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Introduction

1.1 Why do we want to retrieve the reflection res-
ponse?

One of the goals in seismic exploration and in seismology is to obtain an
image of the Earth’s interior. This can be best achieved by using seismic re-
flection imaging. To obtain a good image, one requires high-quality seismic
recordings from a regular and dense distribution of seismicsources. But it is
not always possible to have a dense source distribution. Theneed to find new
oil and gas fields has pushed exploration to new frontier areas where very
limited exploration information is available. As a consequence, it is very
costly to ”shoot in the dark” with standard exploration sources (dynamite,
vibrators, air guns) on a dense grid. Another problem ariseswhen exploring
in naturally sensitive areas, urban areas, or areas with very difficult surface
terrain conditions, where the use of the active sources might be very lim-
ited or might not even be permitted due to the sources’ destructive potential.
In regional seismology, the problem with man-made seismic sources at the
surface, when their use is desired for obtaining a higher-resolution image of
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a subsurface structure, is even larger as the imaging of the deep subsurface
structures requires very powerful sources.
The above-mentioned problems imply that certain areas of the Earth are not
accessible for imaging or that we should look for alternative methods of ob-
taining seismic reflection recordings. Such an alternativeis (passive) Seis-
mic Interferometry, the subject of this thesis. It can be applied at all scales
- laboratory, exploration, regional, and global (for the later seeRuigrok
[2006]).

1.2 What are Seismic and Electromagnetic Interfe-
rometry?

In the most general sense, Seismic Interferometry (SI) can be defined as the
process of generating new seismic or electromagnetic data from the cross-
correlation of existing data. This possibility was first proposed byClaerbout
[1968]. He showed that for layered acoustic media, the reflection response
at the free surface can be obtained from the autocorrelationof the observed
passive transmission response at the free surface. He called this method
Acoustic Daylight Imaging. Later, he conjectured that for a3D medium,
one should crosscorrelate the (passively acquired) seismic transmission re-
sponses at two points at the free surface to retrieve the seismic reflection
response between these two points (as if one of the points acts as the source
and the other as the receiver). This idea was first tested in the field byBaskir
and Weller[1975], but the results were inconclusive.Scherbaum[1987a,b]
andDaneshvar et al.[1995] applied the acoustic daylight imaging technique
to seismological data. They autocorrelated earthquake records from sev-
eral seismological stations to retrieve the reflection response, subsequently
applied seismic inversion, and compared the inverted results with the ge-
ology inferred from standard seismological methods. The obtained results
were encouraging. Since the late 1980s, the geophysical research group at
Stanford started to investigate the possibility to apply the daylight imaging
technique to exploration-scale data. Even though the application to real data
did not deliver conclusive results [Cole, 1995], the modelling results gave
very good insights into the type of passive white noise data that one should
record [Rickett and Claerbout, 1996; Rickett, 1996].



1.2 What are Seismic and Electromagnetic Interferometry? 3

Schuster[2001] and Schuster et al.[2004] introduced the concept of Inter-
ferometric Imaging for the process of constructing a migrated seismic image
from crosscorrelated results. Based on stationary-phase arguments, the au-
thors showed that the method is applicable not only to passively acquired
seismic noise data from subsurface noise sources, but also to conventional
reflection data shot and recorded at the surface. Using a one-way reciprocity
theorem of the correlation type,Wapenaar et al.[2002, 2004b] proved Claer-
bout’s conjecture for any 3D inhomogeneous acoustic or elastic medium for
both impulsive and white-noise sources, where the sources could be at depth
or at the surface.Berkhout and Verschuur[2003, 2006] proposed a scheme
for turning multiple reflections into primaries based on a weighted corre-
lation process.Slob et al.[2006a,b] showed how one can retrieve electro-
magnetic recordings from crosscorrelation or crossconvolution of electro-
magnetic fields. They named this process Electromagnetic Interferometry
(EMI). Later, the concept of retrieval of new responses through crosscorre-
lation was extended to any type of field [Wapenaar et al., 2006].
Independently, researchers in different fields of science started arriving at
similar results. In the late 1980s and 1990s, Fink and his group introduced
the concept of time-reversal acoustics. With this technique, an acoustic sig-
nal is emitted by a source and recorded at a receiver; then therecorded signal
is reversed back in time and emitted from the location of the receiver to fo-
cus at the source point [Fink et al., 1989; Fink, 1992; Draeger and Fink,
1997]. They showed that a highly scattered field will focus at its origin
when it is reversed in time and propagated back. Recently, they showed
that this focusing results in images with super resolution (focal spots as
small as one thirtieth of a wavelength [Lerosey et al., 2007]). The princi-
ple of time reversal was used byBakulin and Calvert[2004] to develop a
scheme for redatuming of surface reflection data, which scheme they called
”virtual source method”. Such redatuming methods are very close to the
Common Focus Point (CFP) method [Berkhout, 1997; Thorbecke, 1997],
but here the Virtual Source method measures the CFP operator. Weaver and
Lobkis [2001] andLobkis and Weaver[2001] proved that the crosscorrela-
tion of an acoustic diffuse wavefield, observed at two points, retrieves the
Green’s function (i.e, the impulse response) between thesetwo points and
demonstrated this with ultrasonic examples.Campillo and Paul[2003] ap-
plied this method to diffuse seismic coda waves and retrieved surface waves
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arrivals between different seismological stations in Mexico. Derode et al.
[2003] showed by physical reasoning how the time-reversal principle can be
applied to retrieve the Green’s function between two points. This result is
very closely connected to Green’s function retrieval through crosscorrelation
since a crosscorrelation is nothing but a convolution of a signal with a second
signal which is reversed in time.Snieder[2004, 2006] showed that the main
contribution to the retrieved Green’s function comes from sources around
the stationary point.Curtis et al.[2006] showed the connection between the
different methods in the different fields in a comprehensiveway.
Because of the independent developments of the methods in the different
fields, different names appeared for the same process of retrieval of a sig-
nal between two points from crosscorrelation or time reversal. Examples
are: acoustic daylight imaging, Green’s function retrieval, interferometric
imaging, virtual source method, and passive seismics. To avoid confusion,
the term ”Seismic Interferometry” was adopted for a specialissue of Geo-
physics (July-August, 2006) to describe the application ofthese methods to
seismic exploration and seismology. Later, the term ”Electromagnetic In-
terferometry” was adopted to describe the retrieval of electromagnetic fields
for electromagnetic exploration.

