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S U M M A R Y
Redatuming is an operation on seismic data that translates the positions of sources or receivers,
or both. Here, redatuming is applied to shift sources and receivers to a specified depth with
the aim to completely remove the effects of a complex overburden. To that end, redatuming
was formulated as an inverse problem for the full acoustic wave equation, including multiples,
without making simplifying assumptions such as downgoing waves or primaries only. The
inverse problem is ill posed, but quite acceptable results on synthetic data were obtained with
a suitable regularization.

One might expect that the redatumed result would also include waves that move up into
the overburden and are reflected back to the redatuming depth. It turns out that these waves
are automatically removed by the redatuming, without the need for special filters or up–down
decomposition.
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1 I N T RO D U C T I O N

Redatuming is an operation on seismic data that accounts for trans-
lations of the positions of sources or receivers, or both. It can be used
for various purposes, for instance, to improve the result of imaging
algorithms that require regular acquisition geometry or to remove
the effects of irregular topography from the seismic data. Another
application is the simplification of the processing and interpretation
of data recorded in areas with a complex near-surface geology. An
example is sub-basalt imaging (Martini & Bean 2002).

The simplest implementation of redatuming involves static cor-
rections on the data by applying time-shifts. More accurate re-
datuming algorithms are based on the wave equation, for in-
stance Kirchhoff redatuming (Berryhill 1979, 1984; Shtivelman &
Canning 1988; Bevc 1997). Many implementations are based on
traveltime corrections on the data. The traveltimes can be com-
puted by simple analytic formulae or ray tracing or finite-difference
eikonal solvers. With the continuous increase in computer power, the
use of phase-shift operators or one-way wave equations is feasible.
Still, these approaches usually are based on simplifying assumptions
such as one-way wave propagation and primaries-only data.

Here, redatuming is formulated for the two-way wave equation.
This means that events such as multiples and refractions are in-
cluded. To keep the exposition simple, the method is described
for constant-density acoustics, the generalization to variable-density
acoustics being almost trivial. Redatuming is considered to be rig-
orous if, when sources and receivers are moved to some depth below
a potentially complex overburden, the effect of this overburden is
completely removed from the data.

In Section 2, the basic equations that describe rigorous redatum-
ing are presented. They lead to a sequence of three ill-posed inverse

problems. An approximation that is valid for short time reduces that
to two inverse problems. After redatuming, shot panels are obtained
with sources and receivers at the redatuming level. If these panels
would have been obtained directly, for instance by measurements
in a horizontal well or by numerical simulation, the panels would
contain waves that were reflected both from above and from below
the redatuming level. One might expect that these waves would also
show up in the redatumed shot panels. It turns out, however, that
the solution of the two inverse problems only contains waves that
have travelled below the redatuming level and that the effect of the
overburden completely disappears.

The discretization and numerical solution of the two ill-posed in-
verse problems is presented in Section 3. This requires a special kind
of regularization. The method was applied to a 1-D and three 2-D
problems based on synthetic data. Results are shown in Section 4.
The main conclusions and a number of open questions are listed in
Section 5.

2 T H E O RY

2.1 Problem statement

Consider the wave equation for constant-density acoustics

L̂ p̂(t, x) = f̂ (t, x), L̂ = c−2(x)∂t t − �,

on a domain C. Here, p̂(t, x) is the pressure, f̂ (t, x) is a source
term and L̂ is the wave operator with velocity c(x). The domain
C is assumed to be surrounded by absorbing boundaries, except at
z = 0 where we will impose the free-surface boundary condition
p̂ = 0. The domain can be split into two parts by cutting it along a
given depth z0 > 0, resulting in a shallow part A with 0 ≤ z ≤ z0
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Figure 1. The domain is split into two parts, A and B. The sources s and
receivers r(s) are redatumed from just below the surface to a depth z0. The
dashed lines represent absorbing boundary conditions, whereas the drawn
line marks a free-surface boundary condition.

and a deeper part B with z ≥ z0, see Fig. 1. Absorbing boundary
conditions are used everywhere for these two parts, except for the
free surface of domain A. Data for a shot s close to the surface can
be recorded at receiver positions r(s), also close to the surface. The
purpose of redatuming is to find data at receiver positions r ′(s ′) for
a shot s′, both at a depth z0.

We can define wave equations that have the same boundary con-
ditions as the domain C but an absorbing condition at z = z0. The
wave equations and solutions inside these domains will be denoted
by a superscript A, B, or C. After a Fourier transform in time, we
can consider the following three wave equation problems:

LV pV = f V = wδ(x − xV ), LV = −k2
V − �, V = A, B, or C,

(1)

in the three different domains. Here, ŵ(t) or w(ω) is the wavelet and
xV is the position of the source for each problem. The wave number
k = ω/c and ω = 2πν for a frequency ν.

There exist numerous types of numerical absorbing boundary
conditions, none of them fully satisfactory. For theoretical purposes,
absorbing boundary conditions can be obtained by enlarging the do-
main to infinity using constant extrapolation of the model parameters
in the direction perpendicular to the boundary. Note that this may
be invalid for certain types of anisotropic elastic media, but these
are not considered here.

2.2 Equivalent source term

In order to derive equations for redatuming, the solutions in the
domains A, B and in their union C should be related to each other.
This can be accomplished by means of the equivalent source term.

Consider a source fired inside domain A. For the sake of argu-
ment, this source is assumed to be located close to the surface and
at a sufficiently large distance from the boundary z = z0. Waves
generated by this source will reach receivers located, say, near the
surface (see Figs 2 and 3). The data recorded at the receivers will
resemble those obtained for domain C with the same acquisition
geometry. Differences arise because of waves p̂A for the problem
on domain A that leave through the boundary at z = z0. Because this
boundary is absorbing, these waves will never return to the surface
in domain A. Therefore, the data difference p̂C − p̂A will be related
to those waves that have travelled further into the part C beyond A
and were reflected back to the surface through the domain C.

Fig. 2 sketches the idea behind the equivalent source term for a
2-D problem from a different perspective. Data p̂C are obtained if
a shot sC is fired in domain C and recorded at the receiver rC(s). In

sA

sC

A

C

•

♦ rA(s) 

♦ rC(s) 

z0

z0

x

z

z=0

z=0

•

Figure 2. Data recorded at receiver rC for a shot fired at sC should be the
same as data recorded at receiver rA for a shot fired at sA plus data obtained for
waves that have left the domain A at the boundary z = z0 and are continuing
to propagate in the domain C towards the receiver rC . The data pA(x ′, y′, z0)
recorded in domain A on the boundary z = z0 can be injected into domain
C by a source term that is called the equivalent source term and will depend
on the data pA(x ′, y′, z0).
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0
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Figure 3. Waves emanating from a shot s close to the surface and recorded
by receivers r(s) also close to the surface, can be partitioned into waves that
have travelled in the domain A only (marked by dashed arrows) and waves
that have seen the domain B (marked by drawn arrows). The wave field
p̂C

r (s) recorded at the receivers can be split into p̂A
r (s) (dashed arrows) and

p̂C
r (s) − p̂A

r (s) (drawn arrows).

