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SUMMARY

Full waveform inversion with the classic least-squares cost
functional suffers from spurious local minima caused by cycle
skipping in the absence of low frequencies in the seismic data.
We present an alternative cost functional that is less sensitive
to cycle skipping. It has the property of an annihilator, just like
the functional used for velocity analysis with extended images
based on subsurface shifts. For 2-D models with a line ac-
quisition, the proposed functional applies a singular-value de-
composition on the observed data and uses the eigenvectors to
build a data panel that should be diagonal in the correct veloc-
ity model but has significant off-diagonal entries in the wrong
model. By penalizing off-diagonal entries or maximizing val-
ues close to the main diagonal, the correct model should be
found. We therefore call it the diagonalator.
A convexity test demonstrates the superiority of the proposed
functional over the classic least-squares approach. We present
initial synthetic data tests on a subset of a North Sea ve-
locity model. The diagonalator performs better than least-
squares data fitting in terms of resolving deeper events with
full-bandwidth data. It also converges to an acceptable velocity
model in the absence of low frequencies, when least-squares
minimization fails.

INTRODUCTION

Local minima are a well-known problem for full waveform
inversion (FWI). In Tarantola’s minimum least-squares error
framework (Tarantola and Valette, 1982), the synthetic wave-
forms in the starting model should match the observed data to
within less than half a wavelength. Otherwise, cycle skipping
may cause the minimization to end up in the nearest local min-
imum (Bunks et al., 1995; Chauris et al., 2008). To avoid this
problem, a kinematically correct initial model is required. Al-
ternatively, data with reliable low-frequency content may suf-
fice to avoid the cycle-skipping problem (Plessix et al., 2010,
e.g.).

The least-squares objective function (Tarantola and Valette,
1982) employs the squared L2-norm. Alternative objective
functions are based on different norms, such the hybrid L1/L2
approach (Bube and Langan, 1997; Brossier et al., 2010) or the
Huber norm (Huber, 1973; Guitton and Symes, 2003). Ha et al.
(2009) applied the Huber norm for frequency-domain FWI and
illustrated its robust behavior compared to the L2-norm when
considering a dense frequency sampling during inversion. Al-
though these objective functions are robust in the presence of
large isolated and non-Gaussian errors, they basically suffer
the same cycle-skipping problem that occurs in the L2-norm
for higher-frequency data.

Moghaddam and Mulder (2012) introduced a new objective

function that is less sensitive to cycle skipping. It was mo-
tivated by earlier work of van Leeuwen and Mulder (2008a),
who proposed offset- or time-shifts in the data domain rather
than in the subsurface domain. Subsurface space- or time-
shifts enable velocity analysis in a wave-equation migration
context (Faye and Jeannot, 1986; MacKay and Abma, 1992;
Rickett and Sava, 2002; Sava and Fomel, 2006; Shen et al.,
2003). Those methods may fail, however, when multiple en-
ergy is still present in the data (Mulder and ten Kroode, 2002;
Mulder and van Leeuwen, 2008). The formulation in the data
domain should maximize the correlation of the shifted data at
zero lag. This approach can indeed handle multiples, at least
in a NMO setting (van Leeuwen and Mulder, 2008b). The
method does, however, suffer from cross-talk between events
(van Leeuwen and Mulder, 2008a, 2010), requiring the use
of a Gabor window to suppress contributions to the correla-
tion from unrelated events. Also, its generalization to wave-
equation methods requires a migration/demigration step to en-
sure that the observed and modeled that have similar events.

Our new method is inspired by the idea of the inverse data
space (Berkhout, 2006). It introduces correlations between
shifted data, as in the approach by van Leeuwen and Mulder
(2008a), albeit in a way that is not transparent at this moment.
We describe the method in the next section. We study its con-
vexity, compared to the L1 and L2 error norms, by considering
a horizontally layered model and computing the cost function-
als for data in a sequence of models that are perturbations of
the true one. Then, we present convergence results for two
models, a simple horizontally layered model with three reflec-
tors, starting from a velocity model that increases linearly with
depth, and a more challenging marine model that is a subset of
the North Sea model from Etgen and Regone (1998).

The new cost functional performs considerably better than least-
squares data fitting, both for full bandwidth data, for which
least-squares FWI should work, and for band-limited data with
missing low frequencies, where least-squares FWI completely
fails if the initial model is not kinematically correct in the
wavelength range that corresponds to the absent frequencies.

