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A comparison between one-way and two-way wave-equation migration

W. A. Mulder1 and R.-E. Plessix1

ABSTRACT

Results for wave-equation migration in the frequency
domain using the constant-density acoustic two-way
wave equation have been compared to images obtained
by its one-way approximation. The two-way approach
produces more accurate reflector amplitudes and pro-
vides superior imaging of steep flanks. However, migra-
tion with the two-way wave equation is sensitive to diving
waves, leading to low-frequency artifacts in the images.
These can be removed by surgical muting of the input
data or iterative migration or high-pass spatial filtering.
The last is the most effective.

Iterative migration based on a least-squares approxi-
mation of the seismic data can improve the amplitudes
and resolution of the imaged reflectors. Two approaches
are considered, one based on the linearized constant-
density acoustic wave equation and one on the full acous-
tic wave equation with variable density. The first con-
verges quickly. However, with our choice of migration
weights and high-pass spatial filtering for the linearized
case, a real-data migration result shows little improve-
ment after the first iteration. The second, nonlinear it-
erative migration method is considerably more difficult
to apply. A real-data example shows only marginal im-
provement over the linearized case.

In two dimensions, the computational cost of the two-
way approach has the same order of magnitude as that
for the one-way method. With our implementation, the
two-way method requires about twice the computer time
needed for one-way wave-equation migration.

INTRODUCTION

Prestack depth migration provides a structural image of the
subsurface by mapping seismic data from the time domain to
the depth domain, given a sufficiently accurate velocity model.
During the last decade, finite-difference migration based on

Manuscript received by the Editor September 30, 2003; revised manuscript received June 4, 2004.
1Shell International Exploration and Production B.V., P.O. Box 60, 2280 AB Rijswijk, The Netherlands. E-mail: wim.mulder@shell.com;

reneedouard.plessix@shell.com.
c© 2004 Society of Exploration Geophysicists. All rights reserved.

a one-way approximation to the wave equation has gained
popularity. Various approximations and discretizations, such
as screen propagators, the double square-root, and splitting
methods, have been proposed (Wu, 1994; Collino and Joly,
1995; Biondi and Palacharla, 1996; Ristow and Ruhl, 1997). For
brevity, a migration scheme based on the one-way wave equa-
tion is called one-way migration. It is generally believed that
the result of one-way migration is superior to ray-based migra-
tion if multipathing occurs—for instance, around salt bodies
(Operto et al., 2000). Ray-based migration, however, provides
a better image of steep flanks (Albertin et al., 2002).

The full two-way wave equation more accurately describes
wave propagation in complex media. A migration scheme
based on this equation should combine the advantages of ray-
based migration and one-way migration. The two-way wave
equation can be discretized by finite differences or finite ele-
ments in the time domain or in the frequency domain. Its com-
putational cost is larger than for the one-way wave equation,
but not by much in the 2D case (Marfurt and Shin, 1989; Pratt,
1990; Shin et al., 2001; Mulder and Plessix, 2002). Turn-around
times can be reduced by at least one order of magnitude if the
frequency domain instead of the time domain is used (Mar-
furt, 1984; Mulder and Plessix, 2004). The migration scheme
based on the two-way wave equation is referred to as two-way
migration.

Here, one-way and two-way migration techniques are com-
pared on 2D synthetic and real data. The better accuracy of
the two-way equation is expected to provide sharper images
of, for instance, steep flanks. In practice, however, these flanks
are often poorly illuminated and the lateral variations of the
velocity model are not precisely known, so the advantage is not
always clear. This issue is addressed in the examples.

A one-way migration algorithm based on the one-way wave
equation can be constructed by using the imaging principle
(Claerbout, 1971). It does not provide correct amplitudes for
reflectors (Zhang et al., 2003) because the one-way propagator
does not accurately model the wave amplitudes. Two-way mi-
gration can be derived by starting with the least-squares error
function, which measures the difference between synthetic and
observed data. The gradient or sensitivity of this function with
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respect to the model parameters is a migration image (Lailly,
1983; Tarantola, 1984a). To obtain an amplitude-preserving mi-
gration image that is close to true amplitude, suitable migration
weights can be constructed from an approximation of the di-
agonal of the Hessian of the error function with respect to the
model parameters (Plessix and Mulder, 2004).

In principle, the least-squares error function can be iter-
atively minimized, leading to so-called iterative migration.
Through the iterations, the off-diagonal terms of the Hessian
are implicitly taken into account. A good approximation of
the migration weights should result in an image that barely im-
proves after the first migration step, so that iterative migration
may not be necessary. If a regular acquisition geometry is used,
subsequent iterations only improve the focusing of events.

