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Summary

The ‘3-D non-linear two-way representation’ as well as the ‘3-D
generalized primary one-way representation’ of seismic data both
account for the anisotropic dispersive effects of the small scale
variations (‘fine detail’) of the medium parameters. In the former
representation the fine detail is included deterministically in the
contrast function whereas in the latter it is included statistically
in the propagation operators.Hence, given the bandlimitation of
the seismic source, it appears that the generalized primary repre-
sentation allows an upscaling of the fine detail in the macro model
and a spatial filtering of the scattering operator. Therefore this
representation is a well suited starting point for the development
of 3-D modeling-as well as imaging techniques that take the effects
of the small scale variations into account.

In t roduc t ion

In seismic modeling as well as in seismic imaging it is common use
to ignore the rapid spatial variations of the medium parameters at
a scale smaller to much smaller than the seismic wavelength (‘fine
detail’). However, it has been recognized by many researchers that
these small scale variations may seriously affect the propagation
properties of the seismic wave field. In particular, in the last
three decades much research has been done on wave propagation
through finely layered media (the 1-D problem). These studies
have shown that the small scale variations manifest themselves
as an apparent anisotropic dispersion of the seismic wave field.
Hence, ignoring these variations in modeling or imaging implies
that AVO effects are not properly handled. In this paper we review
various two-way and one-way representations of 3-D seismic data
and we briefly discuss their potential for incorporating the effects
of fine detail in true amplitude modeling and imaging.

Two-way representat ions

General considerations
Consider an inhomogeneous acoustic medium, characterized by the
compression modulus  and the mess density  where 
is the Cartesian coordinate vector  The acoustic pres-
sure in this medium due to a source distribution  is de-
noted (in the frequency domain) by  The frequency variable
 is suppressed for notational convenience. We define a macro

model, characterized by  and  The Green’s function
in this macro model is denoted by   Moreover we define
a contrast model, characterized by      and

     The wave equations for  and 
read, respectively,

       (la)

 

and
     (1b)

 

Figure 1: Fourier transformed contrast function. The dark shaded
area contributes to the scattered wave field, as described by the
linearized two-way representation (3).

 and   satisfy the same wave equation, with different
‘source terms’. Hence, the two-way representation for the acoustic
pressure is found by applying the superposition principle, accord-
ing to

    

where the incident field is given by

    

and the scattered field by

(2a)

(2b)

   

  (2c)

(Morse and Ingard, 1968). Equation (2) is an integral equation of
the second kind for  In the following we assume for conve-
nience  =    hence  = 
Moreover, we assume  = 0 and we introduce the contrast
function  = 

Linearized two-way representation
Assuming the contrasts are sufficiently small, then  in the
right-hand side of (2c) may be replaced by the incident field 
(Born approximation). Hence, we obtain for the scattered wave
field

   ( 3 )

Note that the Born approximation accounts only for primary scat
tering. We now want to investigate to what extent the small scale
variations of  are included in  We are only interested
in a qualitative indication, so for convenience we replace the inho-
mogeneous macro model by a homogeneous background mediun
with velocity  =  We introduce  a
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(5a,b)

Figure 2: Fourier transformed contrast function. The dark shaded
area (i.e., the entire domain) contributes to the scattered wave
field, as described by the non-linear two-way representation (4).

the 3-D spatial Fourier transform of  This is rcprcscnted by
the shaded area in Figure 1. The spherical surface indicates the
wavenumber limitation of the scattered wave field P”(x), projected
on  (see for example Wu and Toksöz (1987), who analyze
the wavenumber coverage for different acquisition configurations).
The radius of this spherical surface is given by  where

 is the maximum frequency of the source S. Since  ap-
pears linearly in equation (3), only the wavenumber components
of  within the spherical surface (the dark shaded area in Fig-
ure 1) contribute to P”(Z). Hence, the Born approximation does
not account for the small scale variations of  represented by
the light shaded area in Figure 1. This also implies, on the other
hand, that for those situations where the Born approximation is
justified, it suffices to insert a spatially filtered version of  in
equation (3).

