully remove
1 obs the ambiguity in the simultaneous reconstruction of velocity
I= 325190 [S(g) P(@:X) = Prg(@) | - and attenuation perturbations.

The summation involves all shots, indexed by s, receivers for a gyen with causality included in the scatterer — the difference
given shot, indexed by s, and the selected frequencies. The oy yeen the full model and the background model — conver-
operatorSs) samples the modeled wavefiefdw,x) at the gence is slow. We observed the same for linearized inver-
receiver position. sion using the Born approximation (Hak and Mulder, 2010b).

A 2D frequency-domain visco-acoustic finite-difference code A 1arge number of iterations was required before the recon-
(Mulder and Plessix, 2004) provided the synthetic data. We Structed solution starts to approximate the true one. One rea-
used the L-BEGS method for the minimization of the cost func- SOn for the slow convergence is the fact that the gradient of the
tional (Byrd et al., 1995). This method requires the gradient of least-squares cost function is still affected by the attenuation

the cost-functional, which is easy to compute in the frequency scattering ambiguity. The gradient controls the update of the
domain. current estimate of the model. Figure 4 shows the gradient for

the first iteration, starting from the background model, for a

problem with just a single, scatterer with zero second compo-
RESULTS nent at 400 m depth, again using a sombrero function. For this

firstiteration, the first component of the gradient resembles the
The 2D test problem has a homogeneous background with adesired answer. The second component should be very small,
velocity ¢, = 1500m/s and quality factd®, = 100. We de- but is completely off.

note the background model Mt()k), k=1,2, with Mél) = cgz
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Figure 2: (a) First componewf the reconstructed model, the square of the slowness, after subtraction of the background model.
The correction for causality was applied. (b) Vertical cross-sections of the first comporeat-&t000,—650,—400, and—-200m,
and (c) ax = 200, 400, 650, and 1000 m. The original perturbations are drawn as red lines. (d), (e), and (f) display the same for the

second component of the model, the squared slowness divided by the quality factor.
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Figure 3: (a) First componewf the reconstructed model, the square of the slowness, after subtraction of the background model.
In this case, the correction for causality was not applied. (b) and (c) show vertical cross-sections at the same positions as in the

previous figures. (d), (e), and (f) display the second component of the model.
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x10° m

Figure 5 shows aimilar behavior, but now for a scatterer that E:
has both components nonzero. The attenuation scattering am- N
biguity clearly has a detrimental effect on the shape of the gra-
dient. To fix this, many iterations are required.

Convergence may be faster for a different model parametriza-
tion. If, for instance, we selectedl and 1/Qas the unknowns
instead ofa? and 62/Q, we found a slightly better conver-
gence rate in the nonlinear case.
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Figure5: Vertical cross-sectionsf the gradient for the first
update and the true model. The first (a) and second component
(b) of the gradient have been scaled to the same magnitude as
the difference between the true model and the background.
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T o O R Yoo o suggests that causality as part of the scattering model is the
zm key factor in circumventing the ambiguity, consistent with the
®) work of (Innanen and Weglein, 2007). In spite of that, the am-
biguity still appears to have a detrimental effect on the conver-
Figure4: Vertical cross-sectionsf the gradient for the first  gence rate of the nonlinear inversion. The number of iterations
update and the true model. The first (a) and second componenis substantial and may be too large for practical applications.
(b) of the gradient have been scaled to the same magnitude as

the difference between the true model and the background. InFinally, we should emphasize that these results do not pertain
this case, the true model had a zero second Component_ to the problem of estimating the attenuation of the background

model.
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identical data. Including the correction for causality as part of
the scattering model will remove the ambiguity if data with
sufficient bandwidth are available, as demonstrated earlier for
linearized inversion with the Born approximation (Hak and
Mulder, 2010b). Here, we investigated if nonlinear inversion
can accomplish the same. A numerical experiment of non-
linear inversion for a simple model reproduced the original
model, at least in the shallow parts, when a correction for
causality was included. Without causality, the reconstruction
of the true model did not fully succeed, although the results are
better than would be expected with linearized inversion. This
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