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ABSTRACT - In this paper we report on an 
algorithm which we have developed to 
model three dimensional scenes with color- 
coded Pseudo Random Binary Arrays. The 
algorithm comprises three steps: first a 
graph recovery, then an iterative reinspec- 
tion and finally application of the PRBA 
information. The combination of these three 
steps allows the algorithm to become auto 
adaptive to the surface studied. 
This approach also opens ways to dynami- 
cally adapt a PRBA to the surface studied in 
order to achieve optimal resolution. 

I INTRODUCTION 
Color-coded Pseudo Binary Array Ar- 
rays[1][2][3][4] (PRBA’s) can conveniently be 
used in the modeling of three-dimensional 
scenes. To do so an image in which a PRBA has 
been encoded is projected onto or reflected by 
the scene under investigation and subsequently 
recorded by a CCD camera. The major advan- 
tage of the use of PRBAs lies in their so-called 
windowing property: from a given minimal size, 
each subpattern of a PRBA is unique. This infor- 
mation allows for absolute positioning of the pat- 
tern which adds to potential robustness of the 
method. 
In previous papers[4][5] basic aspects of the ap- 
plication of this PRBA based technique to the 
measurement of the shape of the human cornea 
have been discussed. We summarize here the 
major steps: 
1) a PRBA is geometrically/color encoded into 

a 2D pattern that is mirrored to the cornea, 
2) in the reflected image uniquely character- 

ized positions are localized, 

3) 

4) 

5) 

The 

a graph is built connecting these positions 
into an ordered set, 
based on the PRBA information each posi- 
tion is unambiguously identified, 
the positions thus defined are used to mod- 
el the surface measured, e.g. the human 
cornea. 
successful application of this technique cru- 

cially depends on the robustness with which 
steps (2), (3) and (4) can be performed. 
For smooth surfaces these steps are easy to per- 
form. However, when the surface studied has 
highly irregular features severe, local, distortions 
of the reflected image will be induced (see figure 
1 (3) and (4)). Reliable graph reconstruction, 
which lies at the basis of the surface reconstruc- 
tion, is then problematic. 
In this paper we present an algorithm which al- 
lows robust and fast graph reconstruction. We 
will illustrate the algorithm to a set of four test im- 
ages which are representative for our applica- 
tion. These four cases are (i) a steel sphere, (ii) 
a steel bisphere with smaller radius of curvature 
in the center than in the periphery, and (iii), (iv) 
two severely deformed corneas. The four images 
which serve as input for step (2) are shown in fig- 
ure 1. Especially case (iii) and (iv) are typical ex- 
amples of the earlier mentioned high irregular 
surfaces. 
It will be clear that the basic principles behind the 
algorithm are readily applied in other application 
fields. 

II BACKGROUND AND DEFINITIONS 
First we will define some background principles. 
For the analysis of the images we follow the pro- 
cedure outlined in [6] and apply a matched filter 
of fixed size to the grey intensity image which 
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figure 1 Four test images studied in this paper: (1) 
regular sphere, (2) bisphere with smaller radius of cur- 
vature in the center than in the periphery and (3), (4) 
two severely deformed corneas. 

has been obtained by summing pixelwise the 
r,g,b values of the color input image. The size of 
the matched filter (in our case 7 by 7) is deter- 
mined by the size (in pixels) of the undistorted 
basic pattern. The positions looked for are char- 
acterized by a maximum absolute response to 
the matched filter. False positive identifications 
are reduced by only accepting those locations 
with responses that exceed a preset threshold 
To, at the expense of introducing false negatives. 
For subpixel localization we follow again [6]. 
In the input image three colors are present: 
color-1 and color-2, which code the PRBA infor- 
mation, and black which allows for synchroniza- 
tion of the pattern, for details see [4]. Application 
of a K-means clustering algorithm enables a ten- 
tative assignment of the colors involved. 
All in all, per unique position, the following infor- 
mation is present: a sub-pixel localization (in im- 
age coordinates), a (binary) direction sense, and 
a tentative color assignment. This is illustrated in 
figure 2. 

.direction (-1) direction (+1b 

figure 2 Graphical representation of the attributes of a 
crossing: the position, two colors, and a color direc- 
tion. 