In this paper, two types of iterative two-way migration meth-
ods are used. The results are compared to the amplitude-
preserving migration, which amounts to a single iteration step.
The first method is based on the linearized constant-density
wave equation or Born approximation. Iterative migration can-
not be used for the constant-density wave equation because
reflection events depend on impedance contrasts rather than
velocity contrasts. The Born approximation circumvents this
problem. With this approximation, minimization of the least-
squares error represents an optimization problem that is linear
in the reflectivity. Because of this linearity, gradient-based iter-
ative methods for solving the minimization problem converge
relatively quickly.

The second method uses a discretization of the variable-
density or fully acoustic wave equation. This approach has the
advantage that it may help to estimate the amplitudes of some
of the multiples—for instance, the sea-bottom water multiple.
The unknowns or model parameters are the source wavelet,
the velocity, and the density. The last two may be replaced by
suitable reparameterizations such as slowness and impedance.
Because the minimization problem is highly nonlinear in the
model parameters, convergence is generally much slower than
for the first method. Since the second method amounts to full
waveform inversion, it suffers from all its drawbacks. The corre-
sponding least-squares error function has local minima, so un-
less the velocity model is known precisely, the iterative method
may converge to a local minimum that is not close to the global
minimum (Santosa and Symes, 1989). The method is sensi-
tive to the seismic amplitudes, prone to suffer from loop (or
cycle) skipping for some part of the data, and has difficulty
determining the large-scale structure of the velocity model
(Symes and Carazzone, 1991; Plessix et al., 1999; Mulder and
ten Kroode, 2002). For these reasons and because a full discus-
sion of full waveform inversion is outside the scope of this pa-
per, we only touch upon the subject by including one real-data
example.

The outline of the paper is as follows. First, one-way and
two-way migration are briefly reviewed. Complexity estimates
for both methods are included. Next, results on synthetic data
are presented. Then, a data set from the Gulf of Mexico is pro-
cessed by one-way and two-way migration and by the iterative
migration. Finally, the main conclusions are summarized.

METHODS

In this section, we briefly review the one-way and two-way
schemes used for migration. The iterative approach is also de-

scribed. A complexity analysis is included for both schemes in
two and three dimensions.

Two-way migration

The acoustic wave equation in the frequency domain reads

Lp = f, L = − ω
2

ρv2
−∇ · 1

ρ
∇, (1)

where p is the pressure field, ρ is density, v is velocity, f
is a source term, and ω is angular frequency. Equation 1 is
discretized with the finite-difference scheme presented in Jo
et al. (1996). This scheme combines a standard finite-difference
scheme, a rotated scheme, and mass lumping to improve ac-
curacy. Here, we select slightly different parameters than Jo
et al. (1996), namely, the generic fourth-order choice a= 2/3,
d= 1/12, and e= 0 for the parameters defined in Jo et al. (1996).
The discretization results in a sparse linear system. In two di-
mensions, this system can be efficiently solved by an LU fac-
torization using nested dissection reordering (George and Liu,
1981; Marfurt and Shin, 1989; Pratt, 1990).

A migration algorithm can be derived from this modeling
scheme in straightforward manner by considering least-squares
fitting (Lailly, 1983; Tarantola, 1984a). Given synthetic data p
and observed data pobs at various shot and receiver positions,
the least-squares error function J is

J = 1
2

∑
ω

∑
shot, rec

|p− pobs|2. (2)

The gradient of J with respect to the model parameter ν in
some subsurface point is given by the complex scalar product,

∂ J

∂ν
= −

〈
∂L

∂ν
q, p

〉
. (3)

The scalar product 〈·, ·〉 involves a summation over all subsur-
face gridpoints, sources, receivers, and frequencies. The model
parameter ν is equal to the velocity or to the density. The wave-
field q is the solution of

L∗q = p− pobs, (4)

where L∗ denotes the conjugate transpose of L . The wave-
field q corresponds to the back-propagated difference between
synthetic and observed data. Details can be found in Lailly
(1983), Tarantola (1984a, b), Pratt (1990), Pratt et al. (1998),
and Plessix and Mulder (2004).

