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SUMMARY

Low frequencies play a crucial role in the convergence of full
waveform inversion to the correct model in most of its current
implementations (Baeten et al., 2013). Unfortunately, low fre-
quencies are often not present in the data. Mora (1989), how-
ever, showed that a reflector below the target area may help
in recovering some of its long-wavelength information. We
earlier analyzed the contributions of various wave types to the
wavenumber spectrum of a velocity perturbation in a simple
model of two halfspaces (Kazei et al., 2013b). Here, we extend
this spectral sensitivity analysis to the case with a free surface,
which generates multiples and ghosts. The multiples increase
the total energy in the wavefield and can potentially improve
the sensitivity and resolution of full-waveform inversion. Our
study shows that the inclusion of multiples increases the sen-
sitivity in some parts of the model’s spatial spectrum. At the
same time, they make the inverse problem more difficult to
solve, because the wavenumber spectrum of the wavefield at a
given frequency has sensitivity peaks at a discrete wavenumber
subset, making it difficult to invert for the other wavenumbers.
Its adverse effect can be reduced by simultaneous inversion of
a dense set of frequencies in a frequency-domain code or by
using a time-domain approach.

INTRODUCTION

Full-waveform is known to suffer from factors that introduce
additional non-linearities into the scattered wavefield. Among
those are free-surface related effects. Here, we consider the
role of multiples and ghosts in a 2-D marine-type acquisition
for the constant-density acoustic case, and try to figure out
which spatial wavenumbers in the velocity model can be re-
constructed by FWI and how the inversion should be set up
to deal with them. The simplest model for marine acquisition
– a homogeneous layer over a homogeneous halfspace with a
higher velocity – allows for an analytical derivation of Green
functions that are easy to analyze. It turns out that the spectral
coverage for full-waveform inversion (Mora, 1989) and wave-
field spectral sensitivity patterns (Kazei et al., 2013b) can be
derived analytically too. Multiples are usually classified as
an additional factor of non-linearity for FWI. Our sensitivity
analysis, however, shows that they also complicate the linear
problem which FWI faces at each iteration. Ghosts are often
considered as a modification of the wavelet. Their presence
actually slightly simplifies our analysis instead of making it
more complicated. Spectral coverage diagrams, originally sug-
gested by Devaney (1984) for diffraction tomography, can also
be used to analyze FWI in horizontally uniform starting mod-
els (Mora, 1989; Sirgue and Pratt, 2004; Kazei et al., 2013a).
The method is based on a simple relation between the observed
wavefield spectrum and the velocity perturbation spectrum and

requires Green functions in the f -k domain to be derived the
former. To gain more insight in the effect of multiples on the
spectral resolution, we consider background models consisting
of one or two acoustic layers over a halfspace.

FORWARD PROBLEM

A solution of the 2-D constant-density acoustic wave equa-
tion in a horizontally layered medium can be represented as
(Brekhovskikh and Godin, 1998):

p̂(r, t) =
∫ ∞

−∞
dkx e−ikxx

∫ ∞

−∞
dω eiωt p(kx,z,ω). (1)

The pressure p̂(r, t) depends on position r and time t and the
transformed pressure p(kx,z,ω) on horizontal wavenumber kx,
depth z and angular frequency ω . Within a layer with velocity
c0, the solution of the wave equation is a linear combination
of upgoing (+) and downgoing (−) wavefields of the form

exp
(
±iz
√

k2
0− k2

x

)
, with k0 = ω/c0. Note that the chosen

Fourier convention is the conjugate of the customary one. In
the case of two halfspaces, where the upper one with sources
and receivers and scatterers has a velocity c0 and the deeper a
velocity c1, the wavefield for a point source at zero depth in
the upper halfspace consists of an incident downgoing and a
reflected upgoing wavefield:

p0(kx,z,ω) =
e−iz
√

k2
0−k2

x +V (kx)e+i(z−2H)
√

k2
0−k2

x

−2i
√

k2
0− k2

x

. (2)

The wavefield in the deeper halfspace is downgoing (Brekhovskikh
and Godin, 1998):

p1 = [1+V (kx)]
e−iH
√

k2
0−k2

x

−2i
√

k2
0− k2

x

e−i(z−H)
√

k2
1−k2

x , (3)

V (kx) =
1−b
1+b

, b =

√
k2

1− k2
x

k2
0− k2

x
.

Here, V (kx) is the reflection coefficient, H is the distance be-
tween source and the lower halfspace and k1 = ω/c1 con-
tains the velocity c1 of the deeper halfspace. Note that |kx| =
|k1| corresponds to the critical angle of incidence. The factor
|1+V (kx)| can increase to 2 for values of |kx| close to but less
than |k1|, boosting the amplitudes of refracted plane waves that
travel almost horizontally in the deeper halfspace.