Thus the image contains three information 
sources: (i) geometrical, (ii) color and (iii) PRBA. 
Simple nearest neighbor algorithms exploit only 
the first source. However, for the irregular surfac- 
es, like pathological corneas, this is not sufficient 
to guarantee the reconstruction of a consistent 
graph. A simple example of a possible degrada- 

tion is shown in figure 3. Proper use of all infor- 
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figure 3 Example of the degradation of geometrical infor- 
mation. In case (a) the left-hand-side neighbor of P is 
obvious in case (b) it is ambiguous 

mation present allows for the definition of a far 
more robust algorithm, which we present in the 
following sections. The first step, referred to as 
basic algorithm, exploits simultaneous geometri- 
cal and color information. This results in the con- 
struction of a (small) consistent graph that 
serves as starting point for the next step. In this 
step, reinspection, the geometrical continuity of 
graph constructed in the first phase is exploited 
for further extension of the graph. Finally in the 
last step, the PRBA information is used to vali- 
date and position the resulting graph. 

Ill BASIC ALGORITHM 
The starting point of the algorithm is an unor- 
dered set of points which have a directional 
sense of color. The data are imperfect due to a 
number of reasons: 
1) false positives and/or false negatives, 
2) possibly erroneous color assignments, 
3) possible erroneous localizations. 
The first task is to regroup these points into an 
ordered graph taking into account these possible 
disturbances. From figure 1 it is furthermore 
clear that local variations in the deformation of 
the input image may be as large as a factor of 
three which makes the use of a fixed size 
matched filter questionable. 
To meet with all these demands we propose the 
following strategy: 

A voronoi %angulation of the detected posi- 
tions, which covers the point space by max- 
imizing the minimal angle of the triangles, is 
taken as a starting point. The triangles de- 
fined are validated using the color informa- 
tion by imposing the constraint that the 
three corner points agree on the color of the 
interior (see figure 4). Thus this phase re- 
sults in the creation of a set of triangles with 
a color attribute (black/color~l/color~2). 
Next triangles that share a common line and 
have the same color are merged into ‘quad- 
rilaterals’. Any remaining isolated triangle is 
withdrawn from further processing. 
Subsequently quadrilaterals that only have 
neighbors at top and bottom or on the left 
and the right are rejected. With this we aim 

3 



largest reduction in the graph structure. 

Criterion 
Input Image Number 
I I I 

1 2 3 4 

figure 4 The triangle built from positions p i  ,p2,p4 is 
accepted only if c l  == c2 == c4 (compare with Figure 
2); similarly triangle p2,p3,p4 is accepted if c2 == c3 
== c4 

2 117 186 

figure 5 Examples of graph fragments: the black struc- 
tures represent black quadrilaterals, the grey represent 
colored quadrilaterals. Case (a) is removed by applying 
step 3 whereas case (b) is removed by step 4 of the 
algorithm. 

28 1 266 

to remove structures as indicated in figure 5 
(a) that skip a row or a column. It should be 
clear that with this criterion no image fea- 
tures are thrown away as the corner points 
involved are still part of non-rejected quad- 
rilaterals. 
Those combinations of colored and black 
quadrilaterals that have only one point in 
common are removed. This is illustrated in 
figure 5 (b). 

4) 

3 

4 

Application of these four criteria yields in a per 
position assignment of a nearest neighbor in four 
directions: left, right, up and down. The order in 
which criteria (3) and (4) are applied is irrelevant 
since they are orthogonal. 

0 1 7 6 

12 40 92 78 

5) Finally the graph is reconstructed by tra- 
versing the two sets of quadrilaterals, black 
and colored, in a strictly alternating way us- 
ing the nearest neighbor information. 

To measure the relative importance of these cri- 
teria we have processed the four images shown 
in section 1. table 1 summarizes the effect of the 
four steps by giving the number of triangles/ 
quadrilaterals rejected. To put this number in 
perspective it should be noted that the maximum 
number of quadrilaterals in each of the images is 
712. From table 1 it can be concluded that, as 
there are no all zero entries for any image, all cri- 
teria contribute. Step 2 clearly represents the 

Table 1: Number of graph structures (triangles/ 
quadrilaterals) rejected at each phase of the recovery for 
each of the images in Figure 1. 

As the deformation of the input image increases 
(going from image 1 to 4) it appears that overall 
more graph structures are rejected. The graphs 
reconstructed for the test images are shown in 
figure 6. 

3 

figure 6 graphs reconstructed from the input images of 
figure 1 after application of the basic algorithm. 

These results show that despite severe malfor- 
mations consistent graphs are built at the ex- 
pense of the introduction of false negatives. 
Especially the boundaries of test images (3) and 
(4) show the presence of false positives. 

