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the ‘shifted-Laplacian’ preconditioner, originally designed for the acoustic wave equation.
This preconditioner represents a discretization of a heavily damped wave equation and can
be efficiently inverted by a multigrid iteration. However, the application of multigrid to the
elastic case is not straightforward because standard methods, such as point-Jacobi, fail to

ﬁﬁ;’fgﬁ smooth the S-wave wavenumber components of the error when high P-to-S velocity ratios
Elastic are present. We consider line smoothers as an alternative and apply local-mode analysis
Wave equation to evaluate the performance of the various components of the multigrid preconditioner.
Frequency domain Numerical examples in 2-D demonstrate the efficacy of our method.

Finite-difference © 2016 Elsevier Inc. All rights reserved.

1. Introduction

The numerical solution of the wave equation is an important problem in several disciplines. The main motivation for
the present work is given by geophysical applications concerning the imaging of the Earth’s interior. Seismic waves, excited
artificially at the surface or naturally in the subsurface, are recorded to infer its properties. Since the Earth is an elastic
object, the elastic wave equation is of particular interest.

Imaging typically requires many wave simulations: for 3-D problems, where one could possibly deal with hundreds of
millions of variables, efficient solvers are essential. Time- or frequency-domain methods can be considered. An attractive
feature of the frequency domain is the fact that only a limited number of frequencies — well below what is prescribed
by the Nyquist criterion — are actually required to obtain a satisfactory imaging result [1,2]. Moreover, a further level of
parallelization is available since the computation of different sources and frequencies can be carried out independently. Due
to the size of the problem, however, factorization methods such as LU decomposition with nested-dissection reordering [3],
which are quite efficient in 2-D, become prohibitive in terms of required storage. For this reason, explicit time-marching
methods are generally preferred, since it is not necessary to solve a large linear problem. For the frequency domain, iterative
methods are an obvious alternative but are seriously hindered by the severe indefiniteness of the wave equation, especially
for high frequencies. Therefore, a good preconditioner must be provided in order to obtain a reasonable convergence be-
haviour. In that case, iterative frequency-domain solvers can actually be competitive or even outperform the time-domain
counterparts when a large number of compute cores is available, as advocated in recent work [4].
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Several alternatives to iterative methods have been investigated. For example, approximate direct methods can be an
efficient option, as shown by parallel multifrontal solver developments [5-7]| for both the acoustic and elastic equation. One
could also consider domain-decomposition methods as worked out for the acoustic case in [8] or [9]. An assessment of the
relative merits of these methods is, however, beyond the scope of this paper.

Because of the difficulties mentioned above, the study of iterative solvers for the wave equation in the frequency domain
is an active field of research. The present paper is based on the work of Erlangga et al. [10,11], who proposed precondi-
tioning by a shifted Laplacian, solved by a multigrid iteration. This generalizes the work of [12] and [13]. The Helmholtz
equation

Hp=f, H=-k?’-A,

where k is the wavenumber and p the pressure wavefield, is replaced by a preconditioned system based on the complex
shift of the Laplacian:

HHZ'p=f, Hp=—-k>(1—-pi)—A, (1)

for some choice of the damping parameter 8 > 0. The key aspect of this preconditioning procedure relies on the inversion of
the damped wave operator Hg by multigrid, whose attractive feature is its linear complexity. A standard multigrid method
will generally fail when applied to the undamped case because of the large near-null space of the Helmholtz operator,
which cannot be approximated very well on the coarser levels [14,15]. When strong damping is introduced, however, the
computation of H;' § can be accomplished by the multigrid method. Standard Krylov subspace methods such as GMRES
[16], Bi-CGSTAB [17] or IDR(s) [18] can then be successfully applied to (1).

In this paper, we generalize the techniques presented by [11,10] to the elastic wave equation. Multigrid inversion of
the damped elastic operator is, as one might expect, a harder problem than Helmholtz because of the different P- and
S-wave modes. As P- and S-waves propagate with different velocities and, therefore, have different wavenumbers at a given
frequency, smoothing should be tuned to perform well for both. On top of this, the near-null kernel comprises P- and
S-waves and is more problematic than in the acoustic case. The value of 8 should be adjusted accordingly.

We organized this paper as follows: in Section 2 we discuss the numerical finite-difference discretization of the elastic
wave equation. We will adopt two classical schemes, by Kelly [19] and by Virieux [20]. It will be shown that these schemes,
besides having different numerical dispersion quality, exhibit distinct multigrid performance. Motivated by the success of
the shifted-Laplacian preconditioning for the Helmholtz equation, we introduce an elastic version in Section 3 and study
how it affects the spectral properties of the elastic wave equation. Similarly to the acoustic case, the preconditioned P-
and S-wave eigenvalues are positioned along a circle in the positive real part of the complex plane, leading to a favourable
setting for iterative methods. In Section 4, we will discuss the application of the multigrid technique to approximate the
evaluation of this preconditioner. The performance of the various multigrid components will be analysed by local-mode
analysis, briefly outlined for systems of equations. As it turns out, point-Jacobi smoother does not adequately smooth both
the P- and S-wave modes of the error. We therefore introduce a suitable line smoother. This choice will be validated in
combination with a multi-level multigrid analysis. Finally, in Section 5, we present numerical results for the homogeneous
case as well as an elastic version of a highly heterogeneous example, the Marmousi model, showing good convergence
properties.

2. Problem formulation and numerical discretization

We start this section with a brief discussion on the numerical discretization of the second-order formulation of the
2-D isotropic elastic wave equation. The unknowns will be represented by the particle displacement u = (u*, u%). In the
frequency domain, the wave equation reads:

—pwu* — oy [(A+2m)dxu*+20,u?]—0; (L u*+pd u?) = f*
fZ
where w is the angular frequency, A and p are the Lamé parameters, p is the density and f= (f*, f#) a source term. This

form will be used for the numerical experiments in Section 5. For the smoothing and multi-level multigrid analysis, we
consider the homogeneous case. Then, the system (2) simplifies to:

(2)

—pw?u? —dy (L u*+pdxu?) —d; [Adxu*+ (A+2m)d;u?]

—kZuX =129 u¥X —du* — (2 —1)dy u’ gx, o)
3

—kZu? — 9 u? —r29u? — (2 — 1) u* gz,
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where ks = w/cs is the wavenumber for the S-waves and r =cp/cs > 1 the P-to-S velocity ratio. The system (3) can be
restated in matrix form as

rzaxx+3zz (1’2—1)3)(2
Hu=g  H=-kiI-D, D= , (4)
(r2 —1)0x, 3XX-|-T'2322

to represent the elastic Helmholtz operator. Since in the 2-D elastic case we deal with a system of equations, H is a
2 x 2-block operator and we specify its scalar blocks by

H= HXX HXZ )
HZX HZZ

For the smoothing and multi-level multigrid analysis treated in the following sections, it is convenient to consider an
explicit formulation, analogous to (4), for the acoustic case with w = 0. Equation (4) should be adjusted by introducing the
wavenumber for the P-waves ks =rkp, where kp = w/cp, and taking the limit r — +oo in (4). The resulting elastic operator
reads:

aXX 8XZ
H=-k3}I-D, D= . (5)
aXZ aZZ

Both the forms (4) and (5) have to be considered when dealing with elastic media where acoustic regions with p =0 are
present.