The gradient in equation 3 can be evaluated with q deter-
mined for a reflectionless earth, meaning that the recorded
pressure p at the receivers is zero on the right-hand side of
equation 4. In that case, we find a formula similar to the one
for migration obtained from the imaging principle. Therefore,
migration can be defined formally as

m= −K∇ν J, (5)

where ∇ν J is the gradient of the cost function J with respect
to the model parameters and K is a positive definite linear
operator that should approximate the inverse of the Hessian
of the least-squares error function J to obtain an amplitude-
preserving migration result. Applying this operator to the gra-
dient provides the migration result m. In practice, the full
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Hessian is too expensive to compute. We have derived a diag-
onal approximation of this Hessian that takes finite aperture
and finite frequency effects into account (Plessix and Mulder,
2004). It improves upon the amplitude weighting proposed in
Shin et al. (2001) by using a more accurate representation of
the Green’s function for the receivers.

Iterative schemes

To improve the amplitude-preserving migration and obtain
a better focused image, the least-squares error function can
be minimized iteratively. The iterations implicitly take the off-
diagonal terms of the Hessian into account. Iterative migration
has already been applied to ray-based migration by Lambaré
et al. (1992) and Nemeth et al. (1999). The iterative method
can be written as

νk+1 = νk − K (ν0)∇ν J(νk), k = 0, 1, . . . ,n. (6)

When ν corresponds to the velocity and the density, this repre-
sents a fully acoustic iterative migration. Here we use slowness
and the inverse of the density as model parameters. Because
reflection events in the seismic data are mainly sensitive to
sharp variations in the acoustic impedance, at least at small to
medium reflection angles, other parametrizations (e.g., slow-
ness and impedance) may be better suited for minimization.
We use a limited-memory BFGS method with simple bounds
(Byrd et al., 1995) for the nonlinear optimization in the fully
acoustic case.

Because the amplitudes of reflection events are mainly de-
termined by impedance contrasts, the constant-density acoustic
wave equation cannot be used for iterative migration because
it only allows for changes in velocity contrasts. To circumvent
this problem, we use the Born approximation, which repre-
sents the linearized constant-density acoustic wave equation.
In this case, the background velocity is kept fixed and velocity
perturbations are interpreted as a reflectivity image. More pre-
cisely, the wave operator in the frequency domain for constant
density (ρ= 1) is

L = −ω2σ 2 −1, (7)

where σ denotes slowness and 1 is the Laplace operator. We
may split the slowness into a smooth component σ0 and a rough
component σ1, according to σ 2= σ 2

0 + εσ 2
1 . The pressure can be

split into p= p0+ εp1. Expansion to lowest order in ε leads to

L0 p0 = f, L0 = −ω2σ 2
0 −1, (8)

whereas the first-order term results in

L0 p1 = ω2σ 2
1 p0. (9)

These two equations together define the linearized constant-
density wave equation problem. As model parameters we can
take σ 2

1 or σ1. Alternatively, the reflectivity as a function of
position may be defined as

r = (σ − σ0)
σ0

(10)

and can be computed from σ1 given a fixed background slow-
ness model σ0.

If the reflectivity is chosen as the model parameter for the
least-squares problem, then ν= r in equation 6. The slowness

modelσ0 should be sufficiently smooth so that it does not gener-
ate reflections. Examples can be found in Østmo et al. (2002)
and more will be shown here. Because the problem is linear
in the reflectivity, the minimization can be performed by the
conjugate gradient method.

One-way scheme

The one-way wave equation was introduced because the two-
way operator has a high computational cost, particularly in
three dimensions. The two-way wave equation can be approx-
imately factored into an upgoing and a downgoing operator.
Assuming a constant density, the one-way operator in two di-
mensions is

∂p

∂z
= i

(
ω2σ 2 + ∂

2 p

∂x2

)1/2

, (11)

with z the marching direction. The source term must be trans-
lated into an initial boundary condition. The difficulty is that
the square root operator is nonlocal. Several schemes have
been proposed to approximate the square root operator by a
local operator (Wu, 1994; Collino and Joly, 1995; Biondi and
Palacharla, 1996; Ristow and Ruhl, 1997). We have chosen the
splitting method (Collino and Joly, 1995), where the square
root is evaluated with three terms of its Padé approximation,
providing good phase accuracy up to about 70◦. Amplitudes
are not correctly modeled (Zhang et al., 2003).

The migration scheme is based on the imaging principle.
The forward field is computed with an upgoing one-way op-
erator, and the back-propagation of the data is performed with
a downgoing one-way operator. The resulting two fields are
crosscorrelated to produce the migration image.

Complexity estimates

In 2D space, the computational cost for two-way wave-
equation migration is not considerably larger than for the one-
way wave equation, as we will show by a complexity estimate
which is partly repeated from Marfurt and Shin (1989) and
Mulder and Plessix (2004).