Next, we include a free surface as sketched in Figures 1(a) and
(b). If all multiples are included, then the pressure p changes
to

p′ = p

(
1+

N∑

n=1

[
−V (kx)e−2iH

√
k2

0−k2
x

]n
)
, (4)
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Free surface in FWI

(a)

(b)

Figure 1: (a) Multiples illuminate a perturbation from all di-
rections and its illumination is improved; (b) ghosts interfere
with the useful signal (solid), harming it a bit.

p′ N→∞−−−−→ p

1+V (kx)e−2iH
√

k2
0−k2

x

. (5)

The zeros of the denominator on the right-hand side corre-
spond to normal modes. The fundamental mode, which is al-
ways present, corresponds to kx = k0. The existence and the
number of higher-order modes depend on the layer thickness
– the thicker the layer, the more zeros we have. To avoid con-
vergence problems in equation 4, we limit our investigation to
the first-order multiples (N = 1). Ghosts, as sketched in Fig-
ure 1(b), can be expressed with the same formula as the first-
order multiples after replacing H with h and taking V (kx) = 1.
If sources and receivers are very close to the free surface, we
can simplify the expressions for the pressure by the following
approximation, up to O(h2):

p′′= p′eih
√

k2
0−k2

x

(
1− e−i2h

√
k2

0−k2
x

)
' 2ihp′

√
k2

0− k2
x . (6)

Equation 6 shows that, for h much smaller than wavelength,
the ghost simply causes cancellation of the square roots in the
denominators of equations 2 and 3, which simplifies our final
expressions. Thus, the wavenumber spectra of the pressures
would be more uniform if we had only ghosts as a result of a
free surface inclusion. For larger values of h, the ghost com-
pensation technique (Zhang et al., 2012, e.g.) can be applied.

INVERSION: THEORY

With expression 4 for the wavefield, we can generalize Mora’s
(1989) technique of sensitivities. The scattered field is deter-
mined by the Born approximation. After a Fourier transform
in the horizontal source and receiver coordinates, the wavefield

perturbation becomes

δusr(ω,ks,kr)=

∫
k2

0 δW (r)s(ω)G(ω,ks,r)G(ω,kr,r)dr,

(7)
with δW (r) a small perturbation of the background squared
slowness and with source signature s(ω). We earlier studied
the case of two halfspaces without a free surface (Kazei et al.,
2013b). Updating the Green functions according to equations 4
and 6, we obtain a similar but slightly more complicated lin-
ear relation between the spatial perturbation spectrum and the
transformed data in terms of sensitivities:

S(ω,Kx,Kz) =

∣∣∣∣∣
δusr (ω,ks(Kx,Kz),kr(Kx,Kz))

s(ω)ω2δW̃ (Kx,Kz)

∣∣∣∣∣ . (8)

Equation 8 describes the relation between the spectra in the
wavenumber domain Kx,Kz of the perturbation, δW̃ (Kx,Kz),
and the resulting wavefield, δusr (ω,ks(Kx,Kz),kr(Kx,Kz)). It
has this simple form when a horizontally layered background
model is assumed. Smooth horizontally uniform models can
also be considered by restricting the depth of the perturba-
tion (Kazei et al., 2013a). When the sensitivity S(ω,Kx,Kz) is
uniform and includes the long wavelengths, the inverse prob-
lem is well-conditioned. Then, the model update will be close
to ‘true-amplitude’ and FWI will easily converge to the true
model. If, on the other hand, the sensitivity is highly non-
uniform, the update will be related to a subset of the spatial
frequencies. Although this may decrease the least-squares er-
ror substantially in the first few iterations, the model update
will be quite different from the desired one and will slow down
or even prevent convergence to the true model.

If the misfit functional is defined as the L2 norm in the (Kx,Kz)
space, the squared sensitivity, S2(Kx,Kz), is proportional to
the Hessian in the spatial wavenumber domain. The latter is
diagonal if the background of the perturbation is locally ho-
mogeneous, assuming that we weight all the data uniformly in
(Kx,Kz) space. A different weighting can improve the sensi-
tivities and therefore improve FWI convergence.

Average sensitivities
To mimic time-domain inversion, we simply integrate the ab-
solute value of the sensitivity normalized by source signature
over the frequency range.

S(Kx,Kz) =

∫ ∞

−∞
|s(ω)S(ω,Kx,Kz)|dω (9)

Single-frequency sensitivities as given by equation 8 are of-
ten oscillatory. We expect them to become more uniform if
stacked over a number of frequencies, which is equivalent to
simultaneous inversion of a number of frequencies. When the
set of frequencies becomes dense, we effectively obtain the av-
erage sensitivity as encountered in time-domain inversion. The
single-frequency sensitivities are simply scaled proportionally
to frequency in the case of two halfspaces (Kazei et al., 2013b),
as there is no scale parameter other than wavelength. With a
free surface, layer thickness comes into play and the sensitiv-
ity in equation 8 depends on frequency in a more complicated
way.
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Free surface in FWI
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Figure 2: (a) True velocity model used to generate synthetic
data for inversion. Modeling was performed without and with
a free surface at zero depth. Sources and receivers were placed
at a depth of 20m. A Ricker wavelet with a peak frequency of
12Hz was used as source wavelet. (b) Result after 94 L-BFGS
iterations, using three frequencies of 3, 11 and 19Hz, without a
free surface. (c) Result with a free surface after 272 iterations,
using the same frequencies. (d) Result after 179 iterations, us-
ing 81 equidistant frequencies between 3 and 19Hz, which is
almost the same as doing FWI in the time domain. We applied
frequency-domain FWI, inverting with a single set of frequen-
cies.