METHOD

Consider a seismic survey withns shots andnr receivers. We
can arrange the data per frequency in anr × ns data matrix
A(ω) of the form

A(ω) =




r1,1(ω) r1,2(ω) · · · r1,ns(ω)
r2,1(ω) r2,2(ω) · · · r2,ns(ω)
· · · · · · · · · · · ·

rnr ,1(ω) rnr ,2(ω) · · · rnr ,ns(ω)


 , (1)

with ri, j(ω) the ith receiver signal correspond to thejth shot.
If the receivers are not co-located for the different shots, as
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common in a marine acquisition, some elements of the ma-
trix A are set to zero (Berkhout, 2006). The singular-value
decomposition (SVD) of the data matrix isA = USVH, where
the unitary matrixU of sizenr × nm contains the left eigen-
vectors as columns andV of sizens ×nm the right eigenvec-
tors as columns. Thenm ×nm diagonal matrixS consists of
the singular values. The superscript(·)H denotes the conjugate
transpose.

Given the SVD,Aobs(ω) =UobsSobsV
H
obs, of the observed data

at an angular frequencyω, we expectS = UH
obsAVobs for com-

puted dataA to be diagonal if the velocity model is correct.
Otherwise, there may be significant contributions on the off-
diagonals. This observation motivates the choice of a cost
functional that penalizes off-diagonal entries or maximizes en-
tries close to and on the diagonal with, for instance, a gaussian
weighting function. The corresponding cost functional is

J Diag =
∑

ω

nm∑

i=1

nm∑

j=1

wi j|Si j(ω)|2. (2)

The weighting functionwi j is a function of|i− j|, the distance
to the main diagonal. It should be decreasing with|i− j| for
maximization, for instance, withwi j = exp(−α |i− j|2) and
increasing for minimization, for instance,wi j = |i− j|p with
p > 0 or evenwi j = exp(|i− j|). We call this cost functional
the diagonalator. It is an example of inverse data space full
waveform inversion. Note that it requires multiple shots.

The matrixS = UH
obsAVobs in equation 2 depends on the cur-

rent guess of the slowness modelσ(x) = 1/v(x). The op-
timization problem becomes: minimizeJ(σ) subject to the
wave equation(ω2σ2+∆)ps + fs = 0, whereps(ω,x) is the
pressure wave field for shot numbers = 1,2, . . . ,ns as a func-
tion of frequency and positionx and fs(ω,x) represents the
source term for shots. The wave fields are collected into the
matrix A = (D1p1, D2p2, · · · , Dns pns), whereDs is the sam-
pling or detection operator for shots and its corresponding re-
ceivers. It maps the wavefield into a column vector of length
nr, containing zeros if necessary if receiver locations for sub-
sequent shots do not fully coincide.

An annihilator (Symes, 2008) is an operator producing zero(s)
when applied to the data or to an extended migration image
in the correct velocity model and leads to a non-zero result
otherwise. Although it is a concept that is defined for the high-
frequency asymptotic approximation, it can have its value at
finite frequencies. The method of Moghaddam and Mulder
(2012) has the characteristics of an annihilator.

CONVEXITY

We consider a simple example to compare the behavior of the
new functional to that the least-squares cost functional with
the L1 or L2-norm in terms of convexity. We computed syn-
thetic seismograms for multiple shots in the layered model
shown in Figure 1a. We then perturbed the model by taking
a weighted average with a model that has velocity increasing
linearly with depth, shown in Figure 1b. The resulting model
is v(α) = (1−α)v1 +αv2, with v1(z) the layered andv2(z)
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Figure 1: The velocity model for the convexity test is a
weighted average of (a) the true model and (b) the linear
model.

the linear velocity model. We computed synthetic data for 20
values ofα ranging from−1 to 1 at frequencies between 8 and
30 Hz. Figure 2 shows the resulting values of the least-squares
cost functional with either the L1- or L2-norm as well as the di-
agonalator values. Clearly, the diagonalator has a much wider
basin of attraction than the least-squares cost functional and
has better convexity properties. This implies that, with the di-
agonalator, a gradient-based minimization method will con-
vergence towards the minimum for a starting model that can
be further away from the correct model than with least-squares
minimization.
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Figure 2: Comparison between the diagonalator, L1 and L2
objective functions.

