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ABSTRACT 

Trapping in poor local minima is a common problem in lens design. Conventional lens design approaches only lead the 
designer to one solution each time, and, especially when the designer has only limited experience, often better solutions 
exist. Global optimization algorithms such as genetic algorithms and simulated annealing have been used to find 
alternatives. However, these algorithms usually require significant computational power, and the designer has not much 
control over the process. Saddle point construction (SPC) method has been developed as a technique for adding lenses to 
the original system or to systematically switch from an existing local minimum to a different one. Earlier research has 
shown that in idealized lens design and simple practical lens design problems, SPC is able to effectively switch through 
the network of minima and get out of the poor local minima. However, the effectivity of SPC in the complex optical 
system has not yet been studied. We show in this paper that how SPC can be used to switch between local minima in a 
system with moderate complexity. The result shows that with SPC, it is possible to switch from a poor local minimum to 
better systems. SPC is also applied to a lithographic system to show how the switching mechanism works in highly 
complex systems.  
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1. INTRODUCTION 

In lens design problems, one of the big challenges is the presence of multiple local minima. The lens designing process is 
easily to be trapped in poor local minima. With existing design principles [1-2] and design experience, it is possible in 
some cases for the designer to reach better minima. Another technique is to use global optimization tools [3-6] to 
generate new minima. Saddle Point Construction(SPC) [7] has been proposed to quickly look for new local minima in a 
simple systematic way based on the structure existing in the lens design landscape [8].  

Previous investigations have shown that in an idealized lens design problem, where the structure of the landscape is 
determined by the spherical aberration, all the solutions in the design landscape can be obtained via SPC [9]. A detailed 
study of the design network of a simple wide angle pin-hole lens [10] shows that SPC is effective to escape from poor 
local minima and to reach to the global minimum. In a specific case, SPC is able to find all the solutions found in the 
design landscape with other methods. A thorough study of the design landscape of a complicated system will be quite 
difficult, but the above results for simple systems give us confidence in the ability of SPC to find new good solutions for 
complicated lens systems as well.  

In this manuscript, we show in section 2 for a wide angle lens with moderate complexity how SPC is applied to switch 
between different local minima. In section 3, a detailed procedure and an analysis will show how SPC is practically used 
to get out of a poor local minimum. We show that even though there are certain instabilities in the optimization process, 
they do not influence significantly our final goal of switching to new minima. In the last section, we show that SPC is 
able to  switch between minima in a lithographic system.  
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2. INVESTIGATION OF A WIDE ANGLE LENS WITH SIX ELEMENTS 

2.1 Procedure for saddle point construction  

To switch to different local minima, a useful procedure for saddle point construction is to start by extracting a lens 
element from the original system. First, the thickness of the chosen element will be reduced to zero in steps while 
keeping optimizing the system to avoid jumps in the design landscape. Then, a constraint optimization is used to 
eliminate the curvature differences of the zero-thickness element obtained above. Finally, the resulting lens element is 
extracted and the new system is a minimum with one lens less. A null element with zero-thickness and equal curvature is 
created at the position where the old element was extracted. Then a saddle point construction scan is performed on the 
null element to search for saddle points [10]. The scan determines one or more values of the curvature of the null 
element, which make the system a saddle point system. Once we have a saddle point system (which has zero merit 
function gradient), it has to be perturbed to be optimized to the two neighbouring minima. Practically, this can be done 
by changing the two curvatures of the null element simultaneously with first a positive and then a negative value. This 
value can be e.g. 10% of the value of the original curvature. The value has to be large enough for the optimizer to start to 
optimize (i.e. to move away from the zero merit function gradient), yet small enough to not step into the basin of 
attraction of other minima. Moving away from the saddle point in two opposite directions will end in two different local 
minima. After the two minima on opposite sides of the saddle point are obtained, the zero thickness can be increased as 
necessary, see Figure 1. It is also possible to switch between minima by first adding a lens, then removing one.  

 
Figure 1. Detailed procedure for saddle point construction. 

 

2.2 Switching between minima using SPC with a wide angle lens 

Wide angle lenses are broadly used for various applications, including photographic cameras, surveillance cameras and 
projectors. To increase the field of view of the system and maintain a good image quality, a certain complexity of the 
system is necessary. A wide angle lens with a moderate complexity is chosen here to study the performance of SPC as a 
switching tool. The system consists of six lenses including one cemented surface. The specifications of the lens are 
shown in Table 1. The maximum field of view is 120°. The overall length of the system is 38.75mm, which is small 
enough for integration into surveillance systems. The MTF curve shows that the modulation stays above 0.4 for 100 
cycles/mm at full field of view. The system is not optimized for distortion, which can be corrected with image processing 
tools afterwards [11]. 

