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ABSTRACT 

For Seidel aberrations of thin radial gradient - index (GRIN) lenses, approximate expressions that have the same 
structure as the homogeneous thin-lens expressions but include also specific gradient effects depending on lens 
thickness have recently been obtained. In this paper it is shown that the approximate thin-lens formulas provide new 
insight into the possibilities and limitations of aberration correction with radial gradients. When lens parameters are 
varied, the change of the exact values of the Seidel coefficients is remarkably well described by the approximate 
expressions. As a simple example, aplanatic correction with a single radial GRIN lens is investigated. Features of 
several solutions that have been optimized with ray-tracing are explained with the thin lens approximation and exact 
Seidel correction. 
Keywords: gradient - index optics, aberrations, optical design 

1. INTRODUCTION 

For simple homogeneous optical systems, thin-lens theory is known for a long time to be a useful tool for obtaining 
insight into the possibilities and limitations of aberration correction t. For radial GRIN lenses, thin - lens expressions 
for power, Petzval curvature and axial color have been used to investigate the ability of these components to reduce the 
number of elements in optical systems 2~3. Recently, the present author has developed a thin - lens theory for all Seidel 
aberrations of radial GRIN lenses that encompasses the thin - lens expressions mentioned above as we114. In this 
paper, examples will be given which show that for radial GRIN lenses the newly developed thin - lens expressions can 
lead to a better understanding of specific features of exact Seidel correction and of optimization based on ray - tracing. 

Consider a GRIN lens having a thickness d , surface curvatures pI and p2 , and the radial refractive - index distribu- 
tion 

n*(r*) = n,z(l- kr* +N,k2r4+...) (1) 
where n0 is the refractive index on the optical axis. Only terms of order 14 determining the Seidel aberrations are 
written in Eq. (1). If the lens thickness is small in comparison with the radii of the two end surfaces 

I I p,d<<l , p,d<<l I I (2) 
a standard approach to derive thin - lens formulas for paraxial and aberration expressions of the lens would be to 
proceed as in the homogeneous case1 and to set the lens thickness,equal to zero in the corresponding exact formulas. 
This approximation, called in what follows “standard thin - lens approximation” , has the serious drawback that the 
effect of ray transfer through the GRIN medium is lost. For instance, if we set d=O in the well-known expression of 
the power of a thin Wood lens (i.e. a radial GRIN lens with plane end faces5 ) which with the present notation reads 

then Eq. (3) vanishes. More generally, in the standard thin - lens approximation the total power 9 = (Pi +q,of a 
thin radial GRIN lens with curved end faces reduces to its homogeneous part 

(Ph = (% -l)(P, -P*> . (4) 
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To include in the thin - lens approximation gradient effects depending on lens thickness, an additional condition 
must be satisfied4 

[kid* << 1 (5) 
The approximation defined by Eqs. (2) and (5) will be called “extended thin lens approximation”. Note that for a thin 

Wood lens having the focal length fw = ‘p,-’ Eq. (5) is equivalent to the condition d << /fw ) . 

2. SEIDEL ABERRATIONS OF THIN RADIAL GRIN LENSES 

The exact expressions for surface and transfer contributions of a radial GRIN lens to the Seidel aberrations (see Refs. 6 
and 7) can provide numerical values for the various aberration coefficients but offer only a limited insight into the 
correction possibilities for the entire lens. In the extended thin - lens approximation, expressions of Seidel aberrations 
for the entire radial GRIN lens can be obtained in which the relationship between lens data and aberrations is more 
direct than in the exact Seidel formulas. 

First, suitable lens variables are introduced 
l+P 

w = lgp”’ a=P,+P*--W 
(6) 

where p is the transverse magnification. These variables are defined such that in the limiting case of a homogeneous 
medium the extended thin - lens formulas reduce to the thin - lens formulas first derived by Argentieri8,9. For homo- 
geneous media, other definitions of the thin lens variables are also possible, e.g. the Coddington variables’. However, 
for radial gradients the Coddington variables are less appropriate, because one of them becomes indefinite in the case 
of a Wood lens. 