Several finite-difference schemes are available to discretize the system (2). We will represent the unknown functions by
the values assumed on the collocation grid G/" = hZ?2 (Z being the set of integers), where h is the discretization step-length
or spacing, and denote a discretized quantity by u;~ u(kh, lh). For simplicity, we will only consider isotropic grids with
equal horizontal and vertical spacings. For the treatment of these numerical methods, the stencil notation is particularly
convenient. For example, we will indicate a 9-point compact scheme by

s(=1,-1) s@©,—-1) s(,-1)
s | s(-1, 0) s, 0 s, 0 |,
s(—=1, 1) s@©, 1 s, 1

meaning that the action of the operator s on a grid function is defined by the discrete cross-correlation:

(s*u)ij= Y SOMMUitm jin- (6)

m,n

Note that the stencil is expressed with z downwards, following the geophysical rather than the numerical convention. The
discretization H" of the operator H, in the homogeneous case, may be represented by the four stencils:

h & _p2_,.24h h
Hiy = —ks—120,4 — 9,

H & —(r2-1)a!

Xz,2°

h & 2 h h & 2 h 2ah
HA 2 —(r2—1)ah,,. HM 2 k2 —at —r2ah,

(7)

and is determined by the particular choices for the second-order differential operators 31, 8,’}22)‘, 8)’}2_2, a1 A classical
9-point finite-difference scheme by Kelly et al. [19] is summarized by '

1 0 0 0 1 1 0 -1 1 0 1 0
h & h h & h &
axx - ? [1) _3 (1) ’ aXZ;X N BXZ;Z - W 0 (0) ? , azz - —2 8 _f 8

(8)
The discretized system reads
212, X 2 X X X X X X
—kshup ,—r (um+1,n —2uyp,tu ) — (”m,n+1 —2uy ., +u

m—1,n m,n—1

2 z z z z
—20°-D (”m+1,n+1 “Unpin-1 T Unonir T lmo1n

212,z z z z 2 z z z
_kSh um,n_(um+l,n_2um,n+um—l,n)_r (um,n+1_2um.ﬂ+um,n—l

)
)
(9)
)
)

2 X X X X
—20° D (“m+1,n+1 “Unpin-1 ~ Umotnr T lmo1n
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Fig. 1. Discretization grid according to (b) Kelly’s and (c) Virieux’s formulation. For the staggered-grid scheme, the elastic wavefields are defined on different
grids. The grid points where these wavefield are defined, are denoted by different symbols according to (a). Note that z points downwards.

Another popular discretization scheme is based on a staggered-grid formulation, originally developed for the first-order
wave equation by Virieux [20]. According to this scheme, the particle displacement components and the stress fields
T — > i cab.cdy yd cab.cd heing the stiffness tensor, are discretized on different grids that are shifted with respect
to G". More specifically, the vertical component uZ is defined on the grid G" + (0, h/2), whereas the horizontal component
u* is positioned on G" + (h/2,0). The stress components T* and T % are defined on the regular grid G", while T** is on
Gh 4 (h/2,h/2). This configuration, pictured in Fig. 1, leads to the finite-difference scheme:

—kZh2uX —rz(u" —2u* u* )—(u" —2u* u*
S m+1n m+3.n m+%,n+ m—1.n m+3.n+1 m+%,n+ m+1.n-1

2

2 z z z z 25X
—@r =1 (u —u —-u u =h
( )< m+1,n+3 m+1,n—3 m.n+3 + m,nf%) gm+%,n
—k2h%u? 1—(uz L —2u? 4 u? 1>—r2<uz , —2u*  +u? 1)
S m,n+5 m+1,n+5 mn+5 m—1,n+5 mn+5 mn+5 mn—y
2 X X X X 2452
—@r =1 (u —u —u u ) =h .
( )( m+3,n+1 m—1.n+1 m+1.n + m—1.n gm,n+%

(10)

If we define the shifted particle displacement by i3, , =up, 45, and Uy, , =up .., the stencil representation (7) acting
on i* and 1% can then be summarized by

\ 1 0O 0 O \ 1 0 0 0
A A
il L] ot
(11)
\ 1 0 1 -1 . 1 0 1 0
A A
BXZ;Z == ? 0 —] ] s 822 = ? 0 - 0
0O 0 O 1 0
The difference between the mixed-derivative stencils 8" and 8" _ arises from the definition of the particle components on

XZ;X Xz:zZ A . . . . .
different grids. In the following sections, we will drop the notation u and use u instead, to indicate the shifted discretized

wavefield when dealing with the staggered-grid scheme.

The numerical dispersion properties of the staggered-grid scheme are significantly better than Kelly’s and the S-wave
phase and group velocities are independent of the velocity ratio. Indeed, the accuracy of Kelly’s scheme gets worse for
increasing values of r (Fig. 2). These numerical properties are determined by how the scheme realizes, in its discrete version,
the decoupling of P- and S-wave modes in a homogeneous medium. The staggered-grid scheme does this ‘consistently’,
meaning that the second-order stencils (11) can be derived from forward and backward first-order difference operators,

eg.,

0 0 1 0 0 O
h h
In = A 8 -1 1 |, dy = A —(1) (1) g , (12)

and

h h h h h I h h h h h h
Ixx = O ¥y, 8xz;x=ax—*a;+’ Vxzz =y %07, 07, =097 %05, (13)
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Fig. 2. Numerical S-wave phase velocity ratios cgh/cs for (a) Virieux’s and (b) Kelly’s scheme as a function of the inverse of Gs (number of points per
S-wave wavelength) and propagation angles . The numerical dispersion properties of Kelly’s scheme become worse for increasing velocity ratios r, while
for the staggered-grid scheme, they remain independent of r.

3

where " is the convolution operation. As a consequence, the P- and S-wave potentials satisfy a discretized version of the
Helmholtz equation, defined by the same stencil in (11), and the S-wave phase velocity is therefore independent of r. Kelly’s
scheme does not have this property.

In principle, better options than the one presented here are available in terms of numerical accuracy. In [21], 9-point
compact stencils are specifically designed to minimize numerical dispersion by averaging the differential operator with its
rotation, along with lumped mass matrix techniques. A similar rationale has been applied by [22-24] to obtain very accurate
25-point finite-difference and finite-element schemes. The compactness of these stencils is intended to reduce the fill-in of
factorization methods such as LU decomposition. It should be noted that this is not necessary when employing iterative
methods and one can easily adopt higher-order versions of Kelly’s and Virieux’s schemes with wider stencils. This will,
however, affect the behaviour of the multigrid solver.

In this paper, we will discuss multigrid with the staggered-grid scheme (10) in mind. Even though the ‘unphysical’
coupling of Kelly’s scheme is more advantageous for multigrid applications, as we will see later, its use is questionable due
to the inaccuracy of the scheme. If there are no acoustic regions ( 1 = 0) in the medium, multigrid performs comparably for
the two schemes. Generally speaking, the theory and methods developed in the following sections can be straightforwardly
applied to any finite-difference or finite-element discretization of the wave equation on structured meshes.