the figure, the shot has been moved to the domain A that is a subset
of C and has been relabelled sA. The thick line is the surface. The x
boundaries have been drawn as thin lines and should be thought of
as being much further away from the source and receiver than sug-
gested by the drawing. The dashed line in domain A is an absorbing
boundary. The data p̂C recorded at rC for the problem in domain C
with shot sC should be the same as the sum of the data p̂A recorded
at rA in domain A, and waves that have left the domain A through the
boundary at z = z0 and that further propagate in domain C towards
rC(s), as sketched in Fig. 2. The data at z = z0 from domain A can
be injected into the domain C by a source term that will depend
on these data. This source term is called the equivalent source term
and is denoted by f eq(pA) in the fourier domain. The propagation
of waves from the position of the equivalent source term at x′ =
(x ′, y′, z0) to xr , the position of rC(s), is captured by the Green’s
function pC,0(x′, xr ). The zero superscript for pC,0 is used to stress
the absence of a wavelet, or, more precisely, the use of a delta
function δ(t) as wavelet. With a wavelet w, the pressure field is
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pC = wpC,0. With these definitions, the data pC (xs , xr ) recorded
near the surface are given by

pC (xs, xr ) = pA(xs, xr ) +
∫

C
dx ′dy′dz′ feq

(
pA(xs, x′)

)
pC,0(x′, xr ).

(2)

Note that reciprocity implies that arguments can be interchanged,
so pC (xs , xr ) = pC (xr , xs) and so on.

A derivation of the equivalent source term f eq(pA), which de-
pends on the solution pA for domain A, is given in Appendix A. The
result is

feq(pA) = −(∂z pA)δ(z − z0) − pAδ′(z − z0). (3)

The data difference at the receiver thereby becomes

pC (xs, xr ) − pA(xs, xr ) =
∫

z=z0

dx ′dy′ [pA(xs, x′)∂z pC,0(x′, xr )

− pC,0(x′, xr )∂z pA(xs, x′)
]
. (4)

If the wave fields pA and pC were obtained with the same wavelet
w(ω), eq. (4) can be shortened to

w
[

pC
r (s) − pA

r (s)

] = B
(

pA
s′(s), pC

s′(r )

)
=

∫
z=z0

dx ′dy′ [pA
s′(s)∂z pC

s′(r ) − pC
s′(r )∂z pA

s′(s)

]
. (5)

Here, pV
r (s) is the pressure field for the wave propagation problem in

domain V for a source s and a receiver r. Note that receiver position
xr has been replaced by a subscript r for a given source position s
denoting xs , and the relation between this source and receiver has
been made explicit by using r(s). Likewise, s′ is used to abbreviate
x′ at a depth z0. Reciprocity implies that we can interchange r(s)
and s(r) at will.

In the next section, eq. (5) will be used for source redatuming.
The observed data are pC

r (s), whereas pA
r (s), pA

s′(s) and ∂ z pA
s′(s) can be

computed if the model in domain A is known. Eq. (5) then defines
an inverse problem for pC

s′(r ) and ∂ z pC
s′(r ). Before considering this in

more detail, let us first look at some properties of the integral.
The integral in eq. (5) is denoted by B(pA

s′(s), pC
s′(r )) for brevity.

Here, s′ disappears after integration. From eq. (5), the following
properties of B(as′(s), bs′(r )) can be found.

(i) B(as′(s), bs′(r )) is linear in both its arguments, so it is a bilinear
map.

(ii) Reciprocity of the wave field means that we can replace r(s)
by s(r) and vice versa on the left-hand side of eq. (5). This implies
that B(as′(s), bs′(r )) = B(as′(r ), bs′(s)).

(iii) Applying reciprocity inside the integral leads to
B(as′(s), bs′(r )) = B(as(s′), bs′(r )) = B(as′(s), br (s′)) = B(as(s′), br (s′)).

(iv) If the superscripts are swapped in eq. (5), we obtain a minus
sign, so B(as′(s), bs′(r )) = −B(bs′(s), as′(r )). Using reciprocity, this
means that we also have B(as′(s), bs′(r )) = −B(bs′(r ), as′(s)).

(v) If C = A in eq. (5), we obtain zero on the left-hand side, so
B(as′(s), as′(r )) = 0. Note that r and s refer to two points near the
surface that are not necessarily the same.

The last property means that pA
s′(r ) lies in the null space of the linear

operator B(pA
s′(s), ·), where pA

s′(s) is now considered to be fixed. In

Fig. 4, pA
s′(r ) = pA

r (s′) is sketched as a dotted line labelled 2. Further
on, we will find another wave field that belongs to its null space.

An alternative derivation of eq. (5), based on Green’s second
identity, is presented in Appendix B. It is shorter but provides less
insight.
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s′, r′(s′)

0

z
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3
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4

Figure 4. The equation for source redatuming (eq. 4 or eq. 5 or eq. 6) can be
interpreted as follows. First, waves are created by a shot at position s close to
the surface. Some of these waves, one of them marked by 1, travel through
the domain A to the redatuming depth z0. There, they control secondary
sources, called the equivalent source, that radiate from positions s′ into the
domain C that is the union of A and B. There are waves that only pass through
A to receivers r (s′) at the surface. One of these is marked by 2. Other waves
reach the receivers passing through B, for instance those marked by 3 and 4.
The dashed arrow marked by 2 represents one of the waves that disappear if
the source redatuming equation is inverted.

The generalization of the above to the acoustic case is straight-
forward and results in an additional factor ρ(x ′, y′, z0)−1 inside the
integral. Here, ρ is the density.

2.3 Source redatuming

The expression derived in eq. (5) describes source redatuming. If
the data for the domain C were recorded by receivers r(s) near the
surface and the velocity is known inside domain A, we can compute
pA

r (s) with the same acquisition geometry as the measured pC
r (s). Also,

pA
s′(s) can be computed for receivers s′ at depth z0, using the same

shot positions s. Reciprocity implies that we can use pA
s(s′) for pA

s′(s).

Given these data, eq. (5) defines an inverse problem for pC
s′(r ) = pC

r (s′)
and its z derivative, ∂ z pC

s′(r ).

In the above, it was shown that pA
s′(r ), corresponding to the wave

labelled 2 in Fig. 4, drops out of the redatuming equation. We found
that B(pA

s′(s), pA
s′(r )) = 0, so eq. (5) can be rewritten as w[pC

r (s) −
pA

r (s)] = B(pA
s′(s), pC

s′(r )) − B(pA
s′(s), pA

s′(r )) = B(pA
s′(s), pC

s′(r ) − pA
s′(r )),

using the bilinearity of B. This can be summarized as

wgr (s) = B
(

pA
s′(s), gs′(r )

)
, with g = pC − pA. (6)

Note that g is only defined inside the domain A.
Fig. 4 sketches the waves involved in eq. (6). On the left-hand

side of this equation, we have pC
r (s) − pA

r (s), which represents those
waves for a given shot position s that have travelled through both A
and B and reached the receivers r(s) (see also Fig. 3). The bilinear
map B involves the wave field pA

s′(s) sampled at the positions s′ at a

depth z0. The arrow denoted by 1 in Fig. 4 represents pA
s′(s). From s′,

the waves continue through C, the union of A and B. Some of these
waves are labelled by 2, 3 and 4. Of these, the wave 2, drawn as a
dashed arrow, disappears from the redatuming equation.