INVERSION RESULTS

We tested the diagonalator against the traditional L2-norm FWI
on a simple layered model shown in Figure 3a and the more
complex North Sea model of Figure 5. For the minimiza-
tion, we used a limited-memory BFGS method (Nocedal and
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Wright, 2006). The gradient of the cost functionals was com-
puted with the usual adjoint-state approach. The gradient com-
putation for the diagonalator is similar to that for least-squares
inversion but with the data residual replaced by a more com-
plicated expression.
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Figure 3: From left to right: (a) true model, (b) least-square
inversion result, and (c) diagonalator reconstruction.

As a first test, we considered the very simple model in Fig-
ure 3a. We performed multi-scale inversion (Bunks et al., 1995;
Ravaut et al., 2004) with data between 8 and 20 Hz, start-
ing from an initial model with a linearly increasing velocity
versus depth (not shown). Figure 3b shows the reconstructed
model for the diagonalator, which is clearly superior to the
least-squares inversion result with the L2-norm in Figure 3c.
The latter displays the typical ‘nonlinear migration’ (Mulder
and Plessix, 2008) character of FWI.

0 2 4 6 8 10
10

−3

10
−2

10
−1

frequency band number

M
S

E

a

 

 
Diag
L2 FWI

0 2 4 6 8 10
10

−3

10
−2

10
−1

frequency band number

M
S

E

b

 

 
Diag
L2 FWI

Figure 4: Average relative model error for 10 frequency bands
of 2-Hz width between 0 an 20 Hz, using a smooth (a) or
sharper (b) initial model.

To investigate in which frequency band the diagonalator is
more effective, we divided the range from 0 to 20 Hz into 10
equally spaced bands of 2 Hz width, each band containing 4

different frequencies. The first band contains frequencies be-
tween 0 and 2 Hz, the second between 2 and 4 Hz, and so on.
The starting model for the inversion was obtained by applying
a spatial low-pass filter to the true model in Figure 3a. We pre-
pared two versions, a smooth and a sharper one. For each band
and each of the two starting models, we carried out 30 itera-
tions with the L-BFGS minimization. Then, we determined the
average relative model error, MSE= avg

(
[v̂− v]2/v2

)
, where

avg(·) denotes element-wise averaging and ˆv is the inversion
result. Figure 4a shows the resulting reconstruction errors for
the smooth starting model. For the lower frequencies, the re-
constructed model is smoother than the true one, so the er-
ror is expected to be larger than for the higher frequencies.
The diagonalator clearly provides smaller errors in the higher
frequencies, where least-squares inversion suffers from cycle
skipping. Figure 4b displays similar results for a sharper start-
ing model. Beyond band 4 (6–8 Hz), the least-squares cost
functional starts to have problems.
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Figure 5: Subset of the North Sea velocity model.

We also tested our method on a part of North Sea velocity
model, shown in Figure 5. The model contains steep dips as
well as a salt structure. We first ran a full-bandwidth inversion
with the multi-scale approach, using data between 0 and 20 Hz.
In that case, we expect both the least-squares inversion and the
diagonalator to produce an acceptable result. For the initial
model, we took a horizontally layered model obtained by hori-
zontally averaging the true model. Figure 6a shows the diago-
nalator result, which is somewhat better than the least-squares
reconstruction in Figure 6b, especially around the steep dips.

We repeated the test on band-limited data with frequencies be-
tween 8 and 20 Hz, a typical range for vintage data sets. Fig-
ures 7a and 7b show the resulting reconstructions. The least-
squares reconstruction fails, whereas the diagonalator is par-
tially able to capture the structure of the model. Note that no
smoothing or other type of regularizing penalty terms were ap-
plied during the minimization.
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Figure 6: Full-bandwidth inversion test on a subset of the North Sea velocity model: (a) diagonalator reconstruction, (b) least-
squares inversion result.
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Figure 7: Band-limited inversion test on a subset of the North Sea velocity model: (a) diagonalator reconstruction, (b) least-squares
inversion result.

CONCLUSIONS

We have proposed a new objective function for full waveform
inversion, which we call the diagonalator. It is based on the
singular-value decomposition of the observed data, ordered a
in a specific way. If the corresponding matrices with eigen-
vectors are applied to the modeled data, the resulting matrix
should be diagonal in the correct velocity model. The cost
functional penalizes off-diagonal entries. We have demon-
strated that the objective function is superior to the classic
least-squares cost functional, either with the L1- or L2-norm,
in terms of convexity and accuracy of the reconstructed model.
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