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Automatic velocity analysis by differential
semblance optimization

W. A. Mulder∗ and A. P. E. ten Kroode∗

ABSTRACT

We present a method for automatic velocity analysis of
seismic data based on differential semblance optimiza-
tion (DSO). The data are mapped for each offset from
the time domain to the depth domain by a Born migra-
tion scheme using ray tracing with the efficient wavefront
construction method. The DSO cost functional is eval-
uated by taking differences of the migration images for
neighboring offsets. The gradient of this functional with
respect to the underlying velocity model is obtained by
a first-order approximation of the adjoint-state method,
leading to an optimal complexity: the cost of evaluating
the gradient is about the same as that of evaluating the
functional.

The method has been applied to a marine line. Multi-
ples turned out to be a problem, but were handled effec-
tively by incorporating a multiple filter inside the DSO
cost functional.

INTRODUCTION

The goal of seismic full-waveform inversion is the automatic
construction of a subsurface model that reproduces seismic
data measured at the surface. In the least-squares approach, the
difference between measured and modeled data is minimized
in the quadratic or root-mean-square norm (Tarantola, 1986).
This method, however, may fail if the initial model is too far
from the correct model because the least-squares functional
has many local minima. If a gradient method is used to solve the
optimization problem, chances are that the iteration process
will stop in a local minimum that may be far from the absolute
minimum. To avoid this, global optimization methods such as
simulated annealing or genetic algorithms (Jervis et al., 1996)
can be used. However, the associated computational cost is
huge.
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An alternative is differential semblance optimization
(DSO), proposed by Symes (Symes and Carazzone, 1991;
Symes, 1998). The DSO functional is expected to have much
better global convexity properties than the least-squares func-
tional and, therefore, to suffer less or not at all from local min-
ima. The method exploits the redundancy in the data and is
based on the requirement that the earth be invariant under
different seismic experiments. If the data are partitioned into
“minimal” data sets, each of these data sets can provide a sub-
surface model independent of the other subsets. DSO attempts
to minimize the differences between the various subsurface
models. A partitioning and ordering based on shots is natural,
but leads to illumination problems. These are less severe for a
common depth point (CDP) sorting of the data. In that case,
offset (source-receiver distance) is the redundant parameter
and DSO attempts to flatten common image gathers (CIGs)—
a well-known concept in exploration geophysics.

In this paper, we have used a high-frequency approach based
on ray tracing with the wave-front construction method (Vinje
et al., 1993) and Born migration. Let the result of the migration
operator that maps data from the time to the depth domain be
denoted by f (x; h, z), where h is offset and (x, z) denotes the
CDP. For fixed x, f (x; h, z) represents a CIG. We use a DSO
cost functional of the form

JDSO =
∫

dx


∫

dz
∫

dh(∂h f )2∫
dz
∫

dh f2

 . (1)

The scaling by 1/
∫

dz
∫

dh f2 has been recommended by
Chauris and Noble (2001), and makes the functional less sensi-
tive to the data and migration amplitudes. Note the similarity
with the stacking power functional

JSTACK = Const.−
∫

dx


∫

dz(
∫

dh f)2∫
dz
∫

dh f2

 , (2)
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which takes the integral of f over offset rather than the
derivative with respect to offset. The important difference be-
tween the two functionals lies in their behavior away from the
minimum. There, a highly nonflat event in the CIG may ef-
fectively stack to almost nothing, or far offsets of one nonflat
event may interfere with short offsets from other events. In
either case, the stacking power functional will not be able to
make a suitable correction on the velocity. This will show up as
local minima in the cost functional. The DSO functional, how-
ever, will get a strong contribution from the curved event and
make the appropriate correction on the velocity model. For this
reason, the DSO functional is expected to provide good results
even when the starting model is not close to the true model.

The actual expression for JDSO is more complicated and in-
volves tapers, weights, and filters. Details are given in the next
section. Because the DSO cost functional has better convexity
properties than the least-squares functional, the optimization
can be carried out by means of a gradient method, thereby
avoiding a costly global optimization method. For a given ve-
locity model, gradient optimization requires the computation
of both the cost functional and its gradient, or sensitivity, with
respect to the model parameters. One way to compute the latter
is by numerical differentiation (Chauris and Noble, 2001), but
this is very costly. A better approach is the use of the adjoint-
state method to evaluate the gradient (Plessix et al., 2000),
because it has roughly the same cost as the evaluation of the
functional. Here, we have used a first-order approximation to
the adjoint-state gradient to simplify the computation.