In the next section, it will turn out that there are more waves that
drop out of the redatuming eq. (6), meaning that gs′(r ) = pC

s′(r )− pA
s′(r )

cannot be recovered in full. We will postpone the discussion on the
solvability of the source redatuming equation and only remark that
inversion of eq. (5) or eq. (6) for gs′(r ) = gr (s′) implies redatuming
of the sources to a depth z0. In Fig. 4, the arrows marked by 3 and
4 are examples of waves described by gr (s′).
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Figure 5. Eq. (8) can be interpreted as follows. Waves are created by a
shot at position s′ on the redatuming level. Waves can travel into A, for
instance the one marked by 3a, be recorded at some receiver location r ′(s′)
and continue through domain C towards the surface, for instance as the wave
marked by 3b. Alternatively, a wave can move into B, travel back to another
receiver r ′′(s′), as for instance the wave marked by 4a, and continue towards
the surface as 4b.

2.4 Receiver redatuming

So far, an expression (5) for source redatuming has been derived that
describes the relation between data pC

r (s) for sources s and receivers
r(s) at the surface and pC

r (s′) for sources s′ at a depth z0. Receiver

redatuming requires a similar relation between data pC
r (s′) and pC

r ′(s′)
where r ′(s ′) refers to sources and receivers that are both located at a
depth z0. The derivation can be found in Appendix C. The result is

w
[

pC
r (s′) − pA

r (s′)
] = B

(
pC

r (r ′), pB
r ′(s′) − pA

r ′(s′)
)
. (7)

Here, r′ disappears after integration. Fig. 5 may help in the interpre-
tation of this equation. First, we rewrite eq. (7) as

w
[

pC
r (s′) − pA

r (s′)
] = B

(
pA

r ′(s′), pC
r (r ′)

) − B
(

pB
r ′′(s′), pC

r (r ′′)
)
. (8)

Here, r′ and r ′′ disappear after integration. The waves created by a
source at position s′ on the redatuming level move either into the
domain A or the domain B. Waves travelling on the redatuming level
that separates the two domains are ignored for the moment but will
be considered shortly. The dotted arrow in Fig. 5 is one of the waves
propagating in A. After a while, it hits a receiver r ′(s ′) and may
continue to the surface where it is recorded in r(r′). This behaviour
is described by the first term on the right-hand side of eq. (8). Here,
the integration is over all r′. The second term on the right-hand side
describes waves that first move into B, are recorded at r ′′(s ′) and then
continue to r (s ′). One of these waves is represented by the drawn
lines in Fig. 5.

Eq. (7) can be viewed as an inverse problem for pB
r ′(s′) − pA

r ′(s′),

assuming for the moment that pC
r (r ′) can be found from source re-

datuming. At this point, it seems that rigorous redatuming is not
feasible because the presence of pA

r ′(s′) means that there are still

waves that have travelled through the domain pA.
A simplification can be made by combining eqs (6) and (7).

Eq. (7) can be rewritten as

w
[

pC
r (s′) − pA

r (s′)
] = B

(
pC

r (r ′), pB
r ′(s′) − pB,dir

r ′(s′)

)
−B

(
pC

r (r ′), pA
r ′(s′) − pA,dir

r ′(s′)

)
, (9)

where pB,dir = pA,dir are the direct waves. For homogeneous models,
these are clearly the direct arrivals from s′ to r′ at depth z0. In the
general case, these events may be defined as waves travelling on
the plane of intersection of A and B, which is just the redatuming
level z = z0. In Appendix D, it is shown that the term ψr (s′) =

B(pC
r (r ′), pA

r ′(s′) − pA,dir
r ′(s′) ) lies in the null space of B(pA

s′(s), ·), meaning

that B(pA
s′(s), ψr (s′)) = 0, so it drops out when eqs (6) and (7) are

combined. We therefore have to solve two inverse problems, the first
one defined by eq. (6) and the second one being

wgr (s′) = B
(

pC
r (r ′), pB

r ′(s′) − pB,dir
r ′(s′)

)
. (10)

Because pA
r ′(s′) has now disappeared, rigorous redatuming is fea-

sible! No up–down decomposition or special filter operators are
needed to remove waves that have passed to the overburden above
the redatuming level because they automatically drop out.

Using computed data for pA, eq. (6) can be solved for gr (s′). The
solution of eq. (10) requires pC

r (r ′). There are a number of options.

(i) Use the solution of the first inverse problem (6) to find
pC

r (r ′) = pA
r (r ′) + gr (r ′). Unfortunately, this is wrong as the contri-

bution from B(pC
r (r ′), pA

r ′(s′) − pA,dir
r ′(s′) ) is not included because it lies

in the null space of B (pA
s′(s), ·) in eq. (6).

(ii) Solve eq. (6) with pA computed by using a zero Dirichlet
boundary condition [zero pressure at z0, so pA

s′(s) = 0], leading to a

potentially less ill-posed problem in pC
r (r ′) only. Repeating the same

with a Neumann boundary condition at z0 [zero z derivative, so
∂ z pA

s′(s) = 0] will provide ∂ z pC
r (r ′) after inversion.

(iii) Approximate pC
r (r ′) by pA

r (r ′). If z0 lies sufficiently deep, this
approximation is exact for times shorter than the traveltime from z0

to the surface.

The last approach was used in the examples presented later on
and requires the inversion of pB

r ′(s′) − pB,dir
r ′(s′) from

wgr (s′) � B
(

pA
r (r ′), pB

r ′(s′) − pB,dir
r ′(s′)

)
. (11)

We end this section by noting that two elements of the null
space of B (pA

s′(s), ·) have been found, namely pA
s′(r ) and ψs′(r ) =

B (pC
r (r ′), pA

r ′(s′) − pA,dir
r ′(s′) ). These correspond precisely to the waves

that should disappear from the redatuming equations if all effects
from the overburden have to be removed.

3 N U M E R I C A L S O L U T I O N

3.1 Discretization

If the velocity is known exactly inside the domain A (the shallow part
of domain C), we can compute the required wave field pA for any
source–receiver pair inside A, for instance with a finite-difference
scheme. Suppose the computational domain has a uniform equidis-
tant grid with vertical spacing �z. The redatuming level z0 can be
chosen half way between two grid points. With the discretization

a(x, y, z0) = [a(x, y, z0 − �z) + a(x, y, z0 + �z)]/2,

∂za(x, y, z0) = [a(x, y, z0 + �z) − a(x, y, z0 − �z)]/�z
,

the discrete form of eq. (5) becomes

w
[

pC
r (s) − pA

r (s)

] = Const.
∑

xs′ ,ys′

[
pA

s′−(s) pC
r ′(s′+) − pA

s′+(s) pC
r (s′−)

]
. (12)

Here, s ′
± denotes a source or receiver at position (x ′

s, y′
s, z0 ± 1

2 �z).
The summation is carried out over a uniform grid of these sources,
with a spacing that is of the order of the grid size. This spacing may
be slightly larger than the grid spacing used in a finite-difference
scheme, but should probably be small with respect to the typical
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wavelengths to avoid spatial aliasing effects. The constant is deter-
mined by the vertical grid spacing and the horizontal spacing of
the sources s′. Note that the discrete derivatives that have gone into
eq. (12) are no longer evident.