3. A ‘shifted-Laplacian’ preconditioner for the elastic wave equation
Given a certain discretization of the wave equation system (4),

H'u"=g" H"=-ki1I-D" (14)

we introduce the following preconditioning
h(gh)y=1sh h h 2 ; h

H'(Hz) a'=g" Hz=—ks(1-pi)I-D", (15)
based on the very same ideas presented by [10,11]. From a physical point of view, the linear system H’]g corresponds to a
damped version of the elastic wave equation. We begin a preliminary analysis of this preconditioning by testing the spectral
properties of the system (15), which, ideally, requires the inverse of the damped system. A few iterations of multigrid will

achieve only an approximation of this inverse, thus, the following analysis assumes idealized circumstances. We make use
of local-mode analysis [25-27], which will be discussed in more detail in Section 4.2.1. Essentially, it consists in a diagonal
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Fig. 3. Eigenvalue distribution A'gy o/ ’Il p A’S" o/ g,ﬂ of the preconditioned system (15) for different values of wave damping 8 and velocity ratio: (a) r =3,
(b) r =4. The quantity ksh is fixed to the value 7 /5 which corresponds to a sampling of 10 points per wavelength. The plots here displayed correspond
to the staggered-grid scheme, but an analogous behaviour can be observed for the Kelly’s scheme. Note that for the staggered-grid scheme, the S-wave

eigenvalues are independent of r.

decomposition of the discrete system (14) by the Fourier transform and the canonical P-wave and S-wave decomposition.

One can easily find that, for the staggered-grid scheme, the P- and S-wave eigenvalues of the damped system H’; are
42 00\ (0,2
Al —kg(l—ﬁl)—i—h—2 sm(f) +sm<?z> ,

4 0x\ > 6,2
—ké(]—ﬂi)—i-? sin(?)() +sin<?z) ,

and, therefore, the preconditioning transforms the eigenvalues into

=
Il

0.\ 0,\°

N kih?—4r? sin(—) +sin<—)
M 2 2
AT 9.\ 2 0.\ 2
PP kZh2(1-Bi)—4r? sin(f) +sm(§>

0 2 0,2
. k2h? —4 sin(—") +sin<—z>
)“S,O 2 2
50 _
S

A o 2] 2 0 2
P kZh2(1-pi)—4 sin(f) +sin<72)

(16)

Note that the second ratio matches the first in the limit for r | 1. These eigenvalue ratios are distributed on the complex
plane along a circle with centre 1/2 and radius 1/2, exactly as in the acoustic case (Fig. 3). The same configuration arises

with the Kelly’s scheme.
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Similarly to the acoustic case, as S gets smaller, the eigenvalues move away from 0 and cluster around 1, as can be
seen in Fig. 3. A clustered spectrum is a favourable setting for Krylov subspace methods. However, as it will be shown later,
finding the approximate inverse of H’; by multigrid is more efficient when g is large. Thus, the choice of 8 is a trade-off

between the convergence rate of the multigrid solution of the damped system H". and the desired spectral properties of
the preconditioned system (15). In the elastic case, the multigrid efficiency will be also be affected by the velocity ratio r.
We should point out that ‘complex shifting’ or added damping for the elastic system of equations has a similar effect on
the corresponding spectra as with the acoustic equation. This fact provides a case for a successful application of multigrid
preconditioning to the elastic wave equation and will be validated experimentally in Section 5. There, we will also consider
the effect of the inexact multigrid approximation of the preconditioner. Note that our approach is mainly empirical. To the
best of our knowledge, a rigorous theory for the convergence of shifted-Laplacian methods is presently lacking.

Recently, some research has been devoted to the combination of multigrid with deflation-based preconditioning [28,29].
The basic idea is to design a further preconditioner which clusters the eigenvalues in Fig. 3 towards 1. We refer to [30] and
[31] for a discussion on this matter. We expect that the same idea can be applied successfully to the elastic case, but in this
paper we will focus solely on the multigrid preconditioning (15).

4. Analysis of multigrid applied to the damped elastic wave equation

In the previous section, we studied preconditioning by the damped wave equation and assumed that the associated linear
system could be solved exactly. Since we intend to obtain only an approximation of its solution by multigrid iterations,
the previous analysis should be adapted accordingly. In this section, we will focus on the application of multigrid to the
damped wave equation. The starting point is the previous work of [11,10], valid for the acoustic case. In order to assess the
performance of multigrid, the classical tool of local-mode analysis was considered in [11,10]. For the elastic case, we will
have to apply this method to a linear system, for which the theory can be found in [26, e.g.]. To validate the predictions of
the following local-mode analysis, we will compare them to numerical experiments.

Multigrid is a well-known numerical technique for solving certain classes of partial differential equations [27,26, e.g.]. It
exploits the multiscale behaviour of classical solvers by considering a hierarchy of discretization grids. Multigrid relies on
two fundamental ingredients: smoothing and a coarse-grid correction. Given a linear system H", which might arise from the

discretization of a partial differential equation on the grid G", and starting from an approximation ug of the solution u”,

smoothing consists in reducing the high-frequency or short-wavelength components of the error eg =ul - ug. This is a

typical trait of many elementary iterative methods, such as Jacobi and Gauss-Seidel, that can easily remove high-frequency

solution errors but have difficulty with the low-frequency components. However, once a new approximation flg is computed

for which the error &7 is smooth and satisfies the error equation H" &% = (where ! is the corresponding residual),
the fine-grid problem can be approximated on a coarser grid: HZhééh = f'éh. The solution of the coarse-grid problem is
projected or prolongated back to the fine grid to give the so-called coarse-grid correction. Since ‘low frequencies’ on the
fine grid become ‘high frequencies’ on the coarse grid after restriction, the same idea can be exploited recursively to solve
for the coarse-grid problem.

4.1. Multigrid for the acoustic wave equation

Multigrid is typically effective for positive definite linear systems, for example those arising from the discretization of
elliptic partial differential equations, and it is known to behave poorly for the undamped wave equation. The reasons are
discussed in some detail in [14] and [10] and the same conclusions hold for the elastic case. Basically, classical smoothers
like point-Jacobi will severely amplify the long wavelength components of the error on ‘intermediate’ grid levels, effectively
hampering the performance of multigrid. Another issue concerns the coarse-grid correction: some eigenvalues corresponding
to a certain discretization level h might undergo a change of sign on the coarser grid G2". It can be shown, as in [14], that
the coarse-grid correction corresponding to this particular component will be updated in the ‘wrong’ direction. Multigrid is
thus unable to solve for the space associated with these eigenvalues. When damping with g is introduced, the eigenvalues
of H’;; are shifted into the complex plane and multigrid can be effectively applied [10].

4.2. Multigrid for the elastic wave equation

In this section, we will show that multigrid can as well be applied to the damped elastic wave equation. We start with
a brief introduction on local-mode analysis — the main quantitative tool we will use to assess the numerical behaviour of
multigrid. We then proceed by discussing the performance of point- and line-Jacobi smoothers and finally by comparing
estimated convergence factors from n-grid analysis to the values obtained by numerical experiments.

4.2.1. Introduction on local-mode analysis for the elastic wave equation

Local-mode analysis is a predictive tool that can be used to effectively measure multigrid performance. In essence, it is
the spectral decomposition of the linear operators involved on the space of scalar Fourier grid functions ¢ (@) defined by

@ @)mn=expli(@xm+06;n)], 0= by, 6,) €[—m, ]°. (17)
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For simplicity, we will only treat the 2-D case. This decomposition is useful in estimating how the various Fourier com-
ponents of the error of a particular estimate of the solution are reduced after each operation that is part of a multigrid
cycle. Since linear operators like H" are defined by a spatially compact stencil, and its action involves ‘local’ operations,
the mode analysis is arguably still valid by setting homogeneous physical parameters in the definition of the discretized
linear operators and considering unbounded grids G" or periodic boundary conditions. The discussion that follows is made
under these assumptions. We refer to [26] for a more extensive introduction on local-mode analysis of linear systems. In
this section, we provide a succinct and formal definition of smoothing and n-grid analysis [32] with emphasis on the wave
equation and its discretization by the staggered-grid scheme (11).