Let n be the number of gridpoints in one coordinate direc-
tion, so a 2D grid has O(n2) points. The number of frequencies
is n f ; the number of shots, ns. The discretization of the two-
way wave equation results in a large, sparse matrix that can
be factored into its LU decomposition by nested dissection
(George and Liu, 1981) in O(n3) operations, whereas applying
the LU decomposition for inversion has O(n2 log n) cost. This
needs to be done for each frequency, so we get a total cost
of O(n f n3)+O(n f nsn2 log n). Note that a time-domain finite-
difference code would require O(nsntn2) operations, with nt

being the number of time steps. Stability of the time-stepping
scheme usually requires that the time step be smaller than an
upper bound that is proportional to the grid spacing. In prac-
tice, the time step is often chosen close to that bound, implying
nt =O(n). If we assume that ns=O(n) and n f =O(nt )=O(n)
and we ignore the O(log n) term, we see that the frequency-
domain and time-domain two-wave equation schemes both
have an O(n4) complexity. The frequency-domain method is
faster in practice because n f can be relatively small compared
to nt and coarser grids and interpolation can be used for the
lower frequencies. Note that the cost of migration is of the
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same order as generating synthetic data because the back-
propagation of the receiver data and the evaluation of the gra-
dient have O(n f nsn2 log n) cost.

The one-way wave equation has a complexity of O(n f nsn2)
in two dimensions. This includes the cost of solving a tridiagonal
system for each horizontal line in the splitting method, which
can be done in O(n) operations. From a complexity point of
view, this is almost the same as the cost of solving the two-way
wave equation, ignoring an O(log n) factor. In practice, the one-
way wave equation requires considerably fewer operations
than the two-way wave equation. We found a factor of about
two in speed difference for a nonoptimal implementation.

As argued in Mulder and Plessix (2002), in three dimensions
the complexity of a direct solver for the frequency-domain two-
way wave equation is so large that we either need to find a good
iterative solver or return to the time domain. The complexity
of the one-way wave equation in three dimensions increases
only by a factor n over its 2D version when the scheme de-
scribed in Collino and Joly (1995) is used. This is accomplished
by operator splitting, which replaces the solution of a sparse
matrix related to the horizontal 2D problem by a series of 1D
problems, thereby avoiding the cost of a plane solver.

SYNTHETIC DATA RESULTS

In this section, we compare the one-way and two-way migra-
tion algorithms on synthetic data. The constant-density wave
equation is used. The results show that the two-way migration
correctly images steeply dipping reflectors if the acquisition ge-
ometry illuminates them, whereas the one-way migration fails
at larger dip angles.

Steep dip examples

The inability of the one-way wave equation to image steeply
dipping reflectors is illustrated by considering a reflector at 40◦,

60◦, or 80◦ dip. One of the velocity models is shown in Figure 1.
Synthetic data for these models were generated by the same
constant-density acoustic frequency-domain code as used for
the two-way migration, using frequencies from 8 to 20 Hz with
a 0.125-Hz increment. A marine acquisition was used with 179
shots between 2500 and 6950 m at a 25-m spacing and 98 re-
ceivers per shot at a 25-m interval with offsets between−50 and
−2475 m. The migration results are displayed in Figures 2–4 for
increasing dip angles in the velocity model. The one-way wave
equation should provide images that are geometrically similar
to the two-way wave equation for dips up to about 70◦ as is
confirmed by the images shown in Figures 2 and 3. It is well
known that the one-way wave equation does not provide cor-
rect amplitudes, as is apparent from the results. The one-way
wave equation cannot provide a proper image for the 80◦ dip,
as is evident from Figure 4. Because of the kinematic errors in
the one-way scheme, the migration summation is not construc-
tive for this steeply dipping reflector. The two-way migration,
however, correctly images the 80◦ dip, although it does not pro-
vide a crisp image because of illumination problems and lack
of long offsets. This demonstrates the ambiguity in deciding
whether two-way migration is better than one-way migration.
Two-way migration can handle steep dips. However, one-way
migration may suffice if there are no steep dips in the earth
model or if the recorded data do not contain events related to
the steep dips in the model because of acquisition limitations.