The discretization in eq. (12) can also be obtained directly from
a standard second-order discretization of the wave equation by de-
riving the equivalent source term for the discrete case, as shown in
Appendix E. That approach allows for a generalization to higher-
order finite-difference or finite-element discretizations.

Eq. (12) can be viewed as a linear system of equations in pC
r (s′±),

involving a matrix M with coefficients

Ms,s′± = ±Const.pA
s′∓(s). (13)

Using eq. (6) instead of eq. (5), we have to solve the linear system

wgr (s) =
∑
s′±

Ms,s′± gr (s′±), (14)

for all s and r(s) and for each frequency. The matrix M is singular
with, for instance, pA

r (s′) in its null space. If the singular problem
is treated as a least-squares problem and solved by the conjugate
gradient method, the first iteration produces a result that resembles
classic redatuming for a zero initial guess of the solution:

pC
r (s′±) ∝

∑
s

[
pA

s′∓(s)

]∗
gr (s). (15)

The asterisk denotes the complex conjugate. The summation is now
over s as we are using the conjugate transpose of the matrix. The re-
sulting formula is almost the same as the one obtained in Berkhout
(1997) for ‘focusing in emission’, without, however, making as-
sumptions on one-way wave propagation and primaries only. Like-
wise, the approximation in eq. (11) leads to a formula that corre-
sponds to ‘focusing in detection’.

3.2 Inversion

First, consider the inverse problem (14) for the 1-D case. Recall
that g = pC − pA. We now have a single source s and single re-
ceiver r(s), but two points s ′

±. Therefore, eq. (14) is singular be-
cause, for each frequency, there is one equation but two unknowns
gr (s′

±)
. If the equation is solved iteratively by using a conjugate

gradient method or directly by a truncated singular-value decom-
position (TSVD), a minimum-norm solution is obtained. Unfortu-
nately, this minimizes the size of gr (s′±), leading to large errors in
gr (s′) = 1

2 [gr (s′−) + gr (s′+)]. Better results were obtained by using
another norm for the minimum-norm solution, namely |g(z0)|2 +
β−2|∂ z g(z0)|2. When using the TSVD, this can be accomplished by
formulating the inverse problem with g and γ −1∂ z g as unknowns.
The linear system in 1-D then has the form

( m1 γ m2 )

(
g

γ −1∂z g

)
= r (16)

and the use of its TSVD results in the minimum-norm solution

g = m∗
1r/

(|m1|2 + γ 2|m2|2
)
, ∂z g = γ 2m∗

2r/
(|m1|2 + γ 2|m2|2

)
.

(17)

Details can be found in Appendix F. Again, the asterisk denotes
the complex conjugate. We can obtain |∂ z g|/|g| = |m 1|/|m 2| =
|∂ z pA|/|pA| by choosing β = γ = |∂ z pA|/|pA|. For 1-D wave prop-
agation, we hereby find that the inverse problem for rigorous reda-
tuming does not have a unique solution. However, the regularization
defined by the choice of β may still provide acceptable results.

In more than one space dimension, the linear system for shot
redatuming involves a set of shots and receivers:

wgr (s) ∝
∑

s′
m1,s′(s)gr (s′) + m2,s′(s)∂z gr (s′), (18)

where

m1,s′(s) = [
pA

s′−(s) − pA
s′+(s)

]/
�z � −∂z pA

s′(s)

and

m2,s′(s) = [
pA

s′−(s) + pA
s′+(s)

]/
2 � pA

s′(s).

The singular behaviour of this problem is less clear. On the one
hand, the fact that there are many sources s for a single source–
receiver pair r (s ′) will reduce the ill-posed character of the inverse
problem. On the other hand, finite aperture effects will play a role
in two ways. First, the assumption that the pressure vanishes at the
sides of the domain will be violated. Secondly, illuminations effects
will cause the solution for some receivers to be better defined than
for others. Therefore, a suitable regularization is still required. In
the examples, the same regularization is used as in the 1-D case,
with a single value of γ for each frequency. Better results might be
achievable with local values of γ , dependent on subsurface position
and perhaps also on source and receiver positions, but this has not
yet been investigated.

4 E X A M P L E S

4.1 1-D example

A 1-D example is based on the marine velocity model displayed in
Fig. 6. Data were computed with an 8th-order in space, 2nd-order in
time-domain finite-difference code (Mulder 1997; Mulder & Plessix
2002) on a grid with 2.5 m spacing. The source and receiver were
placed at 10 m depth below the free surface and 5 s of data were
recorded.

For the redatuming, a depth z0 = 1998.75 m was chosen and p̂A
r (s′±)

was computed at depths of 1997.5 and 2000 m, respectively, using
the original model down to 2 km and continuing with a constant
velocity model at larger depths. The free-surface boundary condition
was included. First, the source was redatumed and then the receiver.
For the TSVD, values smaller than 10−3 times the maximum singular
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2.5
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m
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Figure 6. Velocity model for the 1-D case. The original data were obtained
for a shot and receiver just below the free surface at zero depth. The reda-
tuming level is at 2 km depth.
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Figure 7. Result after redatuming both the source and receiver to a depth
of 2 km (drawn line). The dashed line is the exact result p̂B , including the
direct wave. The redatumed and exact result agree quite well. The fact that
the direct way does not show up in the redatumed result is predicted by the
theory. For comparison, the dash-dotted line represents the exact p̂C − p̂A ,
computed for a shot and receiver at the redatuming depth. This gives an
indication of the waves that have travelled through the domain A above the
redatuming level. These are removed by the redatuming.

value over all frequencies were set to zero. This mainly suppresses
the effect of the higher frequencies that have small amplitudes and
contain more numerical noise than the lower frequencies.

The resulting redatumed trace is shown in Fig. 7. For comparison,
p̂B is shown as well. The latter has been computed with the finite-
difference code in a model that is constant for depths less than 2 km
and identical to the original model at larger depths. The free-surface
condition was replaced by an absorbing boundary condition. Apart
from the direct wave, which was so strong that it has been clipped in
the plot, the agreement between the redatumed result (drawn line)
and the reference solution (dashed line) is remarkably good. For ref-
erence, p̂C − p̂A has been computed with the finite-difference code
and is shown as a dash-dotted line. That trace displays reflections
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Figure 8. Result for classic redatuming based on w(pA)−1 pC (a) and w(pA)−1(pC − pA) (b) after redatuming both the source and receiver to a depth of 2
km (drawn line). The dashed line is the exact result p̂B , including the direct wave.

and multiples resulting from waves that first travelled into part B
of the domain, and then were reflected back and forth between the
domains B and A. Note that these events have been removed by the
redatuming. We conclude that the redatuming performs very well
with the proposed regularization.