Table 1. Specification of the wide angle lens 
Full Field of View 120° 

Effective Focal Length 3.0 mm 
F Number 2.0 

Overall Length 38.75mm 
Wavelengths 643.85, 546.07, 479.99 nm (e, F’, C’) 

The wide angle lens was first designed with a conventional method by using surfaces with special properties (concentric 
and aplanatic) [1]. Surfaces that are concentric with respect to the chief ray are free from coma and astigmatism, and the 
aplanatic surfaces do not introduce spherical aberrations. Figure 2 shows that the six lenses are divided into two groups. 
A front group with three lenses is responsible for expanding the field of view. A rear group containing a cemented 
element is the focusing group. The two parts of the system were first designed separately and then combined together to 
form the entire lens system.  In order to combine the two parts, the front group has the stop at the end of the lens group, 
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and the rear group has the stop in front of it.  The front group is designed as an afocal system with an angle reduction 
ratio of 0.3. The field of view on the object side is designed to be 120° and the field of view on the image side is 40°. 
The rear group is designed as a focusing system with a field of view of the same 40°. The diameter of the common stop 
of the two parts, that will be the aperture stop of the whole system is 4.5mm.  

  
Figure 2. System plot of a wide angle lens and its performance. 

With the conventional method, the design of the front group started with a lens using a flat and a concentric surface, 
given that the stop is at the right side of the lens. A moderate field of view was first used. Then lenses were added with 
either concentric or aplanatic surfaces. Adjustment and optimization were done to increase the field of view and achieve 
an angle reduction ratio of 0.3. The rear group was designed starting with a cemented doublet having a flat surface and 
two concentric surfaces. Another lens was added and a different glass was used to further reduce the aberration.  

After we reach a result with the conventional method, SPC can be used to look for alternative solutions. One way is to 
apply SPC to both front part and rear part to obtain all the possible solutions for both parts. Then, different combinations 
can be tested for the whole system. Another way is to directly combine the two groups and perform SPC on the 
combined system to look for other solutions. We chose to perform SPC only on the rear group, and then combine the rear 
group solutions with the front group. Afterwards, we performed SPC on the combined systems. 

Figure 3 shows the solution after combining the front and rear parts. First, there are three different solutions for the rear 
part after we performed SPC on the last surface. However, after combining and optimizing the combined system, all 
three combinations converged to one solution as shown on the right side of Figure 3.  

 
Figure 3. When the front part and rear part are combined, all three combinations converge to one solution. 

Once the combined system is obtained, we perform saddle point switching in the whole system to look for other minima. 
Because the first lens is responsible for collecting the large angle rays, extracting it from the system while keeping the 
large field of view is not possible. Therefore, the possible positions to extract and perform SPC scans are the second, 
third and last lenses. Six different minima were found in the design network illustrated in Figure 4. Global optimization 
run (Global Synthesis CODE V) was performed, and no new system was found. We notice that the major difference of 
the systems are in the front group. The lens shape stays the same for the rear group in all six solutions. 

The relationship between different systems is indicated by arrows in Figure 4. Black arrows show that via SPC, two 
systems are connected in both ways. For example, by using SPC, M1 can be switched into M2. Starting from M2, SPC 
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reaches M1. Blue arrows indicate a one-way connection. For example, starting from M2, it is possible to find M3 via 
SPC. However, M3 does not lead to M2. In general, the typical situation is a two-way connection. However, a one-way 
connection can appear in two situations. In the first situation, a system with high stress and higher value of merit 
function (MF) is unstable (e.g. M6). It is easy to get out of this kind of poor local minimum with SPC, however, it is not 
easy (and not necessary for practical purpose) to reach them. The second situation is for two minima which are very 
close to each other in the design space (e.g. M1 and M2). Systems M1 and M2 that are the best two systems have similar 
system shapes and close values of MF. Another system obtained by switching from M1, can easily, when switched back, 
go to M2. However, we see that all minima are connected, which means that starting from any of the minima in the 
network, there is always a route to reach any other system. It can also be observed that M3 – M6 are all directly 
connected with the best two systems M1 and M2. This means that if the design process is trapped in one of the poor local 
minima, applying SPC will switch to one of the best two systems in the network without intermediate steps.   