SEG/EAGE salt model

The next example is based on the SEG/EAGE AA′ salt
model (Aminzadeh et al., 1997). Using a time-domain finite-
difference code (Mulder and Plessix, 2002), 4-s traces for 237
shots with 65 receivers each were generated. The acquisition
geometry mimics a marine acquisition with a shot every 80 m
and with a 40-m spacing between receivers. The maximum

Figure 1. Velocity model with an interface
at a dip angle of 60◦.
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offset is 2.7 km. The maximum depth in the model used to gen-
erate the data is 4.2 km. The direct arrival was blanked before
transforming to the frequency domain. Frequencies ranged
from 6 to 26 Hz with a 0.25-Hz interval.

The one-way migration image is shown in Figure 5. Before
transforming the data to the frequency domain, linear time
weighting was performed to boost the amplitudes of the deeper

Figure 2. Migration images obtained with
the one-way and two-way wave equation for
the model with the interface at a dip of 40◦.

Figure 3. Migration images for a dipped in-
terface at 60◦. At this dip, the one-way mi-
gration still produces an acceptable result.

events. The two-way amplitude-preserving migration result is
shown in Figure 6. In this case, no time weighting of the data
was applied because that was not necessary with the amplitude-
preserving two-way migration. The last image has been high-
pass filtered to remove artifacts caused by diving waves, dis-
cussed in more detail in the next section. The two-way wave
equation provides a slightly better image of the steep flanks in
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the shallow part of the model. Also, some of the structures be-
low the salt are clearer. Otherwise, the two images are similar
except for their amplitudes.

PRINCESS RESULTS

As a real-data example, data from an area in the Gulf of Mex-
ico called Princess were used. We present results for one-way
and two-way migration as well as iterative migration results
for the linearized constant-density acoustic and fully acoustic
wave equation. One single line out of six streamer lines from
a 3D data set was selected. Shots and receivers were spaced at
25 m with a maximum offset of 8.3 km. The velocity model, ob-
tained by velocity analysis based on traveltime inversion and
ray-based migration, is displayed in Figure 7.

One- and two-way migration

The migration result obtained with the one-way wave equa-
tion is displayed in Figure 8. The data have been time weighted
by t2 before transforming them to the frequency domain to
boost the deeper events. We have used frequencies from 6 to
30 Hz at a 0.125-Hz increment. Because the amplitudes of the
one-way migration are not very accurate, the migration weights
were not applied.

Figure 9 shows an amplitude-preserving two-way migration
image using the same data up to 20 Hz rather than 30 Hz to re-
duce the required computational time. Instead of time weight-
ing, the migration weights based on the approximation of the
Hessian were applied. The result has artifacts with a low spa-
tial frequency caused by diving waves. These can be removed
in several ways: by filtering the migrated image, by filtering the
data, or by applying an iterative migration. Note that the main
goal of the iterative migration is not to remove these artifacts
but to sharpen the image.

The first, most obvious approach for the removal of low-
frequency artifacts in the migration image is the application
of a high-pass spatial filter. High-pass filtering will obviously
modify the amplitudes of the reflectors. Because, however, the
reflectivity is based on short-scale variations in the subsur-
face, the high-pass filtering is expected to do little harm to
the reflector amplitudes and will merely remove components
that are related to updates of the smooth background model.
We have constructed a simple filter based on convolution with
{1/4, 1/2, 1/4} in each coordinate direction. This convolution is
denoted by Sx for the x-direction and by Sz for the z-direction.
Note that x corresponds to distance in the figures and z corre-
sponds to depth. We define S= SzSx . The term [n1, n2, n3] filter
is used for the operator Sn3

x Sn2 (I − Sn1 ), where I is the identity
operator. This amounts to high-pass filtering by smoothing an
image n1 times and subtracting the result. This is followed by
smoothing the result n2 times and another n3 times in only the
x-direction to reduce noise. Figure 10 shows the result of ap-
plying a [64, 0, 8] filter to Figure 9. This reduces the artifacts
but does not completely remove them. The [32, 0, 2] filter used
below does a better job but also damages some of the reflectors.

A second approach is the removal of the diving waves from
the data, which is quite difficult in general. We somewhat arbi-
trarily blanked the data for t < 0.2+ 0.00109 h, where t is time
in seconds and h is offset in meters. This removes the large-
offset reflections—more so for shallower depths. Figure 11
shows the resulting migration image, based on frequencies from
6 to 20 Hz with a 0.125-Hz increment. Now most, but not all,
of the artifacts have been removed.