For comparison, we would like to include the result for classic re-
datuming. An obvious implementation of classic redatuming in the
present context is w(pA)−1 pC or w(pA)−1(pC − pA). These oper-
ations can be regularized by replacing (pA)−1 with (pA)∗/(|pA|2 +
ε2

p), where the bias ε p avoids division by small values. The results
for both choices are displayed in Fig. 8. The second choice, w(pA)−1

(pC − pA), is markedly cleaner. Both results capture the main fea-
tures of pB in a qualitative sense.

4.2 2-D example

The method was further tested on a 2-D synthetic example. The
velocity model is shown in Fig. 9. Synthetic data were created in
an acoustic model with the density determined by Gardner’s rule
(Gardner et al. 1974). A free-surface boundary condition was used at
the top. We chose z0 = 598.75 m, which is marked by the horizontal
line in the figure. Near the surface, receivers were placed at a depth
of 5 m between x = 100 and 900 m with 10 m spacing. The sources
were placed between 105 and 895 m with the same spacing and
depth. Near z0, we put receivers (or sources) between x = 100 and
900 m with 10 m spacing and at 597.5 and 600.0 m depth. A 2.5 m
grid spacing was used and 1.5 s of data were recorded.

The result after redatuming is displayed in Fig. 10(a), for a shot
at x = 490 and z = 598.75 m. Fig. 10(b) shows the exact p̂B , after
subtraction of the direct wave, which was computed with the finite-
difference code in a constant-velocity model. Fig. 10(c) represents
p̂C − p̂A and still includes waves that have travelled downwards from
the redatuming level and were subsequently reflected back and forth
between domains B and A. The redatuming operation removes these
waves.

The result is less accurate than in the 1-D case. The threshold
value in the TSVD had to be chosen fairly large, at 0.05 times
the largest singular value over all frequencies, to obtain accept-
able results. This suggests that the 2-D problem is rather ill posed.
Still, the redatuming result is quite acceptable. For comparison, the
results of our implementation of classic redatuming are shown in
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Figure 9. Velocity model for the first 2-D example. The drawn line corre-
sponds to the redatuming level.
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Figure 10. Redatumed shot panel (a) and exact solution with the direct wave subtracted (b). For comparison, p̂C − p̂A for a shot and receivers at the redatuming
depth is shown (c). The last picture contains waves that have travelled into the domain A above the redatuming level.

Fig. 11. Again, the result for w(pA)−1(pC − pA) is cleaner than the
one for w(pA)−1 pC . Both provide qualitatively correct results for
the shorter offsets.

4.3 Sparse data

Redatuming for the last example was repeated with sparse data. A
subset consisting of approximately 30 per cent of the sources and
30 per cent of the receivers near the surface was randomly selected.
The redatumed result is shown in Fig. 12. The artefacts are stronger
when compared with Fig. 10(a), but the main features of the single
reflection event are still preserved.

4.4 Redatuming level crossing a reflector

What happens if the redatuming level crosses a reflector? Fig. 13
shows a velocity model that is a slight modification of the one used
earlier. The redatuming result is displayed in Fig. 14. In the exact
result pB − pB,dir on the right (Fig. 14b), two events are visible to
the left of the source position (xs = 490 m, zs = 598.75 m) at trace
no. 40, corresponding to the two reflectors that are present below the
redatuming level. The source selected for this figure is positioned
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Figure 11. Result for classic redatuming based on w(pA)−1 pC (a) and w(pA)−1(pC − pA) (b).
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Figure 12. Redatuming result similar to Fig. 10(a), but now based on a
subset of the data, using a random subset of 30 per cent of the number of
shots and 30 per cent of the number of receivers near the surface.

just above the reflector that crosses the redatuming level. A little
to the right of the source, we should only see one reflector if the
absorbing boundary conditions would perform perfectly well and
the direct wave would have been subtracted correctly. As mentioned
at the end of Section 2.1, absorbing boundaries are simulated by
enlarging the domain so that artificial reflections from the domain
boundaries cannot reach the receivers. The material properties, in
this case the velocity, are extended into the enlarged domain by
constant interpolation in the direction perpendicular to the boundary.
In other words, the values at the original absorbing boundary are
copied in the perpendicular direction. In the current example, this
means that at the point where the reflector crosses the redatuming
level, a diffractor is created when we are computing solutions for
pB . Above the redatuming level, the reflector continues as a single
vertical interface. For the computation of the direct wave pB,dir, the
model parameters at the redatuming depth are copied to all depths
leaving just a vertical reflector on the entire domain. Fig. 14(b)
shows that this approach only provides results that are approximately
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Figure 13. Model where the redatuming level, marked by the drawn line,
crosses a reflector.

correct. Although most of the energy of the direct wave has been
subtracted, some is still left.

The result of the redatuming is shown in Fig. 14(a). The reflection
event that corresponds to the reflector crossing the redatuming level
is visible close to the source, but not at larger offsets to the left.
It would seem that the algorithm cannot deal very well with this
situation. If, however, one would follow a ray from the redatumed
source to a point of specular reflection on the nearby reflector on the
left and then back to the surface, very long offsets in the surface data
would be required to capture that energy. As these long offsets were
not present in the surface data, one cannot expect any significant
illumination of the reflector except close to the source.

4.5 A more complex 2-D example

A more challenging 2-D example is based on the velocity model
shown in Fig. 15. Again, synthetic data were created in an acoustic
model with the density determined by Gardner’s rule (Gardner et al.
1974). A land-type acquisition geometry was chosen, with shots
between x = 110 and 1890 m at a 20 m interval and at 5 m depth,
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Figure 14. Redatumed shot panel (a) for a source at a position corresponding to trace no. 40, located just above the reflector that crosses the redatuming level.
The exact pB − pB,dir is shown on the right in (b). Some of the direct-wave energy has not been properly removed on the right. The redatuming algorithm
seems to have problems recovering the nearby reflector, but this is probably a result of the finite aperture.
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Figure 15. Velocity model for the more complex 2-D example.

and receivers between x = 100 and 1900 m at the same interval and
depth. The computational grid had a 2.5 m spacing. The redatuming
depth was chosen to be 798.75 m. The shots and receivers at the
redatuming level were positioned between 100 and 1900 m with a
20 m interval.

The top panel of Fig. 16 shows the result after redatuming, for a
shot at x = 980 m and z = 798.75 m. The middle panel is the exact
result with the direct arrival removed, whereas the bottom panel dis-
plays p̂C − p̂A. The threshold value for the TSVD was 0.05 times the
maximum singular value over all frequencies. The redatumed result
has artefacts, in particular at larger offsets. These must be caused
by finite-aperture effects. In deriving the redatuming formulae (5)
and (10) or (11), the contributions to the integral from the verti-
cal sides of the domain were assumed to vanish. This assumption
is clearly violated in the current example and apparently gives rise
to the observed artefacts at larger offsets. These artefacts resemble
those found in migration and can be removed by similar techniques
as used in migration, such as windowing, tapering and anti-alias
filtering.

For comparison, the results of our implementation of classic re-
datuming are shown in Fig. 17. They strongly suffer from amplitude
distortions. Larger values have been clipped to bring out the weaker
events.