 
Figure 4. A network of minima for the wide angle lens. All systems are connected with SPC. Global optimization using 
CODE V did not find extra systems. CODE V transverse ray aberration is used as the merit function. 

 

2.3 Analysis of SPC in detailed steps 

The system M3 in Figure 4 is used as a demonstration to show how SPC is practically performed. First, by extracting the 
second element from M3, a minimum with one lens less was obtained. Then, an SPC scan was done at the same position 
where the lens was extracted. Figure 5 shows the SPC scan curve and the saddle point system which was found via the 
scan. In an SPC scan curve, the crossing of the curve and the horizontal axis indicates the curvature of the saddle point 
system (the black dot in Figure 5). In this case, only one saddle point system is found via the scan and the curvature of 
the saddle point system is -0.170. By constructing a 2-D plane in the high dimensional space (10-D in this case), it is 
possible to visualize the saddle point (details about how to choose such a plane are given in the Appendix). The saddle 
point in this 2-D plane is illustrated in Figure 5, and the plots along the X and the Y direction show that the value of the 
MF is increasing in one direction and decreasing in the other direction. Optimization routes following the descending 
directions on both sides of the saddle (on the Y-axis shown in Figure 5) lead to two distinct local minima. However, in 
practice, it is computationally expensive to look for the 2-D plane where the saddle point is visualized as in Figure 5. As 
mentioned previously, a common practice is to change the system along the SPC scan line, which means changing the 
curvatures of the inserted null-element with a small positive and negative value (This value is chosen empirically). The 
modified systems are the starting points for optimization. However, choosing different values for the curvature change 
may lead to different minima. This is demonstrated in Figure 6, where we have chosen different values for the null-
element curvature as a starting point and optimize to a minimum. In order to better illustrate the phenomenon, the scan 
range chosen here (from -0.2 to 0.2) was larger than the curvature changes we normally use in practices for SPC. From 
Figure 6, we see that five different minima were obtained with different values chosen for the start curvature. The system 
shapes and MF value are shown in Table 2.  
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Figure 5. A): the system we have chosen for the SPC scan. B): the SPC scan curve. C): the saddle point in a 2-D plane 
chosen as shown in the Appendix. D): the descending and ascending direction around the saddle point in the same 2-D plane. 
The saddle point is marked with a black dot. 

To obtain minima that are practical, the zero thickness of the inserted element will be increased, as shown in the bottom 
row of Table 2. The two minima on the left side of the saddle point (T2-M1 and T2-M2) converged to minimum T2-
MT1, and the two minima on the right side of the saddle point (T2-M3 and T2-M4) converged to minimum T2-MT2.  

Table 2. Result for the optimization along the scan line 

Curvature [-0.190, -0.175) [-0.175, -0.170) [-0.170, -0.120) [-0.120, -0.2] 
MF of systems with 

zero thickness 
element 

5.30 10.40 17.08 8.12 

Plot of systems with 
zero thickness 

element 

T2-M1 

 

T2-M2 

 

T2-M3 

 

T2-M4 

 

Plot of systems after 
increasing thickness 

T2-MT1 T2-MT2 

 

 
Figure 6. Optimized MF value along the scan line. The vertical dashed line indicates the saddle point curvature. 

When the thickness was increased, T2-M2 and T2-M3 merged with T2-M1 and T2-M4 respectively. This is shown by 
plotting the optimized value of MF while increasing the thickness in small steps (Figure 7). In Figure 7, the curve of T2-
M3 has a jump around thickness 2 mm where the MF value suddenly changed. Before the changing point, the system 
became very stressed as shown in the figure. A slight change of thickness made system T2-M3 merged with T2-M4. The 
curve of T2-M4 stays smooth indicating that this minimum is a stable minimum while changing the thickness. The same 
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situation happened with T2-M2: it merged with T2-M1 right after increasing the thickness. A detailed analysis using 
basins of attraction near the saddle point shows that the stable minima T2-M1 and T2-M4 are the two zero-thickness 
minima connected by the saddle point (see Appendix). 

In this example,  we have seen that choosing different distances from the saddle point along the scan line can lead to 
more than two minima after the first optimization from the SP system in Figure 1. However, often many zero-thickness 
minima obtained in the intermediate steps of SPC are not stable and disappear after increasing the thickness of the new 
element. Therefore, the final result (two finite-thickness minima on both sides of the saddle in this example) is typically 
less dependent on the precise choice of the perturbation curvature.   