Consider the case when the aperture stop is situated at the lens. (The expressions in the general case of an arbitrary 
stop position can be easily obtained by means of stop - shift formulast.) By summing up for each coefficient the 
surface contributions at the two end faces and the transfer contribution of the medium, thin - lens expressions for the 
Seidel aberrations of the entire GRIN lens have been obtained. In the resulting sums, only the linear terms in ‘pg (i.e. 
the linear terms in 6) are kept. In the results listed below h is the marginal ray height at the lens and H is the well- 
known paraxial system invariant4 

Snherical aberration: 

I?, =A=A,+A,+g+A,* 

A -(Phh4 -- 
h 4 

(7) 

(8) 

Al: =q,h4 6s ‘(no - wo - 1) + mJ(no - 3) + qJ * + (3no + eP,* 
2izo2 

(9) 
n0 4 4cno - 9 1 

4 = -2qhh4-f$ 
0 (10) 
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A,* = cp,h4k( 1 - 4N,) 
(11) 

Coma. - 

Astigmatism: 

Petzval curvature: 

I?, = B = Bh + BP (12) 

(13) 

r, = H’((p, +(pA) = H*<p 

(14) 

(15) 

(16) 

Distortion: 
r, = 0 (17) 

Thus, in the extended thin - lens approximation the presence of a radial GRIN medium inside the lens produces two 
additional types of contributions to the Seidel aberrations of the lens in comparison with the homogeneous case: 

i) An aspheric - like inhomogeneous surface contribution [Eq. (lo)] that does not depend on the lens thickness and 
exists also in the limiting case d=O (i.e. it is described also by the standard thin lens approximation). For lenses 
having a moderate thickness, this contribution is in many cases the largest contribution due to the gradient medium. 

ii) Transfer contributions proportional to the gradient power ‘p, = n,kd . These terms have a significant influence on 
the total aberrations of the lens (and therefore on the capabilities of the lens for correcting aberrations) only if the lens 
thickness has a value which is not too small. On the other hand, with increasing thickness, even the accuracy of the 
standard thin - lens approximation [Eqs. (2)] is gradually lost. To see whether under these circumstances the transfer 
terms specific to the extended thin - lens approximation are relevant for practical purposes, it is necessary to compare 
numerically for realistic lens data the results produced by the extended thin lens approximation with exact Seidel 
results. This will be done in the next section. 

         156



3. EFFECTS OF CHANGE OF LENS PARAMETERS ON SEIDEL ABERRATIONS 

For homogeneous lenses, experience shows that the - thin lens approximation has a practical value also for lenses 
having finite thickness. Unless the thickness becomes large, qualitative conclusions drawn from thin - lens analysis 
are in many cases confirmed by exact calculations. In this section we show that also when the radial GRIN lens has a 
finite thickness the extended thin - lens approximation can provide, as its homogeneous counterpart, a considerable 
insight into the dependence of the aberrations of the lens on the lens parameters . 

For homogeneous lenses, lens “bending” is one of the useful tools in optical design. If the shape of a lens is changed 
while keeping its power constant the aberrations of the lens are changed markedly. For radial gradients, the total 
power of the lens consists of three terms: the contributions of the two end surfaces and the contribution of the medium. 
Thus, for a given value of the total power, two types of bending are possible: 

i) homogeneous bending - the transfer of power from a surface to the other and 
ii) gradient bending - the transfer of power from a surface to the medium 

Moreover, spherical aberration can be changed without affecting the power or any other paraxial quantity by varying 
the fourth - order refractive - index coefficient N4 of Eq.(l). 

Since it turns out that analysis of homogeneous bending for radial GRIN lenses leads to similar conclusions as in the 
homogeneous caseto, we will not discuss it here in detail and will analyse only gradient bending and the change of N4. 
Note first that as in the homogeneous case, total distortion [Eq(17)] vanishes. For total Petzval curvature we have the 
well - known expression (16) which has been analysed in detail earlier 2y3. Therefore, in what follows we will examine 
only the behavior of spherical aberration, coma and astigmatism. 

For comparing the approximate and exact Seidel formulas, consider a radial GRIN lens having the object at infinity 
(i.e. p=O) and the stop at the first surface. Table 1 of Ref.11 gives the optimized lens parameters of an aplanatic 
plano-convex radial GRIN lens having an effective focal length of f=4.53mm. This lens is designed as objective for a 
compact disk system and can be currently fabricated. Normalized tof=l, the lens parameters are given in Tab. 1. 

R,= 0.718 1 d= 0.416 1 k= 0.3334 
R,= m I nn= 1.58 1 N,,= -0.863 

Tab. 1 Normalized lens parameters of a radial GRIN lens designed as objective for a CD system” 

Consider first the case of gradient bending. For each value of the quadratic refractive - index coefficient k, the 
curvature of the first surface is adjusted such that the total lens power remains equal to unity. Keeping the second 
surface plane, the variation of k changes the distribution of power between the first surface and the medium. For k=O , 
the lens is homogeneous. When k x1.6, pI vanishes and the lens is a Wood lens. 