A real-data example on a marine line of unspecified origin is
included in a later section. Multiples turn out to be a problem.
A modification of the DSO functional is proposed to better
handle multiples.

METHOD

The evaluation of the DSO functional and its gradient with
respect to the background model in the high-frequency approx-
imation requires a suitable representation of the velocity, a ray
tracer, and a migration algorithm. Here, we discuss the various
choices we made.

Ray tracing is used to obtain traveltimes and amplitudes. The
slowness (1/velocity) model is represented by bi-cubic splines.
If the spline nodes are spaced at a sufficiently large distance,
no additional smoothness constraint for regularization needs
to be imposed. We trace downward from sources and receivers
by using the wavefront construction method (Vinje et al., 1993).
Rays are shot in pairs. Once the distance between the two rays
becomes too large, an infill ray is started. Ray data are interpo-
lated to a regular Cartesian grid by linear interpolation. Given
a region bounded by the two rays and two time levels, this
quadrilateral is split into two triangles and linear interpolation
is used for each of them, for those points of the Cartesian grid
contained inside them. Multiple arrivals are readily accommo-
dated, although here only the first arrivals have been used.

The migration operator that maps the seismic data to the
depth domain is given by

fk;`m =
∑

xr−xs=h`

B(xk, zm; xr , xs)

× p(xr , xs; t = τ (xk, zm; xr , xs)) (3)

for a horizontal position xk, k= 1, . . . , Nx , an offset h`,
`= 1, . . . , Nh, and a depth zm, m= 1, . . . , Nz. We have given the
index k a special place because the DSO functional consists of a
summation of contributions for each xk. The pressure data as
a function of time t are denoted by p(xr , xs; t) for a source at
(xs, zs) and receiver at (xr , zr ). Because the source depth zs

and receiver depth zr are usually constant, they have not been
included as parameters. The sum of the traveltimes from the
source and the receiver to the depth point (xk, zm) is denoted
by τ . B is a migration amplitude, containing factors relating to
take-off and scattering angles and ray-tracing amplitudes.

For the migration amplitude B, the true-amplitude expres-
sion may be used (Beylkin and Burridge, 1990). However, there
is an interesting alternative that more closely mimics Symes’
DSO functional (Song, 1994; Symes, 1998), which is of the form

J̄DSO =
∫

dx
∫

dz
∫

dh(HF ∂h f )2. (4)

Here, F is the Born forward modeling operator that maps the
reflectors to the data domain. H represents a smoothing oper-
ator. The migration image f is obtained from the data p by

f = (F∗F)−1 F∗p, (5)

where the inverse should be read as a generalized or pseudo
inverse. The asterisk (∗) denotes the conjugate transpose. We
define 9 = (F∗F)−

1
2 and the unitary operator F̃ = F9. The

latter is known as the polar decomposition of F . If H is ignored,
we have

J̄DSO = ∥∥F∂h9
2 F∗p

∥∥2 = p∗F92∂∗h F∗F∂h9
2 F∗p

' p∗F9∂∗h9F∗F9∂h9F∗p = ∥∥F̃∂h F̃∗p
∥∥2

= ∥∥∂h F̃∗p
∥∥2
, (6)

where we have neglected terms involving ∂h9 since they are
asymptotically less important. Equation (6) shows that if we
replace the true-amplitude migration operator (F∗F)−1 F∗ by
the operator F̃∗, we obtain an expression that approximates
Symes’ original DSO functional in the high-frequency limit.
The operator F̃∗ leads to an expression similar to the one for
F∗ in equation (3), but with a different migration amplitude B.

Table A-1 in Appendix A lists the migration amplitudes for
the 2-D and 2.5-D case. Results are given for the unscaled
operator F∗, the true-amplitude operator (F∗F)−1 F∗ =92 F∗,
and the operator F̃∗ =9F∗ that allows us to mimic Symes’
DSO functional with negligible additional cost.