 
Figure 7.  Change of the optimized value of the merit function while increasing the thickness of the zero-thickness element. 
T2-M3 and T2-M4 correspond to systems when the thickness is zero. T2-MT2 corresponds to the system when the thickness 
equals to 3 mm. The discontinuity of the left plot indicates the instability around a minimum in the design space. Systems 
like the left one are usually poor local minima. 

3. SWITCHING MINIMA IN A LITHOGRAPHIC SYSTEM 

Examples of the highly complex lens systems are the lithographic lenses used for semiconductor manufacture. These 
lenses consist of many elements, some of them including aspheric surfaces. Previous research [12] has shown that a 
special form of saddle point construction is useful in lithographic design. However, the general form of saddle point 
construction discussed above has not previously been tested on complex systems. To investigate the ability of SPC to 
switch between different minima, we have chosen a deep ultraviolet lithographic lens designed for 193 nm [13]. The 
original system is also optimized for distortion and telecentricity, and the wavefront RMS error is 3.26 mλ.  

 
Figure 8. SPC scan curve of a lithographic system. The number of saddle points found in one scan is more than those for 
simple systems. Each of the six saddle points connects two zero-thickness minima. After increasing the thickness, twelve 
zero-thickness minima converged to four finite thickness minima shown in Figure 9. 

The sixth lens has been chosen (the lens marked in blue colour in Figure 9) as the element to extract. After extraction, 
SPC (in the general version) was performed at the position where the original lens was extracted. Compared to SPC in 
simple lens systems, when using SPC in highly complex systems we need to take care of the accuracy of the numerical 
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computation of the derivative in Figure 8 [7]. Instead of a two-point method, a more accurate five-point method is 
needed for highly complex systems. Paraxial solves (e.g. solves for the effective focal lens, telecentricity) in the lens 
design software may also affect the accuracy of the numerical derivative, therefore, should be carefully checked when 
using together with SPC. Figure 8 shows the SPC scan curve of the lithographic system. A merit function using 
transverse ray aberration was first used to perform the SPC scan, and at the end, the merit function using wavefront 
aberration was used to further optimize the system. Compared to simple cases, we see that the number of saddle points 
increases significantly. Six saddle points in total were found here via the scan. The right plot of Figure 8 shows that each 
of the six saddle points connects two minima with the zero-thickness lens. Increasing the thickness of zero-thickness 
element for these twelve minima and using a merit function based on wavefront aberration resulted in four minima, that 
are different from the starting one obtained as shown in Figure 9. The most significant difference of systems F9-M1 and 
F9-M2 in Figure 9 is the sixth lens, which was previously extracted. The sixth element of F9-M1 and M3 becomes a 
meniscus. The one for F9-M2 stays as a positive lens, however, with different curvatures compared to the original 
system. For solution F9-M4 the sixth lens remains positive, and the seventh lens bends to the left side. The four solutions 
show here are only optimized with wavefront aberration, because at this stage our goal was to show that SPC general can 
be used for switching between minima also for highly complex systems. In practice, systems from the four solutions can 
be chosen for further improvement (e.g. further optimization with distortion and telecentricity). 

 

 

Figure 9.  SPC switching works also in a lithographic lens. Four new local minima are found. The switched element is 
marked in blue colour. 

 

4. CONCLUSIONS 
In earlier work we have applied SPC in simple systems, here we have tested its applicability for switching between 
minima in two more complex problems. We have shown how a wide angle lens with 11 variable surfaces can be 
designed using SPC. In this example, all reasonably good solutions are connected via SPC. By applying SPC on any 
local minima we can switch to any of the best two local minima. One of these minima was also obtained with traditional 
techniques by one of us (Irina Livshits), having many years of design experience. If a less experienced designer obtains a 
sub-optimal solution, switching with SPC leads in this example to the same good design. We show that there are 
instabilities of optimization when we choose the new starting points away from the saddle point to optimize to local 
minima. However, their effect often disappears in the final stage of SPC. Therefore, in our example, they do not 
influence the final results. 

With some precautions, the approach of switching to different minima using SPC, which works on simple and moderate 
complex systems, also works in highly complex lithographic system. The scan curve of the lithographic lens has more 
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saddle points than for simple systems. However, many minima with a zero-thickness element disappear when the 
thickness of the inserted element is increased. With the new solutions provided by SPC, the designer can use standard 
techniques to make further improvement on other design specifications.  