IV ALGORITHMIC EXTENSION 1 : 
PATTERN RE I N S P ECTl 0 N 

Visual comparison between the input images 
(figure 1) and the graphs reconstructed with the 
basic algorithm (figure 6) suggest that a further 
improvement may still be possible, especially in 
the severely deformed cases (3 and 4). 
This improvement is based on a reinspection of 
the input image, driven by the already recovered 
graph. Extrapolation of the (grid lines of the) 
graph is used to define a search area for false 
negatives and detect false positives. These false 
negatives may result from a failure to meet the 
present threshold value To introduced in section 
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II. 
The reinspection basically exploits the principle 
of continuity of the geometrical shape. Consider 

Iteration 

0 

1 

figure 7 The definition of the search area in which a 
false positive may be located. 

image 3 Image 4 

(490) (482) 

+89 +98 

the case shown in figure 7. In the basic graph c7 
has no right hand side neighbor which makes 
this side eligible for reinspection. The line from co 
to c1 in the figure presents a connection which 
has been made in the previous phase. Even with 
severe distortions we have noticed that the direc- 
tion as well as the length of such edges change 
only moderately over the graph. Therefore, the 
center of a search area for c2 is geometrically de- 
termined by extrapolating c O - C ~  by / in the direc- 
tion of (col c,) .  The shape of the area limits the 
acceptable deviation in length and direction of 
the edge. Based on experiments we use a 
square with sides 1/2. Note that implicitly this lim- 
its the frequency of the changes in length/direc- 
tion that can be detected and thus represents a 
priori knowledge on the object studied. The 
search area becomes more complicated when 
for instance c3 - the righ- hand-side neighbor of 
c2 - exists. In such cases we take the convex hull 
of all search areas defined. 
The complete outer edge of the boundary quad- 
rilaterals are always subject to a reinspection. 
Within this search area we are reapplying the 
matched filter to the input image. The size of the 
matched filter is taken to be the uneven number 
which is closest to I (expressed in pixels). Note 
that we now adapt the size of the matched filter 
to the size of the pattern. 
As before, the location of the new crossing is de- 
fined by the local extreme of the response of the 
matched filter. Additionally it is required that the 
average responses at discrete distances from 
the extreme (i.e. [l, a,  a ,  ./5 , 2/81 for a 3 
by 3 environment) form a monotonically decreas- 
ing sequence. By applying this criterion, we aim 
to remove any false positives. Since this criterion 
also implicitly thresholds the extreme, the thresh- 
old criterion (To) is no longer applied in this 
phase. A tentative point is accepted when it 
meets this criterion. 

3 

4 

figure 8 after reinspection the visible pattern is almost 
fully recovered (compare with Figure 6). 

+10 +I 2 

+9 +5 

5 +3 +2 

+o I +o I 
~~ ~~ ~~ ~ 

Table 2: Number of quadrilaterals gained by reinspecting 
images (3) and (4). Iteration 0 denotes the starting number 
after the basic algorithm is applied. 

The process can be applied iteratively until no 
more tentative points can be found, i.e. the com- 
plete graph has been recovered, or each tenta- 
tive point fails to meet the acceptance test. 
Applying this reinspection to the test images pro- 
duces the graphs shown in figure 8. table 2 col- 
lates the absolute number of quadrilaterals 
additionally recovered. Visually and numerically 
the improvement of the graph recovered is evi- 
dent. For both images the iteration converges in 
6 steps.To test the consistency and the accuracy 
of the pattern reinspection, the following experi- 
ment was done. From positions recovered from 
image 1 we selected a limited set of (initial) 
points from the middle part of the image (see fig- 
ure 9 (I)). Subsequently, we executed and mon- 
itored the pattern reinspection. Visually this 
process is shown in figure 9 (2-5). To evaluate 
the accuracy, we calculated the root mean 
square distance between the initially localized 
crossing of the basic algorithm and those found 
with the method outline above. This average dis- 
tance was found to be 0.1 pixel. This result is not 
significantly different from the standard localiza- 
tion error of 0.05 pixel ([5]). One might expect a 
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1 2 

figure 9 Starting with only a few crossings at the 
middle part of the image the remaining crossings 
are recovered by iterative dilation during pattern 
reinspection. 

spatial dependency of this localization error due 
to accumulative effects. To investigate this we 
have plotted the spatial distribution of the resi- 
dues which show no such dependency. Therefor 
both methods can be regarded as equally accu- 
rate. 

figure 10 Spatial distribution of difference in relocaliza- 
tion between standard algorithm and dilation experiment 
for data from image (1). Grey scale runs from 0 (white) 
to 2 pixels (black) 

V ALGORITHMIC EXTENSION 2: 
PRBA VALIDATION 

Having reconstructed the graph it is now possi- 
ble to extract the PRBA information from the in- 
put image registered and match it against the 
stimulus. Aspects of this matching have been 
discussed in detail elsewhere[4][5][6]. It suffices 
here to state that a match can only be made 
when the PRBA recovered possesses a minimal 

size. 
For our typical application and PRBA used this 
size is 12 bits (for noise free situations) and ap- 
proximately 100 bits (for situation where 20% of 
colors is misinterpreted). Therefore prior to the 
PRBA matching, graphs recovered smaller than 
this threshold value, are removed. The PRBA 
validation allows for detection of complicated er- 
rors which are caused by complex shapes under 
investigation and cannot be detected by the geo- 
metrical tests given above. 
However, for the above application these errors 
can be excluded. Therefore the final phase of the 
algorithm is the positional relocation of the 
graphs reconstructed. 