A comparison of the two-way migrated image in Figures 10
or 11 to the one-way migrated image in Figure 8 does not show
significant differences. One reason is that there are almost no
dip angles larger than 60◦, so the one-way wave equation cap-
tures most of the kinematics. Another reason is that the velocity

Figure 4. Migration images for an interface
with a dip angle of 80◦. At this dip, the one-
way migration breaks down. The two-way
migration still reproduces the dipped inter-
face but suffers from illumination problems.
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model was not yet fully correct at larger depths when we re-
ceived it from our colleagues. Because of this, the summation
stacks are not better with the two-way scheme than with the
one-way scheme. They may even be worse because a larger part
of the data is involved in the two-way migration stack, result-
ing in a noiser migration image if the velocity model is wrong.
In spite of this, we see some improvements with the two-way
approach: the salt flank around the lateral position of 12 km
and the depth of 3 to 4 km is better imaged, and the sediment

layers close to this salt flank appear to be more continuous.
This demonstrates the superiority of two-way migration when
the velocity model is known with sufficient accuracy. To get
this accuracy, velocity model building may have to be based
on the two-way wave equation rather than on ray tracing and
traveltime inversion.

Another notable difference between the one-way and two-
way results is the fault interpreted from Figure 8 between a
2.0-km depth at a distance of 11.5 km to a 2.4-km depth at

Figure 5. Migration image obtained with the
one-way wave equation in the SEG/EAGE
salt model.

Figure 6. High-pass-filtered, amplitude-
preserving migration image obtained with
the two-way wave equation in the SEG/
EAGE salt model.
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11.0 km. This fault is less clear in the two-way migration im-
ages. One explanation is that the two-way wave equation uses
all available offsets whereas the one-way wave equation used
here effectively restricts the offset range to the shorter ones. If
the velocity model is sufficiently accurate, this should improve
the migration result. If the velocity model is not perfect, or
anisotropic, this will tend to smear out the reflectors and re-

duce the sharpness of the fault. The result with blanked data in
Figure 11 does not use the larger offsets in the shallower part
and indeed shows a somewhat sharper fault structure. On the
other hand, it cannot be excluded that the two-way result is
closer to the truth.

In general, we can state that the two-way wave equation
correctly models a larger set of events than the one-way wave

Figure 7. Princess velocity model with two
salt bodies.

Figure 8. One-way migration result for the
Princess data set.
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equation and therefore may lead to more accurate migration
results. For the same reason, however, it may produce more
artifacts and ghost events because of an increased chance of
accidental constructive interference during migration.

Iterative migration

We now proceed with the iterative two-way migration re-
sults, first for the linearized constant-density wave equation

represented by the system of equations 8 and 9, then with the
fully acoustic variable-density equation 6.

The linearized iterative migration was carried out with fre-
quencies from 6 to 20 Hz at a 0.25-Hz increment. The result
after six iterations is displayed in Figure 12. The spatial low-
frequency artifacts are weaker but have not been completely
removed. For comparison, we have included high-pass filtered
pictures of the first and sixth iterations using a [32, 0, 2] filter.
Comparison of Figures 13 and 14 shows that the iterations have

Figure 9. Amplitude-preserving two-way
migration image for the Princess data set,
showing artifacts.

Figure 10. High-pass-filtered, amplitude-
preserving migration image for the Princess
data set.
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little effect on the reflectors themselves. This means that our
migration weights perform quite well. If they would not, the
amplitudes would change markedly from one iteration to the
next. We observed that the shallow reflectors seem to become
sharper after some iterations. However, some of the deeper
reflectors appear to be less continuous and noisier. As before,
this may be because of the quality of the velocity model. An
accurate velocity model is needed to improve the image reso-

lution within a few iterations. The velocity model is quite ac-
curate in the shallow parts but not in the deeper—particularly
underneath the salt.

The use of the fully acoustic wave equation for nonlinear iter-
ative migration seems to be attractive because multiples can be
included in the optimization process. This method is basically
the same as the full waveform inversion approach pioneered
by Tarantola (1984b), except that we assume the initial velocity

Figure 11. Amplitude-preserving image
based on blanked Princess data. The blank-
ing removes most of the artifacts.

Figure 12. Two-way migration result for the
Princess data set after six iterations. The it-
erative migration has removed most of the
artifacts.
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model is kinematically correct. However, the application of this
method poses several problems. First, amplitudes in the data
should be consistent with the 2D acoustic assumption. The 3D
data were time weighted by

√
t and convolved by

√
t to make

them resemble 2D data. As a result, the amplitudes will only
be approximately correct. Second, the wavelet needs to be de-
termined. This can be done as part of the iterative process and
is explained later. As a consequence, the inverse problem will

become more ill posed because the detailed structure of the re-
flectors and the wavelet are strongly coupled. The ill-posedness
can be reduced by additional penalty terms at the expense of
an increase in the number of iterations needed to obtain a con-
verged migration result. Third, the initial velocity model needs
to be close to the true model; otherwise, the iterative process
may end up in the wrong local minimum. Fourth, the effect of
shear waves and anisotropy should be small, which generally is

Figure 13. High-pass-filtered, amplitude-
preserving migration image for the Princess
data set after the first iteration.