When computing the derivative of the migration result with
respect to the velocity model, it is customary in the high-
frequency approach to only consider the traveltimes and ig-
nore the derivatives of the amplitudes. This is motivated by the
fact that the traveltime derivatives represent the most singular
part of the migration operator. Unfortunately, numerical ex-
periments showed that the gradients obtained in this way were
too inaccurate. We therefore modified the amplitudes for the
DSO functional (not for the final migration) by setting the ray-
tracing amplitudes As and Ar (defined in Appendix A) to one
and retaining the other factors. Along with the migration re-
sult, we compute weightswk;`m by simply counting the number
of contributing ray pairs in each point.

Taking these arguments into account, we finally chose a DSO
cost functional of the form
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J DSO =
Nx∑
k=1

( f TA f )k
/

( f TB f )k, (7)

where k runs over a set of horizontal positions {xk}, which may
be fairly sparse. The superscript (T) denotes the transpose. The
operator A is defined as A= T TFT DT

hS2νDhFT . A weighted
difference operator is used,

(Dh f )`m = (w`m f`+1m − w`+1m f`m)
(w`m + w`+1m)

, (8)

where the subscript k has been suppressed. The weights were
introduced earlier. Because DT

h =−Dh, the operatorA resem-
bles an approximation to −∂hh. T is a taper that smoothly re-
duces the amplitudes towards the smallest and largest offsets
to avoid edge effects. Also, T removes the larger offsets at
smaller depths to mute the migration contribution of refrac-
tion events. A filter F , to be specified later on, is applied next.
S is a smoother that is applied ν times, as is its transpose, which
is the same as S. For this smoother, we simply take convo-
lution by {1/4, 1/2, 1/4} in each coordinate. This smoother is
applied to reduce the sensitivity to noise and to amplitude
variations with offset. For the scaling we have adopted B=
T TFTFT .

The following windows are used:

1) A window on that data that should be smooth. The first
arrival and large-offset data that are likely to be gener-
ated by refraction events should be masked out. Also, a
smooth taper should be applied towards the maximum
time of the data to avoid migration artifacts.

2) A window in the CIG panel acting in the offset direction
that tapers the migration image smoothly away towards
the shortest offsets and towards the larger offsets. The
maximum offset for this taper is chosen to increase with
depth to suppress refraction events.

3) A window depending on the source-receiver midpoints.
Given a CIG at a position x, all source-receiver pairs at
a fixed offset h in the interval [x− xW, x+ xW] are con-
sidered. The amplitude of the data is reduced towards
the endpoints of this interval in order to avoid stationary
phase problems during the migration.

4) An additional angular filter that smoothly tapers away the
larger scattering angles, again to avoid refraction events.

Smoothness of the tapers is required to avoid large unwanted
contributions to the difference operator due to edge effects.
The motivation for applying all these windows and tapers is
that the DSO functional should be most sensitive to the non-
flatness of events, and not to edge effects, migration artifacts,
and amplitude variations.

The minimization of the DSO cost functional is carried out
by a limited-memory BFGS method (Zhu et al., 1994). This
requires the computation of the gradient of the cost functional
with respect to the model slowness values at the spline nodes.
The adjoint-state approach (Ciarlet, 1989) can be used to ac-
complish this, implying that most of the computations should
be done in reversed order and that the cost of the gradient
computation is about the same as the evaluation of the func-
tional (Plessix et al., 2000). When performing the adjoint-state
computations, backward ray tracing needs to be done. We have
simplified this part of the computation by a first-order approxi-
mation, which turned out to be a discretization of the perturbed

ray equation, given in, for instance, Snieder and Sambridge
(1992):

∂τ

∂σij
=
∫ τ

0
dt

1
σ

∂σ

∂σij
. (9)

Here σ denotes the interpolated slowness and σi j the slowness
values at the spline nodes. The same technique without this
approximation has been used in Plessix et al. (2000). The use
of the adjoint-state approach results in an optimal complexity:
the cost of evaluating the functional is about the same as the
cost of evaluating the gradient of this functional with respect
to the slowness model. Details of the gradient computations
are presented in Appendix B.

EXAMPLE

We have applied DSO to a marine seismic line of unspecified
origin. Some preprocessing was applied to the data: the first
arrival was muted, and a gapped decon operation was applied
to remove the sea-bottom reverberations. Offsets ranged from
50 to 2250 m with 25-m spacing. There are 480 shots spaced
at 25 m, covering a distance of about 10 km. A shortest-offset
display of the data is shown in Figure 1. There are clear events
up till about 1 s. At later times, the amplitudes are rather weak,
even with the compensation for spherical spreading applied in
the figure. This is due to the hard layer between 0.8 and 1.0 s.
Most of the events below this layer are likely to be caused by
surface and interbed multiples and converted waves.