VI IMPLEMENTATIONAL ISSUES 
The algorithm described in this paper is imple- 
mented in C and comprises about 3000 lines of 
code. The algorithm is centered around the ma- 
nipulation of a list containing the information of 
the points of the graph. Fundamental is the list of 
points detected in the image. Derived from this 
list is an edge list and a triangle list (triple edge 
list). Finally each quadrilateral refers to two trian- 
gles. 
In the implementation two separate quadrilateral 
lists are maintained, one for the colored and one 
for the black quadrilaterals. Each item contains a 
valid field indicating if the item has been rejected 
and if so for what reason. Efficiently looking up a 
line segment (step 2 of section II), or a point 
(steps 3 and 4 of section II) in these lists is all im- 
portant in this algorithm. Straightforward imple- 
mentation would yield O($) search algorithms 
(N being the number of points involved). For all 
practical purposes more efficient processing is 
required. 
To realize this we use a hashing scheme by 
which we assign an unique number to each line 
segment. Let N be the total number of points and 
let cl and c2 be the index of two points from this 
set, i.e cO, c1 c [ 1, N I .  The hash value of line 
segment c7, c2 is then given by: 

Ceil(1ogN) s = 10 

Hashco, c ,  = Min(co, c1) x S + Max&, c1) 

Sorting this list (e.g. with quick sort) requires Log 
N operations, while for searching for points and/ 
or line segments, a binary search method on the 
hash value can be exploited. This again is a 
LogN operation. 
The total processing of the input image takes 
about 5 seconds on an IBM RS6000/43P (133 
MHz) divided equally over the basic algorithm 
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(searching) and the reinspection phase 
(matched filter). More advanced searching strat- 
egies and reuse of already computed matched 
filter convolutions will allow a further speed-up of 
the algorithm if necessary. 

VI1 DISCUSSION AND FUTURE WORK 
The algorithm presented provides a robust way 
to analyze PRBA based images for surface char- 
acterization. The images (3) and (4) could not be 
analyzed with a nearest neighbor algorithm. One 
of the attractive features of the three pass 
scheme is that it effectively makes the algorithm 
auto-adaptive to the size of the information of the 
input image. Reinspection increases the number 
of quadrilaterals recovered on the average by 
25% allowing a more accurate surface determi- 
nation. 
The sole restriction in the current implementation 
is the size of the area used for reinspection of the 
image. This can be avoided if the second phase 
is not solely based on geometrical consider- 
ations but also exploits the PRBA information. 
With the aid of this the number of missing bits, 
i.e. positions, can be determined. 
The algorithm proposed also opens intriguing 
possibilities for the transition of a static PRBA 
encoding towards a dynamic one. In a dynamic 
approach a feedback exists between the regis- 
tered image and the input image. One of the pos- 
sible feedback mechanisms is to spread as 
uniformly as possible the positions in the regis- 
tered (output) image by deforming the input im- 
age given the irregular shape under 
investigation. It is clear that this facilitates the 
graph reconstruction procedure considerably 
and probes the surface most intensively where 
the changes are at a maximum. 
Preliminary simulation studies have shown that 
this principle of the pattern driven matched filter 
convolution is applicable in such cases and 
greatly reduces the amount of computational 
time needed. An example of this is shown in fig- 

a b C 

figure 11 Example of dynamic adaption of a pattern. The 
input (a) is deformed in such a way that when registered 
by a sphere (b) it is uniformly spread, (c) gives the 
search area for the matched filter and its response. 

sphere as mirroring surface. Starting from an 
uniform input image (figure 11 a) the resulting, 
output, image (figure 11 b) is calculated such 
that when mirrored to a sphere it gives back an 
uniform pattern. Figure 11 (c) gives the areas in 
which the matched filter is applied. For a 
300x300 image containing 16x1 6 blacwwhite 
squares the computational time is 3 seconds. 
However, since this is a done with a prototype 
version of software significant speedups will be 
achievable. 

All in all we conclude that this approach opens 
new possibilities for optical measurements of 
surfaces. 
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