 

5. APPENDIX 
5.1  Plots of the basins of attraction around a saddle point  

As mentioned in section 2.3, in the process of saddle point construction (SPC), starting points on both sides of the saddle 
point have to be chosen for optimization to the two local minima, which are connected by the saddle point. A simple 
approach is to move along the SPC scan line and change the curvatures of the inserted null element that corresponds to 
the SP with a small positive and negative value. Using the two curvatures of the inserted element as horizontal and 
vertical axes in a 2-D plane, the basins of attraction of CODE V optimization (damped least squares) can be plotted 
around the saddle point (Figure 10). The basin of attraction of a minimum is the set of starting points that after 
optimization leads to that minimum. In Figure 10, the saddle point is marked by a black dot. Different colours indicate 
different basins of attraction. From Figure 10, we see that the saddle point is surrounded by four different basins of 
attraction: mostly red (MF 5.30) and green (MF 8.12) region, but also blue (MF 10.40) and yellow (MF 17.08) region. 
Those are the four minima shown in the second row of Table 2. With the simple approach described earlier, the starting 
points for optimization are chosen along the diagonal line shown in black in the plot. Unfortunately, choosing the 
starting point along the scan line creates instabilities. Figure 10 shows that the scan line around the SP is on the basin 
border between the red and green basins. An additional complication is that the neighbouring region of the saddle point 
along the scan line is the blue and yellow region (right plot in Figure 10). However, increasing the thickness as shown in 
the third row of Table 2 reduces the practical effect of the optimization instabilities.  

 

Figure 10. Plots of basins of attraction around the saddle point. Different colours correspond to basins of attraction of 
different minima. White colour indicates ray failure region. The black line is the SPC scan line and the SP is marked by a 
black dot. 

5.2 Plotting the saddle point 

We can choose a 2-D plane where we can visualize the saddle point. We already know the value of the merit function at 
the saddle point, MFS, and we know theoretically that there exists a direction from the saddle point in which the value of 
the merit function will decrease. Numerically, we can find this direction by minimizing on a hyperplane, which is 
orthogonal to the SPC scan line along with the MF is constant. As illustrated in Figure 11, point S is the saddle point, 
point A is a point on the equal MF line (where the two curvatures of the inserted element are the same [7]). If there are 
total N variables in the system, P1 is an N-1 dimensional hyperplane, which is orthogonal to SA		and at the same time 
passing through point A. Point B is a point where the MF value is minimized on hyperplane P1. As a result, we will have 
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MFB < MFS. With points A, B and S, a 2-D plane P2 can be determined in which we can visualize the saddle point. 
Given the two vectors on the 2-D plane, SA and SB, an orthogonal base can be calculated with the Gram-Schmidt process: = − 〈 , 〉〈 , 〉                                                                     (1) =                                                                                         (2) 

 

With u and u , the 2-D plane with the visualized saddle point can be plotted as shown in Figure 5. 

In Figure 12, the Y direction is the direction along which the merit function decreases from the saddle point. We see 
again the numerical instability indicated by the yellow colour in Figure 12. Around the saddle point, the basins of 
attraction are those for the blue (MF 5.30) and cyan (MF 8.12) minima, that correspond to the red and green region in 
Figure 10. The way how the basins of attraction are placed in the 2-D plane in Figure 12, shows that the two minima 
connected by the saddle point are the ones with MF value 5.30 and 8.12 (the red and the green region in Figure 10). The 
two basins correspond to systems T2-M1 and T2-M4 in Table 2. 

5.3 Choosing starting points on both sides of the saddle 

The instability shown in Figures 10 and 12 along the scan line suggests that choosing the two starting points along the 
scan line may not be the best strategy. We can move away from the scan line to pick starting points in order to avoid the 
instability. 

 

Figure 12. A plot of basins of attraction around the saddle point in a 2-D plane, where the saddle point can be visualized 
(Figure 5). The basins around the saddle point are clearly divided into two parts, note again the instability (yellow region) 
along the scan line. 
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B

Figure 11. The construction of a 2-D plane (P2) to visualize the saddle point (S). Point A is a point on the SPC scan 
line. P1 is a hyperplane perpendicular to line SA. Point B is where the MF value is minimized on P1. 
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