We start with a formal Fourier analysis of the elastic wave equation operator H% acting on the space of grid function
pairs L2 (G") x L2 (G"), where L% (G") is the set of square-summable functions. Given a vector ug € C2, we define the
Fourier symbol H’f} as:

H} [ (0) uol =HJ (0) uo, (18)
which, in other words, is the ‘eigenvalue matrix’ of the Fourier grid function. Since Hg is a 2 x 2-block matrix, ]:[g @) is a

2 x 2 matrix. The eigenvalues of l:l% can be found by a standard P- and S-wave diagonal decomposition:

HY 0)=M"(0) Al 0) M" 0)*, (19)

where the asterisk denotes conjugate transposition, Mh 6) = [ﬁg OR s (0)] is the matrix of P- and S-wave eigenvectors,
and A’; 0) = diag([k’ll B 6), )»’514/3 (0)]) is the eigenvalue matrix. As already noted in Section 2, the wave potentials of the

staggered-grid scheme are defined by a discretization of the P- and S-wave Helmholtz equation, which is consistent with
the stencils (11). Their Fourier transforms are

5 4 an(%) 5 4 [0\ . (0
0% (0):_? sin (f) ) 8)’(12;)( 0) = ~Thz el (Z0xH02)/2 gin (f) sin (f)

A 4 . 0 ] R 4 9 2
sz;z(a) =_?el(0"_02)/2 sin (7)() sin (f) , 322 (0) =—? sin (?Z) .

It is easily found that the eigenvectors associated with the eigenvalues A’ll g Ag 8 in (16), apart from scaling factors, are

2i ; 0 ; 0 2i . 0 . 0
~h _ —i6x/2 o x —i6,/2 o z ~h _ 107/2 o z i0x/2 o X
up,(@)=—|e sinf =— |, e sin| — , uc(@)=—|—e sinf =], e sin|f =— | |.
ad h[ (2) (2)] @ h[ <2> <2>]
(20)
In the expressions of ﬁ[’} and ﬁsh, one may recognize the Fourier symbols of the gradient and curl operators, discretized by

the centred schemes (12) underlying the stencils (11):

i) = [é,’}_ ), 51 (o)] ~V @), @)= [—é§+ ). 4h, (o)] ~ carl 0). 21)

The Fourier analysis of the operator H’f"g allows us to analyse the properties of many smoothing schemes. A simple form
of smoothing, which proved to be effective for the damped acoustic wave equation, is given by the classical Jacobi scheme.
Given a certain initial guess u’é of the solution of H% u =f" the Jacobi iteration consists of the update

ul=uf+n D)) "rf.  rf=f"—H}u (22)

where D’é is the diagonal of H’; and 7 a relaxation parameter that needs to be adjusted for effective smoothing. To under-

stand how the initial error eg = ug —u” is reduced, we write

ef=stel, s"=1"-n D)) " Hj, (23)

where S" is the point-Jacobi iteration matrix. The local-mode analysis of S" provides a theoretical estimate of how the
different wavelength components of the error are damped by the smoothing. Since smoothing is designed to solve for the
short-wavelength components, corresponding to

T 4
|[0x|>— or |0z]>—,
2 2
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we define the smoothing factor as:

M?:max{|/\|:keigenvalueofﬁh(O), |0X|>% or |02|>%}. (24)

Clearly, besides smoothing, a comprehensive analysis of multigrid requires the study of the coarse-grid correction over
many grid levels. Any number n of grid levels could be considered, but usually, n < 3 suffices to analyze multigrid schemes.
For the elastic wave equation, we will consider n = 4. For ease of exposition, we will summarize the theory of n-grid analysis
for the simple two-level case, n = 2. We refer to [32] for a more general treatment.

The operations of two-level multigrid are

uq = ug +n (D% y~! rg (pre-smoothing, e.g., Jacobi),

r2 =R ! (restriction of the residual to the coarse grid),

H%}h el —p2h (solution of the coarse-grid error equation),

é’f = Pzﬁ e %h (interpolation of the solution error onto the fine grid),

(coarse-grid correction),
ul=ull 4y (D% )" rh (post-smoothing, e.g., Jacobi).

The grid transfer of the functions of L2 (G") and L2 (G2?") is managed by the restriction operator Rz’; and prolongation
operator P 2’,1. A natural choice would be

R 0 PP 0

R¥=( " N N : (25)
R2h 0 P h
0 h 2h

where Rzﬁ and Pzﬁ correspond to scalar restriction and prolongation operators. We assumed standard coarsening. The

coarse-grid linear system Hé”‘ can be obtained from a direct discretization of the wave equation on the grid G2 or from
the Galerkin condition

HZ' =R’ HI P, (26)

When the restriction and prolongation operators are chosen as in (25), it corresponds to a coarse-grid block operator
where each block satisfies the scalar Galerkin condition, e.g., Hii’ p= R% H QX, p P,! for the first block of H?;h. Through
the two-level multigrid algorithm, the error is transformed according to

eg:Th,Zh eg’ Th,zh:(sh)VQ I("l,zh(sh)l)l’ I(’I,zh:Ih_PZZ(H%h)f‘lRZZ Hh, (27)

where v and v, are, respectively, the number of pre and post-smoothing iterations. In the smoothing analysis, we exploit
the diagonalization of the operator S" over the Fourier grid functions. The complication of the two-level analysis stems
from the fact that the coarse-grid operator K™ 2" mixes wavelength components and, therefore, does not diagonalize over
the same basis. However, it admits a block diagonal decomposition over the direct sum of the following 8-dimensional
subspaces

F2|I00]]:span{<p(0)u0:0500m0d7r, uoe(Cz}, (28)

parametrized by the 7 modulo classes [[6 o], where 6 € [—7/2, 7 /2]%. For a 2-D analysis, these classes consist of four
elements:

100l ={68=00. 0 63 63 1.

It can be easily proven that F,[[# o] is an invariant subspace for the two-grid operator T 2

two-grid multigrid boils down to the matrix representation:

, and the spectral analysis of

3

T2 g @huo= Y T2 @k 05) ¢ @ uo. (29)
k=0
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Fig. 4. Effect of point-Jacobi smoothing applied to the elastic case for the homogeneous problem Hg uh =0 for =2, ksh=1/10 (corresponding to 20

points per wavelength) and r = 3. The damping factor is 7 = 0.5. The initial guess ug, pictured in (a), consists of a unit function whose support is a square
set, for both components. The results after 100 iterations show that point-Jacobi is not effectively smoothing in the vertical and horizontal directions,
respectively, for the (b) horizontal and (c) vertical particle displacement components.