4.6 Effect of noise and model errors

To study the robustness of the redatuming algorithm, the last ex-
ample was repeated with noise in two ways. First, white noise was
added to the data. Secondly, the velocity model was perturbed.

The result with white noise is shown in Fig. 19(a). The amplitude
of the noise was 10 per cent of the maximum amplitude of the time-
domain data, which is rather large as the direct wave was included
when computing the maximum. Compared to Fig. 16(a), the result is
quite similar. Apparently, the redatuming method is not too sensitive
to white noise.

For the model perturbation, an approach was taken that resem-
bles the handling of real data. An initial, smooth velocity model
was determined from the data by differential semblance optimiza-
tion (Mulder & ten Kroode 2002). This model was used as a starting
guess for an acoustic full-waveform inversion. Details for latter can
be found in Mulder & Plessix (2004). The inversion was performed
with a frequency-domain code, using only the lower frequencies be-
tween 10 and 20 Hz at a 0.5 Hz interval. The inversion was stopped
after 30 iterations. The resulting velocity and density models are
displayed in Fig. 18. The ratio between the least-squares data error
(half the sum of the squared differences between synthetic and ob-
served data) divided by the data energy was 0.14. The redatuming
result is shown in Fig. 19(b). The main features are still there, but
comparison with Fig. 19(a) shows timing errors. These are an in-
dication of velocity errors in the model inversion result. Still, the
main reflection events can be seen for the shorter offsets, albeit with
some effort.

5 C O N C L U S I O N S

Formulae for rigorous redatuming have been derived for the acoustic
wave equation. To accomplish the redatuming, three inversion steps
need to be carried out. In the examples, an approximation that is
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Figure 16. Redatumed shot panel (a), exact solution (b) and exact p̂C − p̂A (c) for a shot and receivers at the redatuming depth for the second 2-D example.
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Figure 17. Result for classic redatuming based on w(pA)−1 pC (a) and w(pA)−1(pC − pA) (b).

valid for short time was used to reduce the number of inversion
steps to two. The ill-posed character of the inverse problem requires
a suitable regularization. Here, a regularization was proposed that
leads to reasonable results, although there is room for improvement.

Potential applications of the present redatuming method are as
follows.

(i) Removal of a complex overburden.
(ii) Data interpolation.
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Figure 18. Velocity (left) and density (right) model for the second 2-D example, obtained after acoustic inversion.
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Figure 19. Results in the presence of white noise (a) and model noise (b).

(iii) Multiple removal. In a marine setting, the overburden can be
taken as the sea and sea floor and some shallow structure just below
the sea bottom.

(iv) Survey sinking migration and model building with layer
stripping. In this case, the short-time approximation (11) should
not be used.

The generalization of the redatuming equations to variable-
density acoustics is straightforward and has been used in some of
the examples. Solving the inverse problem for the former is similar
to the constant-density case considered here. For the elastic case,
the solution of the inverse problem is expected to be more difficult.
Finally, it remains to be seen if the current method can be used on
real data. This requires a very accurate model between the surface
and the redatuming level, which may be impossible to determine in
practice.
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A P P E N D I X A : D E R I VAT I O N O F T H E E Q U I VA L E N T S O U RC E T E R M

An expression for the equivalent source term is derived. To simplify the exposition, the dependence of the solution on x and y is ignored and
only 1-D wave propagation is considered. The extension to two and three dimensions is trivial. We start with a solution defined on the domain
A (see Figs 2 and 3). The domain is extended beyond z = z0 to infinity in such a way that no reflections occur for z > z0. The wave field
on this domain for a source close to the surface is denoted by p and obeys −k2 p − ∂ zz p = f (z − zs), with zs 	 z0. Near z = z0, − k2 p −
∂ zz p = 0 because the source term typically resembles a delta function, so f (z − zs) = 0 near z0. At z = z0, we want to construct a source
f eq that, when placed in the extension of domain A, will generate waves that are identical to those that leave the original domain A through
z = z0. If this wave field is denoted by q, then q = p on the extension z > z0 of the domain A, whereas q should be zero for z < z0. Once the
source that generates q has been determined, we can place it into the domain C to continue the propagation of waves that have left domain A
through the boundary at z = z0 (see Fig. 2). Direct application of the wave equation would lead to f eq = −k2 q − ∂ zzq. This is not correct
because q is discontinuous, so we have to reformulate this problem in the weak or distributional form of the wave equation.

We start by deriving the weak form of the wave equation. If p is a solution of the wave equation with a zero Dirichlet boundary condition
at the surface z = 0, so p(0) = 0, we have∫ ∞

0
dz

(
f + k2 p + ∂zz p

)
φ =

∫ ∞

0
dz

[
( f + k2 p)φ + p∂zzφ

] = 0, for all φ ∈ D ([0, ∞)) . (A1)

Here, D([0, ∞)) is the space of complex-valued, infinitely many times differentiable functions that are non-zero on a finite interval inside
[0, ∞) and are equal to zero at z = 0. The second integral in eq. (A1) represents the weak or distributional form of the wave equation.

To find the equivalent source term, we define a discontinuous solution q with q = p for z ≥ z0 and q = 0 for z < z0 and determine f eq

from∫ ∞

0
dz

[(
feq + k2q

)
φ + (∂zzφ)q

] = 0, for all φ ∈ D ([0, ∞)) . (A2)

Now

0 =
∫ ∞

0
dz

[(
feq + k2q

)
φ + (∂zzφ)q

] =
∫ ∞

0
dz feqφ +

∫ ∞

z0

dz
[
k2qφ + (∂zzφ)q

]
=

∫ ∞

0
dz feqφ − [φ(∂z p) − p(∂zφ)]∞z0

+
∫ ∞

z0

dz
(
k2 p + ∂zz p

)
φ.

The last integral on the right-hand side vanishes if the original source term f was a delta function positioned at z < z0. Recall that∫ b
a dz φ(z)δ′(z − z0) = −∂zφ(z0) if a < z0 < b. Therefore,

feq(p) = −(∂z p)δ(z − z0) − pδ′(z − z0). (A3)

A P P E N D I X B : A LT E R N AT I V E D E R I VAT I O N O F T H E E Q U I VA L E N T S O U RC E T E R M

Given the two wave propagation problems (eq. 1) for domains V = A and V = C , we have a wave field pA(x A, x) at positions x in domain
A for a source at position x A and a wave field pA(xC , x) with x in domain C for a source at position xC . Note that xC and x A do not have to
coincide. By using the wave equations, it is easy to show that∫

V dx
[

pA(xA, x)�pC (xC , x) − pC (xC , x)�pA(xA, x)
] = w

[
pC (xC , xA) − pA(xA, xC )

] + ∫
V dx

(
k2

A − k2
C

)
pA(xA, x)pC (xC , x). (B1)

Here, pC (xC , x A) denotes the wave field pC sampled at a receiver position x A, for a source at xC . Likewise, pA(x A, xC ) denotes the wave
field pA sampled at xC for a source at x A. Reciprocity implies that x A and xC can be interchanged. If V = A, the integral on the right-hand
side vanishes. The left-hand side contains a term pA∂2

x pC − pC∂2
x pA. If we first integrate over x, we obtain∫ ∞

−∞
dx

(
pA∂2

x pC − pC∂2
x pA

) = [
pA∂x pC − pC∂x pA

]∞
−∞ .

