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Abstract

A DeflatedICCG methodis appliedto problemswith extremecontrastsin the coefficients,suchas thoseencounteredin
reservoir simulation.Two choicesfor thedeflationvectorsareconsidered.Thefirst oneis basedon thephysicsof theproblem,
whereasthesecondoneis algebraic,andis verysuitablefor parallelcomputing.Theoreticalandnumericalresultsarepresented.

Key words: Deflation,porousmedia,incompletefactorizations,parallelcomputing,conjugategradients.

AMS subjectclassifications: 65F10,65Y05,76S05.

1 Intr oduction

For an oil company it is importantto know the fluid pressurehistory in the subsurfacein orderto predict the presenceof oil
andnaturalgasin reservoirs. A mathematicalmodelfor this predictionis givenby a time-dependentdiffusionequation.This
equationis discretizedby thefinite elementmethodleadingto a largesparsesystemof linearequations.It is well known thatthe
permeabilitycoefficient candiffer by ordersof magnitudebetweenvariouslayersin theearth’s crust[2]. This leadsto a large
conditionnumberof thesymmetricandpositivedefinitecoefficientmatrix. WhenICCGis usedto solve thesystemoneobserves
a badconvergencebehavior andclassicalterminationcriteriaareno longerreliable.

We simplify the problemconsiderably, taking carethat its characteristicpropertiesarepreserved. Assumethatwe have to
solve thestationarylineardiffusionequation:

� div
�
σ∇p��� 0 onΩ �

with boundaryconditionsp � f on ∂ΩD (Dirichlet) and ∂p
∂n � g on ∂ΩN (Neumann)� where∂Ω � ∂ΩD � ∂ΩN. Thefluid pressure

andpermeabilityaredenotedby p andσ respectively. ThedomainΩ consistsof a numberof subdomainsin eachof which σ is
constant.Two valuesfor σ areconsidered:σh � 1 for high-permeabilitysubdomainsandσl � ε for low-permeabilitysubdomains
(e.g.thepermeabilitiesratio for shaleandsandstone:ε is of theorder10� 7 see[3]). Thesubdomainsaredenotedby thedisjoint
setsΩi � i 	�
 1 �������� k � , which aresuchthat: � k

i � 1Ω̄i � Ω̄ andneighboringsetshave a differentpermeabilitycoefficient (when
Ω̄i � Ω̄ j �� /0 thenσi �� σ j ).

Definition 1.1 Thehigh-permeabilitysubdomainsarenumberedfirst: Ωi � i 	�
 1 �������� kh ��� Furthermorethefirstks high-permeability
subdomainsaresuchthatΩ̄i � ∂ΩD � /0 � i 	�
 1 �������� ks���

In this paperwe prove that the numberof small eigenvaluesof the IC preconditionedmatrix is equalto ks the numberof
high-permeabilitylayersthatarenot connectedto a Dirichlet boundary. Theseeigenvaluesleadto thehigh conditionnumber.
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It appearsthat a DeflatedICCG methodcan be usedto overcomethe adverseeffect of the eigenvalueson the convergence
behavior and the terminationcriterion. We have to solve the systemAx � b with A 	�� n � n. We definethe projectionP by
P � I � AZ

�
ZT AZ��� 1ZT � Z 	�� n � m� Sincex � �

I � PT � x � PTx andsince
�
I � PT � x � Z

�
ZT AZ��� 1ZTAx � Z

�
ZTAZ� � 1ZTb

caneasilybecomputed,we needonly computePTx. BecauseAPT � PA, we cansolve thedeflatedsystemPAx � Pb [3]. We
considertwo differentchoicesof thedeflationvectorsZ.

2 Physicaldeflation vectors

Asafirst choicewetakethenumberof deflationvectorsequalto thenumberof smalleigenvaluesof theIC preconditionedmatrix.
Onphysicalargumentswe choosethedeflationvectorsasfollows: thevalueof thedeflationvectoris 1 in onehigh-permeability
layerand0 in all theotherhigh-permeabilitylayers.In thelow-permeabilitylayersthedeflationvectoris anapproximatesolution
of thediffusionproblem[4].

We assumethatthefinite elementdiscretizationis consistent,which meansthatthediscretizationerroris zerofor a constant
function. The subdomainsΩi areapproximatedby polygonsandeachelementis containedin only onepolygon. Finally we
assumethattheoff-diagonalelementsof A arenon-positive.Usingtheseassumptionswe prove thefollowing theorem.

Theorem 2.1 Thedeflationvectorszi � 1 ! i ! ks are such that " L � TL � 1Azi " 2 � O
�
ε �#� i 	�
 1 �������� ks���

From this result onecan prove that the ’small’ eigenspaceof L � TL � 1A is ’nearly’ a subspaceof the span
 z1 �$������� zks � . This
suggeststhat the convergenceof DICCG is independentof the ratio of the high and low permeability. This is confirmedby
numericalexperiments.