(7)

Non-linear two-way representation
An iterative solution of equation (2) is given by the following Neu-
mann series expansion

     (4)

for n > 0, with  =  For n = 1 this reduces to the
Born approximation. For n > 1 equation (4) accounts for primary
as well as multiple scattering. In order to investigate qualitatively
to what extent the small scale variations of the contrast param-
eters are included in  we consider again a homogeneous
background medium with velocity  = 
Obviously for n > 1 equation (4) is non-linear in the contrast pa-
rameters. Hence, we cannot longer state that only the wavenum-
ber components of  within the spherical surface with radius

 contribute to  On the contrary, for n  
the full function  denoted by the dark shaded area in Figure
2, contributes to  Hence, this non-linear representation
does account for the small scale variations of  This also im-
plies that the spatial filtering of  which is to some extent
unavoidable in practice, should be carried out with utmost care.

O n e - w a y  r e p r e s e n t a t i o n s

General considerations
At the basis of the one-way representations lies the one-way wave
equation for downgoing and upgoing waves, which will be briefly
reviewed here. First consider the two-way wave equation in matrix
form (Woodhouse, 1974)

 is the two-way wave vector. In the acoustic situation -T,(z)
is the acoustic pressure and  the vertical component of the
velocity; in the elastodynamic situation  is the traction vec-
tor and  the velocity vector.  is the two-way source
vector and  is the two-way operator matrix. The circumflex
denotes an operator containing the horizontal differentiation oper-
ators  and  Next, we decompose the acoustic two-way
wave equation into a system of one-way wave equations for down-
going and upgoing waves. We introduce a one-way wave vector

 and a one-way source vector  according to

(6a,b)

In the acoustic situation  and  represent the down-
going and upgoing normalized acoustic pressure; in the elasto-
dynamic situation  and  are vectors, containing the
normalized downgoing and upgoing quasi-P, quasi-S1 and quasi-
S2 waves. Similar remarks apply to  and  Our aim
is to find an equation for  of the same form as equation (5),
in such a way that the leading term of the operator is (block-)
diagonal. To this end we introduce pseudo-differential operator

  
matrices   and  that satisfy the relation

in such a way that  is (block-) diagonal. For an exten-
sive list of references on the theoretical and numerical aspects
of this decomposition for the acoustic situation, see Fishman et
al (1987). For the elastodynamic situation see Wapenaar and
Berkhout (1989) and de Hoop and de Hoop (1993). For an overview
of the analogous eigenvalue decomposition problem in stratified
media, see Ursin (1983). Finally we introduce the following com-
position relations

 a n d  (8a,b)

Upon substitution of equations (7) and (8) into equation (5), we
obtain after some straightforward manipulations the following sys-
tem of coupled one-way wave equations

    where

   w i t h     

(9)

(10a,b)

The operator matrices  and  have the following struc-
ture

 
 

a n d     ( 1 1 a , b )
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3 Two-way and one-way representations

It appears that the one-way wave equation distinguishes explicitly
between propagation ((block-) diagonal operator  and scat-
tering (non-diagonal operator  This property is exploited
in the various one-way representations below.

We introduce a reference operator  which governs a one-way
Green’s matrix  The equations for  and 
thus read

and

 
 

.
 

(12a)

      
,

 

(12b)

 and   satisfy the same wave equation, with different
‘source terms’. Hence, the one-way representation for the wave
vector  is found by applying the superposition principle, ac-
cording to

    

where the incident field is given by
(13a)

    

and the scattered field by

(13b)

     (13c)

(Wapenaar, 1993). Equation (13) is an integral equation of the
second kind for  In the following we assume for convenience

     hence   

Primary one-way representation
For the reference operator we choose    hence, the con-
trast operator is given by      Since  is a (block-)
diagonal operator matrix (in the true medium!),  will also get a
(block-) diagonal structure, according to

 

We refer to  and   as the propagation oper-
ators for the primary downgoing and upgoing waves in the true
medium. Note that  =  = Q for  < 

Assuming that the contrast operator  is sufficiently small, we
may replace  in the right-hand side of equation (13c) by the
incident one-way wave vector  Hence

(15)

Next we consider the special situation for which  = 0. We now
easily find from equations (6), (11b), (13a,b), (14) and (15)