If the vertical boundaries are sufficiently far away so that we can neglect the pressure there, this term vanishes. The same can be done for the
y direction. For the z direction, the pressure vanishes at the surface z = 0, so we obtain

w
[

pC (xC , xA) − pA(xA, xC )
] =

∫
z=z0

dxdy
[

pA(xA, x)∂z pC (xC , x) − pC (xC , x)∂z pA(xA, x)
]
, (B2)

or, by denoting xC with s and x A with r and by using reciprocity,

w
[

pC
r (s) − pA

r (s)

] =
∫

z=z0

dx ′dy′ [pA
s′(s)∂z pC

s′(r ) − pC
s′(r )∂z pA

s′(s)

]
. (B3)

Here, the subscript r(s) indicates data recorded at a receiver r for a shot s. The points s′ are located at (x ′, y′, z0).

B1 Remark

This application of Green’s second identity differs from the more common one with the complex conjugate, using
∫

V dx[(pA)∗�pC −
(�pA)∗ pC ].
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A P P E N D I X C : R E C E I V E R R E DAT U M I N G

A derivation for the formula describing receiver redatuming can be given along the lines of Appendix B. The source s′ is located at a depth
z0, the receivers r (s ′) are positioned near the surface (or anywhere inside domain A) and the redatumed receivers r ′(s ′) are placed at a depth
z0. Instead of eq. (B1) with V = A, we find∫

A
dx

[
pA(xA, x)�pC (xC , x) − pC (xC , x)�pA(xA, x)

] = w
[

1
2 pC (xC , xA) − pA(xA, xC )

]
. (C1)

Again, pC (x A) denotes the wave field pC sampled at a receiver position x A, for a source at xC , but now x A represents s′ and has zA = z0.
Because the associated delta function sits on the boundary of the domain, a factor 1

2 is obtained after integration over the domain A. The
position xC agrees with r. We can repeat this on the domain V = B for the wave equations defining pB and pC . This leads to∫

B
dx

[
pB(xB, x)�pC (xC , x) − pC (xC , x)�pB(xB, x)

] = w
[

1
2 pC (xC , xB)

]
. (C2)

Here, xB = x A represents s′. Again, we obtain a factor 1
2 because the delta function is positioned on the boundary of the domain of integration.

There is no dependency on pB in the term on the right-hand side because xC lies outside B.
The volume integrals can be treated is the same way as in Appendix B. For eq. (C1), we find

w
[

1
2 pC (xC , xA) − pA(xA, xC )

] =
∫

z=z0

dxdy
[

pA(xA, x)∂z pC (xC , x) − pC (xC , x)∂z pA(xA, x)
]z0

0
= B

(
pA(xA, x), pC (xC , x)

)
, (C3)

whereas eq. (C2) leads to

w
[

1
2 pC (xC , xB)

] =
∫

z=z0

dxdy
[

pB(xB, x)∂z pC (xC , x) − pC (xC , x)∂z pB(xB, x)
]∞

z0

= −B
(

pB(xB, x), pC (xC , x)
)
. (C4)

After adding eqs (C3) and (C4) and using x A = xB , the result is

w
[

pC (xC , xA) − pA(xA, xC )
] = B

(
pA(xA, x), pC (xC , x)

) − B
(

pB(xB, x), pC (xC , x)
)

= B
(

pC (xC , x), pB(xB, x) − pA(xA, x)
)
.

(C5)

A P P E N D I X D : P RO O F O F T H E R E DAT U M I N G R E S U LT

We show how the combination of source and receiver redatuming provides an expression with pB
r ′(s′) minus its direct wave pB,dir

r ′(s′).
We would like to combine eq. (9) with eq. (6). This would lead to an expression containing something like B(a,B(b, c)), which requires a

proper definition of ∂zB(a, c). The analogue of eq. (B3) for the z derivatives is

w
[
∂zr

pC
r (s) − ∂zr

pA
r (s)

] =
∫

z′=z0

dx ′dy′[pA
s′(s)∂z′∂zr

pC
r (s′) − ∂zr

pC
r (s′)∂z′ pA

s′(s)

]
. (D1)

The integral can be interpreted as an equivalent source term located at s ′ = (x ′, y′, z′ = z0), based on the wave field pA for a shot at s,
multiplied by the Green’s function p̂C for the domain C, after which the z derivate of the pressure rather than the pressure itself is sampled
at the receiver location r. The positions at which the z derivatives are evaluated are made explicit by adding an additional subscript to these
derivatives, so ∂zr

a(x) means ∂za(x)|z=zr . Eq. (D1) can be abbreviated by

w
[
∂zr

pC
r (s) − ∂zr

pA
r (s)

] = B
(

pA
s′(s), ∂zr

pC
r (s′)

) = ∂zr
B

(
pA

s′(s), pC
r (s′)

)
.

Because of the antisymmetry of B, eq. (9) is identical to

w
[

pC
r (s′) − pA

r (s′)
] = −B

(
pB

r ′(s′) − pB,dir
r ′(s′), pC

r (r ′)
) + B

(
pA

r ′(s′) − pA,dir
r ′(s′), pC

r (r ′)
)
. (D2)

Substitution of this expression into eq. (6) provides

w2
[

pC
r (s) − pA

r (s)

] = −B
(

pA
s′(s),B

(
pB

r ′(s′) − pB,dir
r ′(s′), pC

r (r ′)
)) + B

(
pA

s′(s),B
(

pA
r ′(s′) − pA,dir

r ′(s′), pC
r (r ′)

))
. (D3)

The second term on the right-hand side of eq. (D3) obeys

B
(

pA
s′(s),B

(
pA

r ′(s′) − pA,dir
r ′(s′), pC

r (r ′)
)) = B

(
B

(
pA

s′(s), pA
r ′(s′) − pA,dir

r ′(s′)
)
, pC

r (r ′)
)
, (D4)

which can be demonstrated by expanding all the terms in the integrals.
Now B(pA

s′(s), pA
r ′(s′) − pA,dir

r ′(s′) ) = 0. This can be seen by considering eq. (9) in the special case of a reflection-free domain B. Then pC
r (s′) −

pA
r (s′) = 0 and pB

r ′(s′) − pB,dir
r ′(s′) = 0 because B is reflection free, so B(pC

r (r ′), [pA
r ′(s′) − pA,dir

r ′(s′) ]) = 0. In the last expression, pC
r (s′) − pA

r (s′) = 0 leads

to B (pA
r (r ′), [pA

r ′(s′) − pA,dir
r ′(s′) ]) = 0. Because this should be independent of the properties of the domain B, we have shown that

w2
[

pC
r (s) − pA

r (s)

] = B
(

pA
s′(r ),B

(
pC

r (r ′) pB
r ′(s′) − pB,dir

r ′(s′)
))

, (D5)

which finishes the proof.
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D1 Remark 1

Although it has been shown that both pA
s′(r ) and B (pC

r (r ′), pA
r ′(s′) − pA,dir

r ′(s′) ) lie in the null space of B(pA
s′(s), ·), which suffices to prove eq. (D5),

this does not necessarily mean that the full null space of either B(pA
s′(s), ·) or B(pA

s′(r ),B(pC
r (r ′), ·)) has been characterized. However, for the

purpose of redatuming, it is sufficient that any wave related to the domain A has dropped out and does not have to be removed by some filtering
operation or up–down decomposition.