The 4 x 4 2 x 2-block matrix T" 2" [[8 o], =T" 2" (9%, 8!)) is obviously equivalent to an 8 x 8 matrix. Not only different
wavelength components are intermixed by the two-grid operator, as in the acoustic (scalar) case, but also P- and S-wave
modes. The two-grid convergence factor is then defined by

pcg = max { |A]: X\ eigenvalue of Th-2h [0oll, 6oc[—7/2, 7r/2]2 } (30)
By induction, the same kind of analysis can be generalized to define n-grid convergence factors uﬁ [32].

4.2.2. Point- and line-relaxation schemes

In the previous section, we discussed smoothing analysis by considering the elementary point-Jacobi smoothing. As
already mentioned, this is an effective choice in the context of shifted-Laplacian multigrid for the acoustic case. However, the
simple numerical example in Fig. 4 shows that point-Jacobi is an anisotropic smoother for the elastic case. This observation
can be confirmed theoretically by applying the techniques of the previous section. First, we denote the diagonal operator
DZ =diag H", in stencil notation, by

0 0 0 0 0 0
h h
D s = 0 Hﬁxyﬁ(0,0) 0 |. DhLz% 0 H’Z‘Z‘ﬂ(O,O) o |, (31)
0 0 0 0 0 0

and D" _Dgx,ﬁ £ 0, where ng_ﬁ 0,0) = ng,ﬁ (0,0) = —k2(1—Bi)+2(r?2+1)/h2. We then apply the P- and S-wave

Xz, B —
decomposition to the smoothing operator S" in (23). Its eigenvalues are

. (0:\% . (627
kin2(1-pi)—4r? |:sm<7> +sm(?> i|

kZh2(1-Bi)—2(r2+1)

. 0\ (027
k%hz(]—ﬂl)—4|:sm<?> +sm<?> :|
_r) .

kZh2(1-Bi)—2(r2+1)

i@ = 1-9

’

(32)

Il
P

15 ®)



G. Rizzuti, W.A. Mulder / Journal of Computational Physics 317 (2016) 47-65 57

1 0 1 0 1
0.8 0.8 0.8
0.6 0.6 0.6

< 72 < 7/2

0.4 0.4 0.4
i 0.2 0.2 0.2

0 T 0 m 0

0 /2 T 0 w2 T 0 /2 T
0 0 0

@230 OIFEAG] ©max {| 435 @ |, [155 @)

Fig. 5. Smoothing factors of point-Jacobi for the elastic wave equation as a function of the Fourier component relative to #: (a)
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Ag’_};; 0) ) } for B =2, ksh=m /10 (corresponding to 20 points per wavelength), r =2 and n =0.5.

In Fig. 5, we depict these factors as a function of the Fourier component relative to #. From (32), it is easily found that

0x\ 2 0.\ 2
At @)~ 1 -2y |:sin(7x> +sin(?z) ] ah@)~1, forr— +oo. (33)

As evident from (33), for large values of the velocity ratio, n can be tuned to only smooth P-wave modes, but the S-wave
eigenvalue remains equal to 1 regardless of # and the relaxation factor 1. Recalling the identity (21) and considering an
initial error decomposed over the P- and S-wave eigenbasis (20) as &g (9) =at} (9) + bﬁ’; (8), point-Jacobi transforms the
error into

@) =18"®)1" &5 @) =alrpy @1"aE @) + b2 g 01V al0) ~bal (),

for a sufficiently large number of smoothing steps v. Because of the inadequate smoothing of the S-wave components for
high velocity ratios displayed by equation (33), only the S-wave mode component of é’]‘ () survives. From the expression of
ﬁg (@) in (20), we readily observe that the horizontal component of éﬁ‘ (0) is effectively damped for 6, ~ 0, and the vertical
component for 6, ~ 0. Thus, the horizontal and vertical components of é’;’ (@) will show a rough profile along, respectively,
the vertical and horizontal directions (as in Fig. 4).

We showed that point-Jacobi fails to solve for the short-wavelength components of the S-wave mode of the error,
and this results in smoothing anisotropy. This is a well-known issue when, for example, dealing with regular grids de-
fined by different horizontal and vertical step-lengths: G"x"z =h,Z x h,Z. Operators like anisotropic Helmholtz, (e.g.,
each of the blocks along the diagonal of Hg in (4)) are equivalent to the Helmholtz equation defined on an anisotropic
grid, and therefore display the same behaviour. In the literature, the standard solutions for this type of shortcomings
are: (i) semi-coarsening, (ii) line smoothing. Semi-coarsening, for example along the horizontal direction x, consists of the
discretization hierarchy: GMxhz — G2hxhz 5 G4hxhz 5 Semi-coarsening can also be applied simultaneously in mul-
tiple directions [33]. Even though this is, in principle, a valid approach, in this paper we stick to the second option of line
smoothing.

A line smoother for the elastic wave equation. Line smoothing is based on the idea of treating the unknowns of the problem
as a set of ‘block variables’, each block corresponding to the grid points positioned along a row or column of the grid G.
The operators involved are then reinterpreted as acting on these variable sets as a block, rather than on individual grid
points. This point of view concerns the way the inverse of an operator is approximated. For example, when the interaction
between variables is completely neglected, namely when each blocks corresponds to a single grid-point, it leads to the
approximation of the inverse of a linear system H’/Z} by its diagonal inverse (D’/};)‘l, as in point-Jacobi smoothing (23).
Based on the observations made about the anisotropy of point-Jacobi, we treat the wavefield variables u in the following
way: the horizontal component u* is considered as a collection of columns, while the vertical component u# as a set of
rows. The resulting block-diagonal operator of H’]g can then be expressed in stencil notation as

h
0 0 0 0 szyﬂ(O,—l) 0
h h h
Dxx,ﬁé Hl;x,ﬁ(_l’o) HZx,ﬁ(O’O) HZx,ﬁ(l’O) ’ Dzz,ﬁé 0 sz,ﬁ(o’ 0 0 » (34)

0 0 0 0 HL, 0 1 o0
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Fig. 6. Smoothing factors of line-Jacobi for the elastic wave equation as a function of the Fourier component relative to 6: (a) |)\§hﬁ @) | (b) |A§f‘ﬁ ) |
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Table 1
Smoothing factors /L?, as defined in equation (24), for: (a) point- and (b) line-Jacobi smoothing with a staggered-grid discretization. The comparison is
made for different grid levels, velocity ratios and direct discretization as well as Galerkin coarse-grid operators (defined by full weighting as restriction
and bilinear interpolation as prolongation operator). For this numerical comparison, we let the damping factor g =2 and S-wave wavenumber ksh = /10
(corresponding to 20 points per wavelength on the finest grid). For each of the four experiments, the relaxation parameters 1 were tuned to minimize the
smoothing factors for the range of velocity ratios r € [1, 5] on each grid level h, 2h, 4h, 8h, 16h.