In Figs. 1, 2 and 3 the results obtained with the approximate expressions for spherical aberration, coma and astigma- 
tism when k is varied are compared with the exact results. In the computation of the numerical values of Seidel 
aberration coefficients, instead of the real marginal and chief rays fictitious ones ensuring the additional normalization 
H=l have been used. The position of the vertical axis in these figures is such that it cuts the horizontal axis precisely 
at the original value of 0.3334 given in Tab. 1. 

It can be seen from Figs. 1, 2 and 3 that the extended thin - lens approximation [Eqs.(7-15)] gives a good qualitative 
description of the change at gradient bending of exact spherical aberration, coma and astigmatism, while the standard 
thin - lens approximation [‘p, =0 in Eqs.(7-15)] does not. Especially for coma and astigmatism, the standard thin - 
lens approximation produces curves that have no resemblance at all with the exact curves. On the other hand, the 
bending curves obtained with extended thin - lens formulas have nearly the same shape as the exact ones, but are 
shifted with respect to them. 
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Fig. 1 Change of spherical aberration by gradient bending 
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Fig. 2 Change of coma by gradient bending 
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Fig. 3 Exact astigmatism is left almost unchanged by gradient bending 
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The shift of the approximate curves is due to the fact that the lens thickness has a certain nonzero value, in this case 
fairly large one, which is more than 40% of the focal length. Thus, it is the general behavior of the exact Seidel aber- 
rations when parameters change which is well reproduced by the simpler thin - lens expressions rather than the 
absolute magnitude of the aberrations. For instance, according to Eq. (15) the astigmatism of a thin lens having the 
stop at the lens cannot be affected by the change of any of the lens parameters. Figure 3 confirms this prediction for 
gradient bending. Even when the distribution of power between first surface and medium changes significantly, the 
exact value of astigmatism is left almost unchanged. The same relationship between exact and approximate curves 
has been found in other cases, such as homogeneous bending or change of no. 

A change of the fourth - order refractive index coefficient N4 has no influence on the power. In the exact Seidel 
formulas for transfer (see Ref. 7) N4 enters linearly in all expressions excepting that for Petzval curvature. From the 
extended thin - lens approximation it follows however that if the stop is at the lens only spherical aberration is af- 
fected by a change of N4. This conclusion is confirmed by Fig. 4: Coma changes very slowly with N4, while astigma- 
tism is practically constant. 

Note from Eq. (11) that the effect of N4 on spherical aberration is proportional to the gradient power CP~ and conse- 
quently also to the lens thickness. Thus, d can be used to achieve the right amount of sensitivity of the aberrations at 
changes in the refractive index profile. A too small value of (p8 would cause N4 to be ineffective as a design parameter. 
On the other hand, if ‘pR is too large, small changes of N4 have a large influence on spherical aberration and severe 
tolerances on the refractive - index profile are required during the manufacturing process. 

1.2 T 

-0.8 -- 
- spherical ab. 
-----.coma -1.2 - 
- astigmatism fourth order refractive index Coefficient 

Fig.4 Exact spherical aberration, coma and astigmatism as functions of N4 

As long as the thickness d and the quadratic refractive - index coefficient k are not too large, the extended thin - lens 
formulas enable a better insight into the behavior of aberrations than the much more complicated exact Seidel expres- 
sions. Results quite different from those predicted by thin-lens analysis are however obtained when the conditions of 
validity of the approximation [Eqs. (2) and (5)] are severely violated. For instance, for a thin radial GRIN lens with 
an arbitrary position of the stop, astigmatism is given by 

I’, = H*cp +2xYB+6*A (18) 
where the stop - shift parameter 6 is the ratio of the chief and marginal ray heights at the lens. Thus, if the lens has 
nonzero power and is corrected for spherical aberration and coma, it cannot be corrected for astigmatism at the same 
time. However, examples of single radial GRIN lenses are known where exact spherical aberration, coma and astig- 
matism are simultaneously corrected4. In all cases, it turns out that either d or k are so large that at least one of the 

quantities lplld , lp21d, /kid* comes close to unity. 
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4. APLANATIC CORRECTION OF A SINGLE RADIAL GRIN LENS 

To show that thin - lens analysis can explain features of solutions optimized by finite ray - tracing, consider for sim- 
plicity a radial GRIN lens used for imaging with transverse magnification p= -I at a finite aperture, but small field 
radius. In this case, thin - lens theory, exact Seidel correction and optimization with finite ray - tracing will be succes- 
sively applied. 