SENSITIVITIES, FWI RESULTS & DISCUSSION

We performed a set of numerical experiments with a 2-D acous-
tic frequency-domain FWI code to figure out how many fre-
quencies are needed to reconstruct a small Gaussian velocity
perturbation in the model of two halfspaces 2(a). Starting from
a model without the perturbation, 3 frequencies proved to be
sufficient to reconstruct the velocity model of Figure 2(b) in
the absence of a free surface, using rather long offsets up to
3km for a perturbation at a depth of only 300m. Next, we in-

(a)

(b)

Figure 3: (a) Stacking of three frequencies patterns with fre-
quency corrections is not sufficient to make the sensitivity
more uniform. (b) Summation of the patterns over all fre-
quencies effectively smooths the sensitivity. Normal modes of
a fixed order have the same vertical components for different
frequencies and these cause the horizontal stripes.

cluded the free surface that generates multiples and obtained
the result of Figure 2(c). Figure 4 shows how the normal
modes destroy the smooth character of the sensitivity spectra
but improve the overall sensitivity when considering inversion
for a velocity perturbation in the upper layer.

The criterion for existence of the first normal mode in case of
a free layer over a halfspace is H/λ ≥ 1/(4

√
1− (c0/c1)2),

where H is the layer thickness and λ = 2πc0/ω is the wave-
length in the upper layer (Brekhovskikh and Godin, 1998). For
c1/c0 = 1.7, the critical ratio H/λ ' 0.3, meaning that the
first mode is just appearing in the right-upper panel of Fig-
ure 4, giving rise to peaks in several spots. Its interaction
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Free surface in FWI

with the direct waves and total internal reflections produces
additional bright circular arcs. Therefore, the first-order mul-
tiples bias the inversion towards a particular subset of spatial
wavenumbers of the perturbation. Stacking over several fre-

Figure 4: Sensitivities of the spatial wavefield spectrum to
changes in the velocity spectrum in the upper layer at different
frequencies. The left-upper panel shows the sensitivity pattern
in the absence of a free surface. The other panels show sen-
sitivities modified by the first-order multiples. These patterns
are normalized by the maximum in the left-upper panel, corre-
sponding to the case without multiples. If the layer thickness
is taken as 500m, then the right-upper panel corresponds to a
very low frequency of 1.5Hz and the left-lower panel to 3Hz
– the first frequency used for inversion. The right-lower panel
corresponds to 12Hz.

quencies is a natural way to regularize the problem, as shown
in Figure 3(a). Since the positions of the maxima change with
frequency, stacking appears to substantially improve the uni-
formity in coverage. The best option would be to emulate
time-domain inversion, involving all frequencies at once. The
sensitivities at low frequencies tend to be more uniform and
are improved by the multiples for some small Kz values (long
vertical wavelengths). With increasing frequency, the panels
are becoming highly oscillatory with many local maxima cre-
ated by combinations of normal modes traveling at different
angles.
Normal modes do not penetrate into the deeper parts of the
model, which strongly affects the sensitivities for those parts.
They become more uniformly illuminated by leaking modes
(Roth et al., 1998) only. The lower part of the figures can only
be reached by upgoing waves that were reflected at least once
from the deeper parts (Kazei et al., 2013b). If the perturba-
tion is in the deeper halfspace and does not have any reflectors
below, we lack illumination by upgoing waves and any hope
to restore about one half of the perturbation spectrum is lost.
Figure 5 illustrates the sensitivities in the wavenumber domain
when the deepest reflector is present. Bright circles are pro-
vided by refracted waves traveling almost horizontally at the
depth of the perturbation; this requires long offsets in the data.

Figure 5: As Figure 4, but for a perturbation in the deeper half-
space, sketched in the Figure 1(b). We take only first-order
reflections from the deepest reflector into account. This is suf-
ficient to cover the whole spectrum in the idealized case when
all offsets are present in the data.

These waves are boosted by leaking modes, making the circles
more visible. Low vertical and horizontal wavenumbers are
likely to be resolved better when multiples are included and
the deeper part has a higher velocity than the upper.

CONCLUSIONS

The spectral sensitivities technique shows that first-order mul-
tiples in the data contain useful information for full waveform
inversion. If the free-surface multiples are generated by a re-
flector deeper than the target area for inversion, then normal
modes affect the spectral relation, making single-frequency in-
version more sensitive to a discrete subset of wavenumbers
of the velocity model. This adversely affects convergence.
Using multiple frequencies or time-domain FWI helps in the
presence of multiples, because integration over frequencies ef-
fectively smooths the sensitivity patterns, given longer wave-
lengths a chance. If the area of interest is below the reflec-
tor that creates the multiples, the patterns are only affected by
leaking modes which make refractions at close to horizontal
angles stronger. Long-offset data are required to benefit from
those waves in full-waveform inversion.
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