Smoothing factors

Direct Galerkin
r=2 r=3 r=4 r=>5 r=2 r=3 r=4 r=>5
h 0.90 0.95 0.97 0.98 h 0.90 0.95 0.97 0.98
2h 0.91 0.96 0.97 0.98 2h 0.82 0.91 0.95 0.97
4h 0.93 0.98 0.99 0.99 4h 0.87 0.94 0.97 0.98
8h 1.00 1.00 1.00 1.00 8h 1.00 1.00 1.00 1.00
16h 0.71 0.77 0.83 0.84 16h 0.93 0.91 0.83 0.94

(a) Point-Jacobi

Direct Galerkin
r=2 r=3 r=4 r=>5 r=2 r=3 r=4 r=>5
h 0.84 0.84 0.90 0.93 h 0.84 0.84 0.90 0.93
2h 0.92 0.92 0.92 0.94 2h 0.76 0.76 0.80 0.83
4h 0.75 0.87 0.93 0.95 4h 0.81 0.81 0.82 0.84
8h 0.80 0.94 0.98 1.00 8h 0.70 0.71 0.79 0.82
16h 0.58 0.66 0.86 0.97 16h 0.56 0.56 0.61 0.74

(b) Line-Jacobi

and D’;zy g = DQX‘ 8 £ 0. Line-Jacobi smoothing is then defined exactly as in (22), by replacing the point-wise diagonal
operator with its line-wise counterpart (34). For the staggered-grid scheme, its Fourier symbol reads

A 4r2 2] 2 2 N 4T2 0 2 2

DI 4 (0)= —k§(1—51)+h—2 sin <?"> +—7 DI, 5(0)=—-ki( —Bi)+ 5 sin (f) 7 (35)
We should observe that the line-smoothing operator does not diagonalize over the same basis of gradient and curl op-
erators (20), as in the case of the point smoother, meaning that the P- and S-wave components of the error are mixed.
The components relative to this new eigenbasis are damped according to the eigenvalues A, g, A2 g shown in Fig. 6. The
expressions for these eigenvalues and eigenvectors are lengthy and therefore omitted. A comparison of the smoothing fac-
tors in Fig. 5¢ and Fig. 6¢c demonstrates the effectiveness of this scheme: indeed, the smoothing factors of point-Jacobi
take values close to 1 on the short wavelength region {|6x| > 7 /2 or |6,| > r/2} (Fig. 5¢), while it is reasonably below 1
for line-Jacobi (Fig. 6¢). For simplicity, we only have analyzed the behaviour of smoothing by direct discretization of the
elastic wave equation on a certain grid level G". In Table 1, we report the results of our smoothing analysis for point and
line-Jacobi and we observe that line smoothing is also a good choice for the Galerkin coarse-grid discretization (26).

From a computational point of view, line-Jacobi requires the solution of the linear system:

Dh 0
phvi=f" ph=( """ |
o DI,
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following the definition (34). This system can be decomposed in a series of independent tri-diagonal 1-D problems —
horizontal-wise for Dh . p Of vertical-wise for Dh — that can be solved efficiently with linear complexity (see Thomas
algorithm in [34]), resultmg in a well-suited scheme for parallel implementation.

Analysis of line-Jacobi for the limit case r — +oco. Even though we demonstrated the effectiveness of line smoothing over
the point-wise counterpart for the staggered-grid scheme, its smoothing quality deteriorates when r — 400, showing a
behaviour similar to equation (33). Indeed, it can be proven that

wh@~1-2n 23 @)~1.  forr— +oo. (36)

The same analysis, however, shows more favourable properties for Kelly’s finite-difference scheme (9). The eigenvalues
related to point-Jacobi, in this case, are

Sh o 0\ (0P (0. [(0:\°
)\P’ﬁ((:?)~l—2n|:sm<? + sin > —sin > sin 5 ,
0x\ 2 0,2
wEhoy~1-2 in( =
@) nsm(2> sm<2>

for r - +o00, with eigenvectors
. . 0x 02 Ox\ . (0
up (@) ~|sin{ = )cos{—=),cos{—=)sin{ = )|,
2 2 2 2
N Ox 0z . [0« 02
ug (0) ~ | —cos sin ,sin|f =— ) cos| = | |.
2 2 2 2

So far, we experience the same difficulties seen for point-Jacobi applied to the Virieux’s scheme, namely the inefficient
smoothing of the S-wave error modes (this is true whenever 6, or 6, are close to zero). For the same reasons discussed for
the staggered-grid scheme, this produces anisotropic smoothing that can be eased by a line solver. A computation analogous
to (36) shows that, for the line smoother, we have

Ox 0
Ah@y~1—n|1+ z
~p(0) n[ cos<2>cos<2>],

meaning that 1 —n < AS h (0) <1l-n1- \/_/2) and 1—-n(1+ \/_/2) < As h (0) <1—n for short-wavelength compo-
nents and 1 > 0. Therefore the relaxation parameter 1 can be chosen such that the smoothing factor is strictly less than 1,
contrary to what is the case with the staggered-grid scheme. Now, the smoothing properties of the line relaxation scheme
are acceptable, as will appear in the numerical experiments of Section 5.

Line relaxation for acoustic regions (it =0). As a final remark, we analyse line-Jacobi for the acoustic case pu = 0. Here, we
will specifically consider the elastic formulation (5), adapted to the acoustic case. We point out that the smoothing schemes
just presented for the staggered-grid finite-difference scheme cannot effectively handle acoustic regions inside the medium.
Indeed, similarly to (36), the eigenvalues of the line-wise iteration operator for the acoustic case are

o(3)||=(3)]
sin|{ — sin|{ —
2 2
0\ 2 0.\ 2 ,
[kl%hz(l—ﬂi)—4sin<7x> } |:I<l%h2(1—ﬂi)—4sin<72> }

which, for small P-wave wavenumbers kp, reduces to the limit case for S-waves (36). The expression for Kelly’s scheme is
fairly similar, where, in the numerator of the fraction, the arguments 6,/2, 6,/2 of the sine function are replaced by 6y, 6.
Therefore, the line smoother is able to properly reduce the short-wavelength components of the error. In this paper, we
avoid the issue altogether by considering only strictly elastic media with ¢s > 0.

4

Sh@)=1-n+n

4.2.3. Comparison of n-grid and numerical convergence factors

We conclude the section on elastic multigrid by testing the theoretical findings on the line smoother in combination
with a complete multigrid cycle. We refer to [27] for an overview on the different types of multigrid scheduling strategies.
In our numerical study, we will consider the traditional V- and W-cycles.

As pointed out in Section 4.2.1, it is possible to analytically determine the convergence factors of multigrid under the
simplifications discussed earlier. The analysis describes the error reduction by multigrid over a limited number of grid levels
on a problem with constant coefficients. On the coarsest grid, the problem is assumed to be solved exactly. In the literature,
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Table 2

Comparison of the convergence factors, /4 ,, computed analytically by n-grid analysis for n =2, n =3, and n =4 as in (30) to the numerical convergence fac-
tors, [ num, determined by the power method, using the staggered-grid finite-difference scheme. Here we considered a W-cycle with a single pre-smoothing
and post-smoothing step. The coarse-grid discretization is obtained by Galerkin coarsening, with full weighting as restriction and bilinear interpolation as
prolongation operator. The relaxation parameters are optimized to minimize the smoothing factors. The comparison is made for different values of the
velocity ratio r, damping factor 8 and wavenumber: (a) ksh = /5, (b) ksh = /10.