For p= -I, the thin - lens equations are particularly simple. The aberration types that must be corrected are spherical 
aberration and coma (aplanatic correction). Consider first coma correction. Equations (6) become 

v =o, a = p1+p* (19) 
As can be seen from Eqs. (12-14), coma vanishes either if tZS=O, irrespective of the values of ‘ph and (pg , or if (ph and 

‘ps are such that BR= -B, , irrespective of the value of ZZ. The first type of solutions are symmetric having pI= -pZ . 
Since it turns out that the solutions of second type tend to have very large values of higher - order aberrations, we will 
not discuss them here in detail. 

By adjusting the value of N4, third-order spherical aberration can be corrected while keeping the focal length fixed , 
f=l. However, the lens still has some free parameters. Let us see for the symmetric solutions how the value of N4 that 
corrects spherical aberration depends on the values of the remaining lens parameters. By substituting in Eqs. (8-l 1) 

\I’ =0, a =O, ‘P, =n,kd, tph =l-n,kd 
and keeping only terms up to the first order in d, we obtain 

(20) 

A 
h 

= h4n;( 1 - 3n,kd) 

4(no - 1)’ ’ 

A _ h4nokd(3no + 1) 

R - 4(no - 1) 

Solving the equation 

4 = - 
2h4nok( 1 - n,kd) 

(no _ 1) , A;” = h4nodk2(1 - 4N4) 
(21) 

Ah +Ag +&+A; =0 
(22) 

with respect to N4 yields after some algebra 

N = 3no - 1 k[@o + 1) + qn, - 1)] - no 
4 4(no -1) - 16dk2(no - 1)” 

(23) 

The condition f=l yields 
1 - n,kd 

Pl = -P2 = 2(no -q 
(24) 

Since the solutions (23-24) are functions of three lens parameters, for further numerical comparisons we assign fixed 
values for two of them, e.g. 

no= 1.5, d= 0.4 (25) 
We then have 

and 

N 
4 

= 28k* - 56k + 15 
16k2 

(26) 

p1 =-p,=l-0.6k . (27) 
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Fig. 5 Aplanatic radial GRIN lenses obtained with CODE V (See Tabs. 2 and 3) 

d= 0.4 
no= 1.5 

f=l 
p=-1 

Numerical aperture = 0.2 
Maximal object height = 0.1 

Tab. 2 Common parameters of the four optimized solutions 

solution 1 2 3 4 
R, 1.090 1.117 1.318 1.673 
R, -1.088 -1.117 -1.327 -1.679 
k 0.263 0.301 0.529 0.789 

Nd 5.433 2.946 -0.787 -0.756 

Tab. 3 Specific parameters of the four optimized solutions 
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Fig. 6 Aplanatic correction: N4 as function of k 
Thin - lens theory, exact Seidel correction and optimization with finite ray - tracing 
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As a second step, the aplanatic correction has been investigated at the exact Seidel level. For the fixed values (25) and 
0.2<k<2 , the three nonlinear equations resulting from annulling spherical aberration and coma and keeping the focal 
length unchanged have been solved numerically. Finally, solutions corrected at the exact Seidel level have been used 
as starting configurations for optimization with finite ray - tracing using the program CODE V. For the fixed values 
(25) four local minima have been found. Figure 5 shows one of the solutions. The parameters of the solutions are 
given in Tabs. 2 and 3. Note that the relation pr= - pZ holds fairly well also for the optimized solutions. 

Figure 6 shows the values of N4 as function of k at the three levels of approximation described above. As expected for 
the moderate values of aperture and field that have been used (see Tab. 2), the four optimized solutions are situated 
close to the exact Seidel curve. On the other hand, as in Figs. l-3 the thin - lens curve in Fig. 6 [Eq.(26)] has the same 
shape as the exact Seidel curve and is slightly shifted with respect to it. 

The above thin - lens analysis leading to the simple expression (26) enlightens the origin of the relationship between 
the second - order and fourth - order coefficients of the optimized solutions. Since presently known manufacturing 
technologies impose restrictions on the shapes of the refractive - index distributions that can be produced, such results 
could be used in various cases as a first step in the investigation of the feasibility of the lens. 

5. CONCLUSIONS 

When the parameters of a radial GRIN lens that is not too thick are changed, the extended thin - lens expressions 
reproduce well the general behavior of the exact Seidel aberrations rather than their accurate values: Thin - lens 
curves, turn out to have nearly the same shape as the corresponding exact Seidel curves, but are shifted with respect to 
them. However, unlike the exact Seidel expressions, in the extended thin - lens approximation the total aberrations of 
a lens can be related directly to the lens parameters by relatively simple formulas. Thus, in simple cases the relation- 
ship between lens parameters and aberrations can be investigated analytically. 
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