(18a)
   (16)

Equation (16) is a straightforward one-way representation of pri-
mary reflection data. It was introduced (in a discrete formulation)

Figure 3: Fourier transfomed reflection coefficient. The dark
shaded area contributes to the upgoing wave field, as described by
the primary one-way representation (16) as well as by the gener-
alized primary one-way representation (23). (In the latter repre-
sentation the detail is included in the propagation operator!).

by Berkhout (1982) for acoustic one-way wave fields in fluids and
modified by Wapenaar and Berkhout (1989) for elastodynamic
one-way wave fields in solids. The main difference with equation
(3) is that the reflection operator  is proportional to the
vertical variations of the medium parameters (see equations 10b
and 11b). Hence, for the special situation of a horizontal interface
between two homogeneous half-spaces equation (16) reduces to
a surface integral, unlike equation (3). Finally, consider a highly
heterogeneous acoustic medium and approximate the operator ma-
trix  for convenience by a scalar reflection coefficient 
From the similarity between equations (3) and (16) we may thus
conclude that the primary one-way representation (16) does not
account for the small scale variations of  represented by the
light shaded area in Figure 3.

Generalized primary one-way representation
In order to include multiple scattering we could formulate an iter-
ative solution of equation (13), analogous to equation (4). How-
ever, here we follow a different approach that exploits the natural
distinction between propagation and scattering in the one-way op-
erator. For the reference operator we write

     (17)

where  is the Heaviside step function. Hence, for a given
value of   applies to a configuration that is identical to the
true medium for the upper half-space z <  and that is ‘scatter-
free’ (along the z-axis) for the lower half-space z >  We let

 govern a Green’s matrix   and we let a similar
operator  govern a reference wave vector  Note that

   Now instead of equation (13) we may write

where

  (18b)
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Figure 4: The generalized primary representation. 
and  are defined in the true medium between  and 
and a scatter-free half-space below   is defined in the true
medium  ranges from  to  in equation (23)).

Next we choose      and we take the limit for   0. We
thus obtain

 =   
 

(19)

Substituting equations (17) and (18b) into (19) and replacing 
by  in the result yields

 

(20)
where  = (x', y'). Integrating both sides with respect to z' from

 to  yields

    (21a)

where
     (21b)

and

   ( 2 1 c )

Next we choose  and  in a homogeneous upper half-space  
 so that for  >  we may write

    (22a)

and

    (22b)

(remember that for  the half-space below z' is scatter-free, see
Figure 4). We refer to  and  as the propagation operators
for the generalized primary downgomg and upgoing waves, respec-
tively. Finally, we consider again the special situation for which

 = O. Hence, we obtain in a similar way as before

   ( 2 3 )

see Figure 4. Note that no approximations have been made in
this section, hence, the effects of the small scale variations arc
included. As a matter of fact, they are included in the general-
ized primary propagation operators   and  
For practical applications these operators may bc parameterized

(Herrmann and Wapenaar, 1993) or they may be defined in an
extended macro model (with anisotropic anelastic losses) that ac-
counts for the effects of the small scale variations (Wapenaar and
Slot, 1994). In both cases the deterministic fine detail is upscaled
to statistic macro parameters. Last, but not least, since equation
(23) is truly linear in  it suffices to replace this operator
by a spatially filtered version, as indicated qualitatively by the
dark shaded area in Figure 3.

C o n c l u s i o n s

From the 3-D representations discussed in this paper, only the
‘non-linear two-way representation’ and the ‘generalized primary
one-way representation’ account for the anisotropic dispersive ef-
fects of the small scale variations of the medium parameters (fine
detail). In the former representation the fine detail is included
deterministically in the contrast function whereas in the latter it
is included statistically in the propagation operators. Given the
bandlimitation of the seismic source, the generalized primary rep-
resentation allows an upscaling of the fine detail in the macro
model operators and a spatial filtering of the scattering operator.
Since it is truly linear in the scattering operator, it is also an ex-
cellent starting point for true amplitude imaging techniques that
take the anisotropic dispersion effects into account (Wapcnaar and
Herrmann, 1993).
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