A normal moveout (NMO) velocity model obtained for this
data set is shown in Figure 2. The true-amplitude migration
image for a smoothed version of the NMO model using the
migration kernel of the DSO code is displayed in Figure 3.

Next, we ran the DSO code on these data, starting from a
constant velocity model at the sea water velocity (1.5 km/s).
Initially, a one-parameter search for the best model with a ve-
locity linear in depth was performed. From there on, the gra-
dient method was applied. After 82 iterations (or about one
night on a 450-Mhz Pentium PC), the velocity model shown in
Figure 4 was obtained. The grid of spline nodes had spacings of
1000 m in x and 100 m in z; the grid for the CIGs had spacings
of 250 m in x and 10 m in z. For the resulting velocity model, a
true-amplitude migration image was computed on a finer grid
(25 m in x, 5 m in z). The result is shown in Figure 5. By compar-
ing the velocity model and migration image in Figures 4 and 5,
it is obvious that there is no correlation between the reflectors
and the velocity model in the deeper parts below 1 km. This
strongly suggests that most of the structures beyond 1 km depth
are artifacts due to multiples or perhaps converted waves. CIG

FIG. 1. Shortest-offset data panel.
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panels for a subset of lateral positions xk are displayed in
Figure 6. Indeed, conflicting events are present beyond a depth
of 1 km. Some of these events are probably longer period
surface multiples.

To reduce the effect of multiples, a multiple filter has been
incorporated into the DSO cost functional. This is the F in

FIG. 2. NMO velocity model.

FIG. 3. True-amplitude migration image for the NMO model.

FIG. 4. Velocity model obtained by DSO.

equation (7). The idea is to introduce a bias that ignores the
undermigrated (downward curving) events in the CIGs, which
are due to surface multiples that have seen a lower effective
velocity than the primary reflections.F is implemented by tak-
ing a 2-D fast Fourier transform (FFT) of the CIG, reducing
the amplitude of down-dipping events, and transforming back.
This procedure is outlined in Figure 7. In Figure 7a, the original
CIG is shown. The modulus of its FFT is displayed in Figure 7b
as a function of the inverse wavelengthsλ−1

x andλ−1
z . The values

for negative λ−1
z are not shown as they follow by symmetry. The

downward-dipping events lie in the left half of the panel. Most
of the peaks occur around zero λ−1

x and correspond to events
that have already been flattened. To reduce the amplitudes, we
apply a taper of the form

exp
[−γL max

(
0,−λ−1

x − αLλ
−1
z

)2

− γR max
(
0, λ−1

x − αRλ
−1
z

)2]
. (10)

The result is shown in Figure 7c, using αL = 0, αR= 1.7, and
γL = γR= 2. Finally, an inverse FFT leads to the filtered image
shown in Figure 7d. A number of downward curving events
have been removed and the remaining events stand out more
clearly.

With this filter, the DSO code produced a velocity model
in 34 iterations, starting from the best linear-in-depth model.
The model and the migration image are shown in Figures 8
and 9, respectively. As before, the migration image has been
computed on a finer grid than the one used for the optimiza-
tion. Some of the CIGs are displayed in Figure 10. Drawn are

FIG. 5. True-amplitude migration image for the DSO model.

FIG. 6. Several CIGs. See text for discussion.
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the panels before filtering, so the downward curving events are
still there. The same CIGs after the application of the mul-
tiple filter are displayed in Figure 11. Comparison between
the two figures shows which events are taken to be multiples
or other types of “slow” events. Note that the resulting ve-
locity model bears more resemblance to the original NMO
model.

CONCLUSIONS

We have described an efficient DSO code that uses wave-
front construction for fast ray tracing and has a gradient com-
putation of optimal complexity. DSO provides highly coherent
migration images for a velocity model that may be incorrect
in the presence of strong coherent noise. The word “noise”
is used here to denote any data component that cannot be
explained by the model. In the high-frequency Born approxi-
mation employed here, this includes multiples, refraction and
diffraction events, shear waves, and so on. We removed the
effect of short-period sea-bottom multiples by preprocessing,
whereas the longer period surface multiples were suppressed
by an embedded filter that weakens undermigrated events, thus
introducing a bias towards higher velocities.