Figure 14. High-pass-filtered, amplitude-
preserving image after the sixth iteration.
The iterative migration has hardly im-
proved the first result.
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not true. Given all of these problems, it appears to be already
quite difficult to find a model that predicts the primary reflec-
tions within a reasonable accuracy. To fit all multiples at the
same time may be impossible.

In spite of this, we have attempted to obtain a migration im-
age with this approach. To find a model for the sea-bottom wa-
ter multiples, we took the Princess data and blanked all events
except those in a window around the first primaries that are
generated by the sea bottom and a few deeper reflectors. The
acoustic iterative migration code was run with a nonreflecting
surface at zero depth so as not to generate surface multiples.
The function to be minimized was

J = 1
2

∑
ω

∑
shot, rec

|β(ω)(p− pd)− pobs|2+penalty terms,

(12)
where the wavelet is defined by β(ω) and the observed data
by pobs. Because the direct arrival was removed, it had to be
subtracted from the synthetic data p. The direct wave pd was
computed for a constant-velocity model that is the same as the
seawater part of the full model. The wavelet was determined
inside the iterative migration process by setting

β(ω) = 〈p− pd, pobs〉
〈p− pd, p− pd〉 . (13)

The complex scalar product 〈·, ·〉 involves a summation over all
shots and receivers. The resulting wavelet was used to evaluate
the function J in equation 12.

Penalty terms have been added in equation 12 to weakly im-
pose Gardner’s rule (Gardner et al., 1974) and total-variation
smoothness [see, for instance, Vogel (2002)] . The former is
represented by 1/2βg

∑
(ρ−1− ρ−1

g )2, where ρg is determined
by Gardner’s rule and the summation is carried out over the
entire model grid. The strength of the penalty term, relative to
the least-squares function, is controlled by βg. Total-variation
smoothness is imposed in each coordinate direction by, for

instance,

1
2
βx

Nx−2∑
k=0

Nz−1∑
l=0

[−1+
√

1+ (pk+1,l − pk,l )2
/
γ 2

x

]
, (14)

for the x-direction. Here pk,l = p(xk, zl ) are pressure values on a
2D grid with constant grid spacings1x and1z. The coordinates
are given by xk= x0+ k1x (k= 0, . . . , Nx − 1) and zl = z0+ l1z
(l = 0, . . . , Nz− 1). The sum is taken over the 2D grid, and the
strength of the penalty term is controlled by βx . For differences
pk+1,l − pk,l between neighbors that are small relative to γx , this
term is quadratic in these differences. For larger differences,
the penalty term becomes proportional to the absolute value
of the difference. The result is that jumps larger than γx tend
to be less strongly smoothed as with the quadratic norm. This
helps to preserve the sea-bottom and salt contrasts present in
the model.

Given the smooth initial velocity model and a density model
based on Gardner’s rule (Gardner et al., 1974), the code was
run until a reasonable sea-bottom model was found, with den-
sities and velocities determined in an absolute sense. For this
model, synthetic data were computed with the same velocity
and density model but with the free-surface condition turned
on. This means that surface-related multiples are generated
and that the direct wave is included, so pd should be set to zero
in equations 12 and 13 in this case. Because of the free-surface
boundary conditions, the wavelet found from equation 13 will
be different and will no longer incorporate the free-surface
ghost, as the latter will be generated by the surface. The result-
ing synthetic data for one shot are shown in Figure 15, together
with the observed data. The primary sea-bottom reflection is
reproduced quite well, although there are small phase differ-
ences for the near offsets. Also, the first multiple around 3 s
is predicted fairly well. The direct arrival is reproduced less
accurately, probably because of source anisotropy and sea-
water velocity variations. Note that the observed data were

Figure 15. Predicted (left) and observed
(right) Princess data for a model obtained
by fitting the sea-bottom reflections only.
The first multiple around 3 s is predicted
fairly well.