For our numericalexperimentwe choosean oil flow problem. We considera 9 layer problem. Five sandstonelayersare
separatedby 4 shalelayers. The layersvary in thicknessandorientation.The IC preconditionedmatrix of this problemhas4
smalleigenvalues.The(D)ICCGresultsaregivenin Table1. Thereis a largeimprovementin thenumberof iterationsandCPU
time. We alsoinvestigatetheeffect of thejump in permeabilities.We usea grid with 19665nodalpoints,takethepermeability
in the sandstonelayersequalto 1 andvary the permeabilityin the shalelayers. The resultsin Table2 confirm that DICCG is
independentof thevalueof σshale.

nodal ICCG DICCG

points iterations CPU iterations CPU CPUconstruction
2760 47 1.19 10 0.37 0.12

19665 83 19.1 20 6.22 1.29
148185 189 350 44 108 12.7

Table1: Numberof iterationsandCPUtime for the9 layerproblem

σshale ICCG DICCG

λmin iterations λmin iterations
10� 3 1 � 5 % 10� 2 26 6 � 9 % 10� 2 20
10� 4 2 � 0 % 10� 3 39 8 � 7 % 10� 2 19
10� 5 2 � 2 % 10� 4 59 7 � 7 % 10� 2 20
10� 6 2 � 2 % 10� 5 73 7 � 8 % 10� 2 20
10� 7 2 � 3 % 10� 6 82 7 � 7 % 10� 2 20

Table2: Thesmallestnonzeroeigenvalueandthenumberof iterationsfor the9 layerproblem

3 Coarsegrid deflation vectors

As a secondchoicewe takethenumberof deflationvectorsequalto thenumberof layers.Now thedeflationvectorsarechosen
equalto 1 in onelayer and0 in all otherlayers. We defineB asthesubdomainblock-Jacobisubmatrixof A. Let Σ

�
B� be the

vectorcontainingtherow sumsof B andA&'� B � diag
�
Σ
�
B��� . Thefollowing theoremis provenin [1].
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Theorem 3.1 LetA besymmetricandpositivedefinitethen

λi
�
A& �(! λi

�
PA�)! λi

�
A& �*� λmax

�
PC �� whereC � A � A& �

MoreovertheeffectiveconditionnumberKef f of PA is boundedby λn + A ,
λm- 1 + A� , �

Wehave alsoprovenapreconditionedversionof this theorem.An interpretationof thisresultis: subdomaindeflationeffectively
decouplesthe original systeminto a set of independentNeumannproblemson the subdomainswith convergencegoverned
by the “worst conditioned”Neumannproblem. This implies that the effective condition numberof the Deflated,Block IC
preconditionedmatrix is independentof thejumpsin thepermeabilities.

To illustratethis we considera smalldiffusionproblemwith two layersin 1D. Thepermeabilitycoefficient of thesandlayer
is equalto 1 andwe vary thepermeabilitycoefficient (ε) of theshalelayer. Theresultsfor a diagonalpreconditioneraregiven
in Table3. Dueto thediagonalpreconditioningthesmallestnonzeroeigenvalueof D � 1A& is independentof ε. As expectedthe
samepropertyholdsfor D � 1PA. Thesmallesteigenvalueof D � 1A, however, decreasesproportionalto ε. This leadsto a large
conditionnumberandslow convergenceof theconjugategradientmethodwhenit is appliedto D � 1Ax � D � 1b.

ε λ1
�
D � 1A� κ

�
D � 1A� λ3

�
D � 1PA� κef f

�
D � 1PA�

1 1 � 9 % 10� 2 102 2 � 9 % 10� 1 6.5
10� 2 3 � 3 % 10� 4 6 % 103 2 � 9 % 10� 1 6.8
10� 4 3 � 3 % 10� 6 6 % 105 2 � 9 % 10� 1 6.8

Table3: Conditionnumbersof D � 1A andD � 1PA

This Block IC preconditioneranddeflationarevery suitablefor parallelcomputing.To show this we presentsometiming
resultsontheCrayT3Efor adiffusionproblemwith permeabilitycoefficientequalto 1. Theresultsfor a480 . 480grid aregiven
in Table4. It appearsthat thenumberof iterationsdecreaseswhenthenumberof blocksincreases.This leadsto anefficiency
larger than1. To explain this we notethatwhenthenumberof blocksincreases,moresmall eigenvaluesareprojectedto zero
which acceleratestheconvergence.

p 1 4 9 16 25 36 64
iterations 485 322 352 379 317 410 318

time 710 120 59 36 20 18 8
speedup - 5 12 20 36 39 89

Table4: Speedupof theiterativemethodusinga 480 . 480grid

4 Conclusions

DeflatedICCG is an efficient methodfor problemswith large jumpsin thecoefficients. Furthermoreit canalsobe usedasan
efficientparalleliterativemethodfor diffusionproblemswith a smoothlyvaryingcoefficient.
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