W(1, 1)-cycle convergence factors

B=15 B=2
r=2 r=3 r=4 r=>5 r=2 r=3 r=4 r=>5
poitve 0.51 0.72 0.82 0.88 poitye 0.50 0.71 0.82 0.88
o 0.50 0.71 0.82 0.88 o 0.50 0.71 0.82 0.88
w3 0.50 0.72 0.82 0.88 w3 0.50 0.71 0.82 0.88
4 0.50 0.72 0.91 1.37 Ia 0.50 0.71 0.82 0.88
M num 0.50 0.72 0.84 1.26 M num 0.49 0.70 0.82 0.88
(@) ksh=m/5

B=15 B=2
r=2 r=3 r=4 r=>5 r=2 r=3 r=4 r=>5
wyrt2 0.47 0.68 0.80 0.86 wyrtv2 0.47 0.68 0.80 0.86
o 0.46 0.68 0.80 0.86 o 0.46 0.68 0.80 0.86
w3 0.46 0.68 0.80 0.86 w3 0.46 0.68 0.80 0.86
g 0.46 0.68 0.80 0.86 g 0.46 0.68 0.80 0.86
M num 0.46 0.68 0.80 0.86 M num 0.46 0.67 0.80 0.86

(b) ksh=7/10

usually two or three levels are considered. In general, the smaller the number of coarse-grid levels, the more optimistic the
estimate. Here, we needed n =4 levels to address the complications of the elastic wave equation.
The comparison is made with numerically computed convergence factors. This requires the spectral radius of

-1
I-M"Hl, M~ (H)

where M" is the approximate inverse of H” after a multigrid cycle. This computation can be carried out by simply using the
power method. In Table 2, we list the results of the n-grid analysis for the staggered-grid scheme using a multigrid W-cycle,
for different values of the velocity ratio, damping factor and S-wave wavenumber. We observe that we need damping values
B that are larger than the one used in [10,11] for the acoustic case to obtain a convergent scheme, highlighting a more
problematic near-null subspace of modes, caused by the coarse-grid discretization.

As an example, Table 2 compares the results of the n-grid analysis to the numerically computed convergence factors
using a W-cycle. The numerical results are in good agreement with the theoretical estimates, demonstrating that local-mode
analysis can be used as a guiding tool to choose and optimize the different components of multigrid.

4.2.4. Extension of the smoothing scheme to 3-D

The generalization of the proposed line-smoother to 3-D is of paramount importance for seismic imaging applications.
As previously noted for the 2-D case, line solvers can benefit from parallelization. The most obvious generalization of
line-smoothing to 3-D corresponds to plane-wise smoothing, which amounts to the solution of many 2-D problems. For
large problems, however, this might result in a very expensive scheme. To ease the computation in 3-D, we foresee the
following alternatives: alternating line-smoothing (x, y and z directions), semi-coarsening, or a combination of both. We
might expect better smoothing factors with plane-smoothing than with 3-D alternating line-smoothing. These alternatives
can be assessed by local-mode analysis, similar to the 2-D case presented here, and will be the subject of future study.

5. Numerical examples

So far, we discussed the performance of different smoothers and their combination with multigrid for the damped
elastic wave equation. We validated our theoretical understanding by local-mode analysis and found that these results agree
with the actual numerical behaviour of the scheme. Now that we have addressed the accuracy and effectiveness of the
preconditioner in the system (15), estimated by multigrid, we are ready to study the numerical performance of the iterative
solver applied to (15).

In Section 3, we studied the effect of preconditioning by the complex-shifted operator assuming its exact inversion.
Clearly, the actual numerical behaviour of a chosen iterative scheme should account for the inexact inversion of the complex-
shifted wave operator by multigrid. Consequently, the spectrum configuration as seen in Fig. 3 and the convergence of the



G. Rizzuti, W.A. Mulder / Journal of Computational Physics 317 (2016) 47-65 61

iterative scheme will be affected. The purpose of this section is to perform a series of numerical tests of the preconditioning
scheme (15) using the actual multigrid implementation described in Section 4.

We start with a brief comment on the specific numerical implementation of the various multigrid ingredients introduced
in Section 4.2.2 as well as the discrete representation of the problem at hand. We perform two types of experiments: one
to test the numerical scheme for the homogeneous case and the other for an arbitrarily heterogeneous model, based on
the well-known benchmark acoustic Marmousi model: the Marmousi2 model [35]. Each experiment is accompanied by a
discussion of the results, which will show a behaviour — including shortcomings — similar to the acoustic shifted-Laplacian
multigrid preconditioning.

5.1. Additional settings and multigrid implementation

In the following numerical experiments, we test the finite-difference schemes of Kelly and Virieux, discussed in Section 2.
The choice of the discretization of the computational model is made such that the quantity k*h, where k¥ is the
maximum wavenumber, is kept constant. This condition is equivalent to a discretization that keeps the number of points
per minimum wavelength constant. This means that for a given frequency, the size of the computational grid is adjusted
accordingly.

As for boundary conditions, we set up sponge layers to mimic absorption at the edges of the model. Of course, per-
fectly matched layers can be also considered [36]. Theoretical and numerical studies on the effect of this type of boundary
conditions for acoustic multigrid can be found in [37] and [38].

For the multigrid implementation, we stick to traditional choices for the various components. For the coarse-grid operator
we can consider: (i) direct discretization of the wave operator on the corresponding grid level, or (ii) Galerkin condition (26).
Local-mode analysis suggests that (ii) is a more robust approach. For restriction and prolongation operators, we use, respec-
tively, full weighting and bilinear interpolations. In stencil notation,

’1:]6 )

1
th A 1 2
1

NN

1 1
2|, Ppe-2
1 1

NN

1
2
1

which symbolize the action (R} u")3;5;=(R™ « u"),;,;, defined in (6), and (P, u?M); j= (P, « I,lu?"); ;, where
I,hu?" is the injection of u?" on the grid G", determined by the values of u2" on G2" € G" and vanishing on every
other grid point. Operator dependent grid transfer restrictions and prolongations, as studied by [39] and extended by [10]
to complex matrices, are also an option. As of multigrid grid-level scheduling cycles, we will consider V(v1, vy)-cycles, for
computational efficiency. The number of pre and post-smoothing steps will be set to v1 = vy = 2. The relaxation parameters
1 in (22), for the line-Jacobi smoother, are optimized for the range of velocity ratios displayed by the medium, and for all
the wavenumbers up to the maximum value of the model. We should point out that the chosen amount of damping, 8,
is based on numerical investigations rather than rigorous theoretical analysis. As discussed in Section 3, large values of B
lead to better multigrid convergence of the preconditioner while small values generate a more favourable spectrum for the
preconditioned system if that system could be solved exactly.

Lastly, a number of options is available for the outer iterative method. For non-symmetric problems, we could consider
any Krylov subspace method such as GMRES, Bi-CGSTAB or IDR(s). In our experience, Bi-CGSTAB performs the best for the
problem at hand and will be the choice for the following numerical study.

5.2. The homogeneous case

We start with testing how the preconditioning scheme of Section 3 behaves in the homogeneous case. The computa-
tional domain is the 2-D square [—1/2,1/2]%> and we solve for the wavefield generated by a point source located at the
centre (0,0) of the domain. The type of source considered is a vertical force. We study how the number of iteration in-
creases as a function of the frequency. For each of the experiments, the quantity ksh will be kept fixed at a value of 77 /5
and we vary the wavenumber ks. Therefore, the grid spacing h is adjusted accordingly, as mentioned before. Also, different
velocity ratios r and damping factors 8 are considered in the analysis.

5.2.1. Results

Table 3 lists the results, which highlight a reasonable convergence rate for the considered frequency range. As was the
case with the scalar Helmholtz equation, we found experimentally that the required number of iterations increases linearly
with the wavenumber ks. Since the multigrid convergence factors get worse for increasing velocity ratio r, as discussed in
Section 4, the iterative method will perform worse for high values of r.