Multivalued arrivals have been suppressed by only accepting
the smallest travel times. In principle, all arrivals can be taken

FIG. 7. Filter that reduces the effect of multiples. The orginal CIG is shown in (a), the modulus of its 2-D FFT in (b), the filtered
result in the Fourier domain in (c), and in the original domain in (d).

into account in the code, but this has not been investigated.
The DSO cost functional, if parametrized by offset, may lose
its global convexity in the presence of multiple arrival times and
exhibit local minima. If offset is replaced by reflection angle,

FIG. 8. Model obtained with the multiple filter.
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FIG. 9. True-amplitude migration image for DSO with multiple
filter.

FIG. 10. Several CIGs.

FIG. 11. CIGs after applying the multiple filter.

this problem might disappear (Brandsberg-Dahl et al., 1999).
A correct treatment of multivalued arrivals is expected to be
crucial for handling complex subsurface models.

The extension to three dimensions of the techniques used in
the current implementation, such as the wavefront construc-
tion method and the gradient computation, is straightforward.
Even with these efficient methods, the computational cost for

repeatedly generating the CIGs is substantial, although the use
of a fairly sparse grid for these gathers will help. One problem
might be the formulation of a suitable functional. Instead of
offset, one might choose two “redundant” coordinates, namely
differences in the x- and y-positions of receivers and sources. If
we call these hx and hy, respectively, then the functional would
be a sum of two terms involving differences with respect to hx

and hy. Unfortunately, illumination will generally be far from
uniform in these coordinates. Even when adjoint interpolation
or binning is used to map the actual hx and hy to a regular
and somewhat coarse grid, the illumination may be too irreg-
ular to build a functional that is mainly sensitive to nonflat
events. Similar problems may occur when scattering angle and
azimuth are used as redundant coordinates. These problems
may be alleviated in the future for land data when high-density
acquisition systems will become available. For the moment,
however, one needs to consider other strategies. One of these
may be to dip moveout (DMO) the data using a crude esti-
mate of the velocity model, to interpolate the missing offsets,
and to subsequently inverse DMO the interpolated data. Al-
ternatively, one may get away with using the sum of a DSO-
type functional for the in-line data and a semblance or stack
functional for the cross-line data. Another option is to di-
rectly measure the curvature (in two directions) of migrated
events and use this as a more robust measure to perform
the velocity updating. These various possibilities remain to be
investigated.
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APPENDIX A

MIGRATION AMPLITUDES

The relation between the 2-D ray amplitude and 2.5-D
amplitude is (Bleistein, 1986)

A2.5D = A2D

√−ıω

2πs
, (A-1)

where we have used a quantity s instead of Bleistein’s σ ,
as the latter is used here to denote the slowness. We use
the following notation: ŵ(ω) is the Fourier transform of
the wavelet w(t), an asterisk (∗) is used in the table to de-
note the complex conjugate, A2D

r (x) is the ray-tracing ampli-
tude of a ray in two space dimensions starting at a receiver po-
sition (xr , zr ) and ending at a subsurface point x= (x, z). Like-
wise, the subscript s is used for a ray starting at a source posi-
tion (xs, zs). Define Q−1

r = (1/2)(A2D
r /A2D

s )σ (xr , zr ) cos θr 0 and
Q−1

s = (1/2)(A2D
s /A2D

r )σ (xs, zs) cos θs0. Here, θr 0 is the take-off
angle of the ray at the receiver position. We use the convention
that θ = 0 points to the zenith, so θ =π points vertically down
into the earth. The take-off angle at the source is θs0. We de-
fine Qs,r = (1/2)(Qr + Qs). The scattering angle between the
source and receiver ray at the subsurface point x is denoted
by θx .