Wim
Notitie
p(xk,zl) are model parameters
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Figure 16. Acoustic impedance obtained for
a least-squares fit of the Princess data set.
The result has been high-pass filtered to al-
low for comparison with the previous im-
ages.

downfiltered to 18 Hz so the finite-difference computations
could be carried out with a grid spacing of 15 m.

The result after ten iterations on a subset of the data is dis-
played in Figure 16. Shown is the impedance after applying a
[64, 0, 0] high-pass filter. Frequencies ranged from 6 to 18 Hz
with a 0.25-Hz increment. The image appears to have a slightly
better definition of deeper events. However, the marginal im-
provement over the linearized case hardly seems to justify the
added computational complexity and cost.

CONCLUSIONS

Comparison of migration results for one-way and two-way
wave-equation migration shows that the two-way wave equa-
tion provides superior results for steeper dips. To have the full
benefit of the two-way approach, however, an accurate velocity
model is required. If no steep dips are present in the subsur-
face model or the data do not contain reflections or refractions
from steeply dipping reflectors, and if only structural and no
amplitude information is required, the one-way wave equation
will suffice.

A disadvantage of two-way wave-equation migration is the
occurrence of diving waves, producing artifacts with low spatial
frequencies. These can effectively be removed by a high-pass
spatial filter. Alternatively, the corresponding events can be
blanked from the data, but this may be difficult in practice.
Iterative migration will reduce the amplitude of the artifacts
and will generally improve the amplitude and focusing of the
reflectors if the velocity model is accurately known, but at a
higher computational cost.

We have considered iterative migration for the linearized
constant-density acoustic equations and nonlinear iterative
migration for the fully acoustic case. The former converges
quickly. The latter is considerably more difficult to handle be-
cause it is sensitive to the amplitudes of the data, requires
determination of the source signature, and may converge to

a local minimum if the wrong initial velocity model is given.
Also, shear-wave effects and anisotropy should be negligibly
small, which generally is not true. We have nevertheless tried
this approach, but the current example’s result hardly seems to
justify the additional computational cost.

In two dimensions, the computational cost of migration
based on the two-way wave equation is of the same order of
magnitude as one-way wave-equation migration. In three di-
mensions, state-of-the-art solvers for the two-way wave equa-
tion are too slow to be of practical use (Plessix and Mulder,
2003), so the one-way wave equation appears to be the only op-
tion for finite-difference migration on present-day hardware.
An alternative is to go back to the time domain, but this would
require petaflop hardware, which is expected to appear two
years from now.

ACKNOWLEDGMENTS

The authors thank the management of Shell Exploration &
Production Company (SEPCo) for permission to use the Gulf
of Mexico data.

REFERENCES

Albertin, U., D. Watts, W. Chang, J. Kapoor, P. Kitchenside, D.
Yingst, and C. Stork, 2002, Near-salt-flank imaging with Kirchhoff
and wavefield-extrapolation migration: 72nd Annual International
Meeting, Society of Exploration Geophysicists, Expanded Abstracts,
1328–1331.

Aminzadeh, F., J. Brac, and T. Kunz, 1997, 3-D salt and overthrust
models: Society of Exploration Geophysicists.

Biondi, B., and G. Palacharla, 1996, 3-D prestack migration of common-
azimuth data: Geophysics, 61, 1822–1832.

Byrd, R. H., P. Lu, J. Nocedal, and C. Y. Zhu, 1995, A limited memory
algorithm for bound constrained optimization: SIAM Journal on
Scientific Computing, 16, 1190–1208.

Claerbout, J. F., 1971, Toward a unified theory of reflector mapping:
Geophysics, 36, 467–481.

Collino, F., and P. Joly, 1995, Splitting of operators, alternate direc-
tions, and paraxial approximations for the three-dimensional wave
equation: SIAM Journal on Scientific Computing, 16, 1019–1048.



1504 Mulder and Plessix

Gardner, G. H. F., L. W. Gardner, and A. R. Gregory, 1974, Formation
velocity and density—The diagnostic basics for stratigraphic traps:
Geophysics, 39, 770–780.

George, A., and J. Liu, 1981, Computer solution of large sparse positive
definite systems: Prentice-Hall, Inc.

Jo, C. H., C. S. Shin, and J. H. Suh, 1996, An optimal 9-point, finite-
difference, frequency-space, 2-D scalar wave extrapolator: Geo-
physics, 61, 529–537.

Lailly, P., 1983, The seismic inverse problem as a sequence of before
stack migration: Conference on inverse scattering: Theory and appli-
cations: Society for Industrial and Applied Mathematics, Proceed-
ings, 206–220.
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