5.3. A highly heterogeneous problem: the elastic Marmousi model

Now that we have validated the scheme for the homogeneous problem, we test its behaviour for the heterogeneous case.
We will adopt an elastic model based on the well-known Marmousi model, originally designed by the Institut Francais du
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Table 3

Numerical experiment for a homogeneous model. The computational domain is the square [—1/2,1/2]%. A vertical force is positioned at the centre as a
delta source. For each of the performed experiments, we fixed the quantity ksh = /5, corresponding to 10 samples per wavelength. We list the number of
iterations required to decrease the residual norm by 6 decades. The selected values of ks increase linearly and the grid spacing h varies along. We employ
a V(2,2) multigrid cycle, where each of the components are optimized according to the specific velocity ratio r. The experiments consistently show a linear
growth of the number of iterations with respect to the wavenumber ks. We also observe that, as the multigrid convergence factors decay for increasing
velocity ratios r, more iterations are required. A comparison is made between the performance of the (a) Virieux’s scheme and (b) Kelly’s scheme.

Results for the homogeneous problem: iteration count

r=2
ks =100.5 ks =181.0 ks =261.4 ks =341.8 ks =422.2 ks =502.7
B=1.5 106 159 214 268 324 382
B=2 139 226 312 402 443 501
r=3
ks =100.5 ks =181.0 ks =261.4 ks =341.8 ks =422.2 ks =502.7
B=15 121 203 286 391 467 562
B=2 140 212 285 352 446 522
(a) Virieux’s scheme
r=2
ks =100.5 ks =181.0 ks =261.4 ks =341.8 ks =422.2 ks =502.7
B=15 108 150 204 256 327 375
B=2 135 208 289 325 430 486
r=3
ks =100.5 ks =181.0 ks =261.4 ks =341.8 ks =422.2 ks =502.7
B=1.5 108 174 240 299 392 467
B=2 124 188 245 320 391 480
(b) Kelly’s scheme
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Fig. 7. Subset of the elastic Marmousi2 model: (a) P-wave velocity cp, (b) S-wave velocity cs and (c) density p, used in the numerical experiments in
Section 5. The water column on the top of the model has been replaced by an elastic layer.

Pétrole. This acoustic version has been extended to the elastic case by [35]. Here, we will only consider the top-central
portion of the full model. We discard the water layer to avoid the complications discussed in Section 4.2.2 that will affect
the performance of multigrid for the staggered-grid scheme. The corresponding elastic parameters are depicted in Fig. 7. For
this model, the maximum value of the velocity ratio r is about 5.2.

In the numerical experiments, we are going to model the frequencies 1.45 Hz, 2.9 Hz, 5.8 Hz and 11.6 Hz with different
grid spacings. Fig. 8 shows the real part of the vertical particle displacement generated by a point source.
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Fig. 8. Real part of the vertical component of the wavefield propagating through the Marmousi2 model (Fig. 7), for the frequencies (a) 1.45 Hz, (b) 2.9 Hz,
(c) 5.8 Hz and (d) 11.6 Hz, generated by a point source.
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Fig. 9. Convergence history of the iterative solver applied to the Marmousi2 problem for a number of frequencies and wavenumbers. Here, the wave equation
is discretized by the staggered-grid scheme. The discretization for the various frequencies is chosen in such a way that the quantities (a) k{*h = /10
(equivalent to a discretization of 20 points per minimum wavelength) and (b) k" h =7 /5 (10 points per minimum wavelength) remain constant. In other
words, the size of the model is adjusted to the relative frequency as in Table 4. The coarse-grid operator is obtained by Galerkin coarsening. We use the
damping factor 8 =2 in each experiment. The multigrid cycle is V(2, 2).

5.3.1. Results

We tested the convergence behaviour of the iterative solver for different frequencies and values of k' h. The numerical
experiments performed show good convergence properties. The convergence history of Bi-CGSTAB for the staggered-grid
scheme is reported in Fig. 9. However, the number of iterations grows linearly with increasing frequency, as was the case
for the acoustic wave equation.

Table 4 summarizes the numerical experiments. A comparison between the performance of Virieux’s and Kelly’s scheme
is included. As highlighted by the local-mode analysis in Section 4.2.1, the multigrid performance for Kelly’s scheme are
better than for Virieux’s. However, this comes at the cost of inferior accuracy (Fig. 2).
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Table 4
Summary of the results of the numerical experiments on the Marmousi2 model. We compare Virieux’s and Kelly’s finite-difference schemes. For the
reasons discussed in Section 4.2.2, Kelly’s discretization leads to a slightly better performance, even though the accuracy of the scheme is worse than the
staggered-grid’s (see Fig. 2). For each of the finite-difference schemes, we choose the Galerkin coarse-grid operator, 8 =2 as damping factor, and a V(2, 2)
multigrid cycle.

Results for the Marmousi2 model: iteration count

f (Hz) k3 h=m/10 k3*h=m/5
Size Virieux Kelly Size Virieux Kelly
1.45 385 x 593 118 102 193 x 297 137 98
2.9 577 x 993 214 165 289 x 497 226 160
5.8 961 x 1793 362 291 481 x 897 426 297
11.6 1665 x 329 814 694 833 x 1665 948 647

6. Conclusions

This paper comprises a first assessment of the applicability of the preconditioning technique by Laplacian shifting, using
multigrid, applied to the time-harmonic elastic wave equation. In order to substantiate this analysis, we made use of the
classical theoretical tool of local-mode analysis.

By means of local-mode analysis, we were able to point out the shortcomings of the natural choice of point-Jacobi as a
smoother, otherwise effective in the acoustic case. This is due to a defective solution of the S-wave modes in the case of
large P-to-S velocity ratios. In terms of particle displacement wavefield, this results in smoothing anisotropy. We therefore
introduced and validated a suitable line-wise variant of the Jacobi scheme.

In the present experience, different numerical discretization schemes of the wave equation might lead to a different
multigrid performance, as it was the case with Kelly’s and Virieux’s scheme. For Virieux’s scheme, in particular, handling
acoustic subsets of the model is problematic and should be dealt with in a special way. This leaves the question on how to
find the optimal trade-off between accuracy and efficiency.

The results obtained on highly heterogeneous models suggest that the proposed method provides reasonable conver-
gence, in line with what was obtained for the acoustic case. With the elementary multigrid component used in this paper,
we observed that the damping factors should have higher values than in the acoustic case, highlighting a more problematic
near-null kernel. The deflation techniques discussed by [30] and [31] might be especially helpful in the elastic case.

The elastic case suffers from the same shortcomings as the acoustic shifted-Laplacian multigrid, namely the linear growth
of the number of iterations for increasing frequency at fixed number of points per wavelength. As noted in the introduc-
tion, this means that frequency-domain imaging methods can only obtain the same computational complexity as their
time-domain counterparts, from a theoretical point of view. In practice, the constants involved in the complexity analysis
play an important role for the actual performance and the iterative solver here discussed might be a efficient alternative to
the time domain, as motivated by [4] for acoustic imaging. While in 2-D a direct LU decomposition with nested dissection
will be the preferred choice, if many shots have to be computed in the same model, in 3-D this is no longer the case, and
the present study provides guidelines as to how to proceed.
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