APPENDIX B

GRADIENT OF THE DSO FUNCTIONAL

In this appendix, we outline the computation of the gradient of
the DSO functional. Our approach is a first-order approxima-
tion to the adjoint-state technique described in Ciarlet (1989)
and Plessix et al. (2000). The main point we want to bring across
is that the computational cost of calculating the gradient is
roughly the same as the cost of evaluating the DSO functional.
This is an important result, because a naive finite-difference ap-
proach of calculating the gradient would suggest that the cost
is roughly n+ 1 times the cost of evaluating the functional,
n being the number of velocity parameters.
For the purpose of this appendix, we work with a slightly sim-
plified version of the DSO functional in equation (1), namely,

J̃DSO = 1
2

∫
dx
∫

dz
∫

dh[∂h f (x; h, z)]2. (B-1)

The gradient of this functional with respect to the slowness
spline coefficients σij is calculated as follows:

∂ J̃DSO

∂σij
=
∫

dx
∫

dz
∫

dh
∂ f

∂h

∂2 f

∂σij∂h

= −
∫

dx
∫

dz
∫

dh
∂2 f

∂h2

∂ f

∂σij
, (B-2)

where we have used a partial integration and have discarded
the boundary term in the second step. The latter can be
achieved by introducing a suitable taper function in the def-
inition of the DSO functional, as described in the text.
Recalling that the image f (x; h, z) at constant offset h=
xr − xs is computed as a weighted integral over midpoint co-

ordinates m= 1
2 (xs+ xr ),

f (x; h, z) =
∫

dmBp(m, h; t = τ ), (B-3)

we have

∂ f

∂σij
=
∫

dmB
∂p

∂t
(m, h; t = τ )

∂τ

∂σij
. (B-4)

Here, we used the notation τ = τ (x, z;m, h) for the total trav-
eltime from a source at (xs=m− h/2, zs) to a subsurface loca-
tion (x, z) and back to a receiver at location (xr =m+ h/2, zr ).
Notice that we have neglected derivatives of the amplitude B
with respect to the slowness parameters, because they are
asymptotically much smaller than the terms containing deriva-
tives of the data. Inserting this in formula (B-2), we find the
general form

∂ J̃DSO

∂σij
=
∫

dx
∫

dz
∫

dm
∫

dh b
∂τ

∂σij
, (B-5)

where the amplitude b= b(x, z;m, h) is given by

b(x, z;m, h) = −B
∂p

∂t
(m, h; t = τ )

∂2 f

∂h2
. (B-6)

From formula (B-5), it becomes clear that the gradient of the
DSO functional is an integral over all midpoints and offsets in
the acquisition of terms of the form

Kij =
∫

dx
∫

dz b
∂τ

∂σij
(x, z; xs), (B-7)

Table A-1 lists the migration amplitudes. The amplitude B
of equation (3) has been split into a frequency-dependent fac-
torW(ω) and a factor C depending on the ray parameters, so
B=W(ω)C. Listed are the amplitudes for the unscaled op-
erator F∗, the true-amplitude operator 92 F∗, and the scaled
operator9F∗ that is used to mimic Symes’ (1998) original DSO
functional.

Table A-1. Migration amplitudes.

2-D C W
F∗ (A2D

r A2D
s )∗ ıωŵ∗

92 F∗ 16σ 2(x) cos2( 1
2 θx)Q−1

s,r
ısign(ω)
ŵ

9F∗ 2σ (x)|cos( 1
2 θx)|

√
4A2D

s A2D
r Q−1

s,r ısign(ω)
√|ω|

2.5-D C W

F∗ (A2.5D
r A2.5D

s )∗
√

2πs (ıω)3/2ŵ∗

92 F∗ 16σ 2(x) cos2( 1
2 θx)

√
2π(sr + ss)Q−1

s,r
ısign(ω)
ŵ
√−ıω

9F∗ see 2-D see 2-D
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where τ (x, z; xs) denotes the traveltime from source location
(xs, 0) to subsurface location (x, z). Therefore, we only need to
describe how to compute these basic quantities.

The crucial observation is that traveltimes and their deriva-
tives are slowly varying functions of x and z, unlike the ampli-
tudes b, which contain migrated data and derivatives thereof.
Therefore, they can be obtained by interpolation. The partic-
ular interpolation scheme we will employ uses a triangulation
T of the 2-D subsurface. This triangulation is obtained by con-
sidering quadrilaterals obtained by drawing a fan of rays ema-
nating from a common source point (xs, 0) and the associated
wavefronts, and splitting these quadrilaterals into two triangles.
For a given triangle 1, we denote by V(1) the set of its three
vertices. Similarly, we will denote by V(T ) the collection of all
vertices (i.e., all points lying on an intersection of a wavefront
and a ray). Using linear interpolation in triangles, we find up
to first order

∂τ

∂σij
(x, z; xs) ∼=

∑
P∈V(1)

wP(x, z)
∂τ

∂σij
(xP, zP; xs), (B-8)

where 1 is a triangle containing the point (x, z) and wP(x, z)
is an interpolation weight.