D2 Remark 2

We can rewrite eq. (D5) as

w2
[

pC
r (s) − pA

r (s)

] = B
(

pA
s′(r ),B

(
pA

r (r ′) + [
pC

r (r ′) − pA
r (r ′)

]
, pB

r ′(s′) − pB,dir
r ′(s′)

))
,

which may be approximated by

w2
[

pC
r (s) − pA

r (s)

] � B
(

pA
s′(r ),B

(
pA

r (r ′), pB
r ′(s′) − pB,dir

r ′(s′)
))

. (D6)

This formula has been used in the examples. The approximation is valid for a short time. Alternatively, one might consider using eq. (D5)
for inversion where pC

r (r ′) is obtained by adding the computed pA
r (r ′) to the result pC

r (r ′) − pA
r (r ′) from the first inversion step. The last result,

however, is not complete, as the contribution related to eq. (D4) has dropped out. However, if the redatuming is carried out to a sufficiently
large depth, the approximation in eq. (D6) should suffice. Another approach for obtaining pC

r (r ′) is outlined at the end of Section 2.4.

A P P E N D I X E : E Q U I VA L E N T S O U RC E T E R M F O R T H E D I S C R E T E C A S E

Here, we rederive the equivalent source term for a second-order finite-difference discretization of the wave equation. This will automatically
suggest a discrete representation. The same approach can be generalized to other types of discretizations in a straightforward manner.

A computational grid is defined by the points xk = x min + k�x (k = 0, . . . , Nx − 1), yl = ymin + l�y (l = 0, . . . , Ny − 1) and zm =
zmin + m�z (m = 0, . . . , Nz − 1). The discrete approximation of p(ω, xk , yl, zm) is denoted by pk,l,m . The ω-dependence is not made explicit
for brevity. The standard second-order scheme reads

−
(

ω

ck,l,m

)2

pk,l,m − Dxx pk,l,m − Dyy pk,l,m − Dzz pk,l,m = fk,l,m, (E1)

where

Dxx pk,l,m = (pk+1,l,m − 2pk,l,m + pk−1,l,m)/�x2,

Dyy pk,l,m = (pk,l+1,m − 2pk,l,m + pk,l−1,m)/�y2,

Dzz pk,l,m = (pk,l,m+1 − 2pk,l,m + pk,l,m−1)/�z2.

Suppose the domain is cut into two parts at a depth z0 that lies halfway between z M and z M+1, so z0 = 1
2 (zM + zM+1). To construct the source

term, we derive f eq,k,l,m for a discrete solution of the wave equation that is blanked for z < z0. Let pk,l,m be a solution of eq. (E1) for a source
term that is zero in the neighbourhood of z0. The blanked version is

qk,l,m = 0, for m ≤ M, qk,l,m = pk,l,m, for m > M.

Without the blanking, substitution of pk,l,m into eq. (E1) leads to a zero source term f k,l,m in the neighbourhood of z0, assuming that the
original point source position xs has zs < z0. With the blanking, we can find the equivalent source term by evaluating eq. (E1) for q k,l,m , and
using the fact that pk,l,m is a solution of eq. (E1) and that the original source term is zero in the neighbourhood of z = z0. The result is

feq,k,l,M = −pk,l,M+1/�z2, feq,k,l,M+1 = pk,l,M/�z2 (E2)

and zero elsewhere.
The generalization of this derivation to higher-order finite-difference schemes or finite-element discretizations is straightforward.
The result (E2) can be interpreted as a discrete representation of a delta function and its derivative. A delta function in z that peaks at zM+ 1

2
can be discretized by

δ
(

z − zM+ 1
2

)
� δM + δM+1

2�z
,

where δ M is the unit spike at z M , having the property that the product of δ M and a grid function of zm produces its value at z = z M . The
derivative of the delta function can be discretized by

δ′
(

z − zM+ 1
2

)
� δM − δM+1

�z2
.

With these discrete representations, we find after dropping most of the superscripts and subscripts except the one related to the z coordinate
that

feq,M+ 1
2

= pMδM+1 − pM+1δM

�z2

� − pM+2 − pM+1

�z
δ
(

z − zM+ 1
2

)
− 1

2 (pM+1 + pM+2)δ′
(

z − zM+ 1
2

)
� −δ(z − z0)∂z p − δ′(z − z0)p. (E3)

This shows the consistency with eq. (A3).
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To go from here to eq. (5), we note that p = pA was generated by a surface source s and g = pC − pA was generated by sources s ′(x , y,
z0) at depth z0 = zM+ 1

2
. This implies that

gr (s) = pC
r (s) − pA

r (s) ∝
∑
x ′,y′

fM+ 1
2
gr (s′) ∝

∑
s′

pA
s′(s)∂z gr (s′) − gr (s′)∂z pA

s′(s).

If the wavelet and scaling are properly accounted for, we obtain eq. (6).

A P P E N D I X F : M I N I M U M - N O R M S O L U T I O N

We describe the method for finding the minimum-norm solution of

m1x1 + m2x2 = r. (F1)

Suppose we want to minimize |x 1|2 + β−2|x 2|2 subject to the constraint (F1). The lagrangian for this problem is

L = 1
2

(|x1|2 + β−2|x2|2
) − λ∗(m1x1 + m2x2 − r ).

Here, λ is the lagrangian multiplier and the asterisk denotes its conjugate. Stationarity of the lagrangian with respect to x 1 and x 2 leads to x 1

= m∗
1λ and x 2 = m∗

2λβ2. Substitution into the constraint provides λ = r/(|m 1|2 + β2|m 2|2), so

x1 = m∗
1r

|m1|2 + β2|m2|2 , x2 = β2m∗
2r

|m1|2 + β2|m2|2 . (F2)

The same result can be obtained by considering a least-squares approach to eq. (16):

M


 x1

γ −1x2


 =


 m∗

1r

γ ∗m∗
2r


 , (F3)

where

M =

 m1

γ m2




∗

(m1 γ m2) =

 |m1|2 γ m∗

1m2

γ ∗m1m∗
2 γ 2|m2|2


 .

The singular-value decomposition of M is

M = Q


 |m1|2 + |γ m2|2 0

0 0


 Q−1, Q =


 m∗

1 −γ m2

γ ∗m∗
2 m1


 .

Here, Q has the eigenvectors of M as columns. The pseudo-inverse of M is

M† = Q


 (|m1|2 + |γ m2|2)−1 0

0 0


 Q−1.

This leads to the following solution of eq. (F3):

x1 = m∗
1r

|m1|2 + |γ m2|2 , γ −1x2 = γ ∗m∗
2r

|m1|2 + |γ m2|2 . (F4)

For |γ |2 = β2, this is the same as the minimum-norm solution of eq. (F2).
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