From this it is clear that the generic term (B-7) can be rewrit-
ten in the form

Kij(s) =
∑
1∈T

∑
P∈V(1)

cP(1)
∂τ

∂σij
(xP, zP; xs), (B-9)

where the weight cP(1) is given by

cP(1) =
∫
1

dx dz bwP(x, z). (B-10)

From the expression (B-6) for the bs in this formula it becomes
clear that the calculation of the weights cP(1) comes roughly
at the computational cost of the generation of CIGs.

Let us now define for each vertex P ∈V(T ) a weight γP as

γP =
∑
1∈T :

P∈V(1)

cP(1). (B-11)

With these weights, relation (B-9) can be rewritten as

Kij =
∑

P∈V(T )

γP
∂τ

∂σij
(xP, zP; xs). (B-12)

We will label the rays by an integer m (1≤m≤M), which
refers to the discretization in take-off angle. Parameterizing by
time t , the mth ray will be written as (xm(t), zm(t)). In addition,
we will use the index n (1≤ n≤ N) to label the wavefront at
time (n− 1)1t . The set of all vertices V(T ) then consists of
the points Pmn : (xm((n− 1)1t), zm((n− 1)1t)). We will use the
more compact notation γmn := γPmn , xmn := xm((n− 1)1t), and
zmn := zm((n− 1)1t). With this notation we get

Kij =
M∑

m=1

N∑
n=1

γmn
∂τ

∂σij
(xmn, zmn; xs). (B-13)

Next, we recall that, as a consequence of Fermat’s principle,
infinitesimal perturbations in traveltimes can be calculated by

integrating infinitesimal slowness perturbations along unper-
turbed rays:

∂τ

∂σi j
(xmn, zmn; xs) =

∫ (n−1)1t

0
dt

Ni (xm(t))Nj (zm(t))
σ (xm(t), zm(t))

.

(B-14)

Here, we have used the fact that ∂σ/∂σij= Ni Nj . The perturbed
traveltime equation (B-14) can be obtained in a formal manner
from the adjoint-state approach. The latter involves a lineariza-
tion of the discretized ray equation that needs to be integrated
backward in time (Plessix et al., 2000). A lengthy but straight
forward derivation shows that these equations reduce to equa-
tion (B-14) in the continuum limit, within first order in1t and
1α, the difference between neighboring ray take-off angles.
This error is dominated by the interpolation (B-8).

Introducing for 1≤ k≤ N− 1 the quantities

αmk
ij =

∫ k1t

(k−1)1t
dt

Ni (xm(t))Nj (zm(t))
σ (xm(t), zm(t))

, (B-15)

we can write

Kij =
M∑

m=1

N∑
n=1

γmn

n−1∑
k=1

αmk
ij =

M∑
m=1

N∑
k=1

αmk
ij

N∑
n=k+1

γmn,

(B-16)

where we have interchanged the order of summation and de-
fined the dummy quantity αmN

ij = 0. Introducing

βmk =
N∑

n=k+1

γmn (1 ≤ k ≤ N − 1), βmN = 0,

(B-17)

this can be written in the more compact form

Kij =
M∑

m=1

N∑
k=1

αmk
ij βmk. (B-18)

Notice that the numbers βmk are determined by the relations

βmN = 0, βmk = βm,k+1 + γm,k+1, (1 ≤ k ≤ N − 1),

(B-19)

and are therefore most naturally calculated integrating back-
wards in time along the mth ray from (xmN, zmN) to the source
location at (xm0, zm0)= (xs, zs).

The only thing that remains to be done is the calculation of
the quantities αmk

ij defined by equation (B-15). Using a first-
order approximation once more, we have

αmk
ij
∼= 1t

Ni (xmk)Nj (zmk)
σ (xmk, zmk)

. (B-20)

Notice that most of the αmk
ij are zero due to the finite support

of Ni and Nj , which leads to a very efficient evaluation of Kij.
In fact, once the weights γmn are calculated, the evaluation of
equation (B-18) amounts to only a small overhead. This shows
that the gradient comes indeed roughly at the cost of generating
the CIGs.