1.3 Outline of this thesis

Chapter 2 gives the derivations of relations for SI and EMI. These derivations
are based on two-way and one-way wavefield reciprocity relations of the
correlation type.
Chapter 3 shows results from numerical modelling examples that serve to il-
lustrate the SI and EMI relations and to investigate the applicability of SI and
EMI relations to practical situations. Using finite-difference acoustic and
finite-element elastic modelling codes, recordings at the surface were mod-
elled from deterministic as well as noise sources in the subsurface. These
recordings were then crosscorrelated in accordance with the derived SI and
EMI relations to retrieve recordings at the surface as if from sources at the
surface.
Chapter 4 shows the results from the application of the elastic SI relations
to measured laboratory and field data. The showed results areextended ver-
sions of the results published byDraganov et al.[2007a] and Draganov et
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al. [2007b]. The laboratory data represent recordings from separate transient
sources on an inhomogeneous granite sample. The field data were recorded
in the Middle East and represent 2D surface recordings from noise sources.
Chapter 5 gives conclusions based on the theoretical descriptions, the nu-
merical tests and the laboratory and field-data examples.



6 Introduction



2

Theory of Seismic and
Electromagnetic
Interferometry

Seismic Interferometry (SI) relations can be derived usingdifferent theoret-
ical bases. The starting point and the underlying theory forthe derivation of
a specific SI relation depends on the specific application it is intended for.
In this chapter, SI relations are derived for the retrieval of Green’s functions
in an open system, based on seismic reciprocity theorems. Using electro-
magnetic reciprocity theorems, also Electromagnetic Interferometry (EMI)
relations are derived. In general, a reciprocity theorem formulates a rela-
tion between two independent states of a domain - acoustic, elastic, or elec-
tromagnetic - in one and the same domain. A reciprocity relation can be
formulated in terms of time-convolutions between the field quantities of the
two states. Such a relation is called a convolution-type reciprocity theorem.
A reciprocity relation can also be formulated in terms of time-correlations
between the field quantities of the two states. In such a case,the relation is
called a correlation-type reciprocity theorem.
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The reciprocity theorems can describe relations between two-way wavefields
or between one-way wavefields. Such relations are called two-way wavefield
reciprocity theorems and one-way wavefield reciprocity theorems, respec-
tively.
In section2.1, following Wapenaar and Fokkema[2006], Slob et al.[2007],
andSlob and Wapenaar[2007], derivations are presented of the SI and EMI
relations using two-way wavefield reciprocity theorems. Section2.2, follow-
ing Wapenaar et al.[2004b], is dedicated to derivations of the SI relations
using one-way wavefield reciprocity theorems. Even though the end results
look very similar, there are some basic differences in the relations in the two
sections, which make them useful in different practical applications.
The SI and EMI relations are derived under the assumption of alossless
medium. Of course in practice there are always losses in the medium. As
shown bySlob et al.[2007]; Slob and Wapenaar[2007], in case of losses in
the medium, the derived SI and EMI relations can still be used, but later ar-
rivals, i.e., primaries and multiples with long travel paths, may not be recon-
structed. Furthermore, as shown in Section3.1.1, big losses in the medium
may give rise to ghost events.
In both sections the derivations of the SI and EMI relations follow the same
basic workflow:

• defining the system of two equations describing the wave propagation
in a matrix-vector from;

• choosing an interaction quantity and deriving from it a reciprocity the-
orem;

• for each of the cases (acoustic, elastic, or electromagnetic) deriving the
relationship for seismic (electromagnetic) interferometry in the case of

– impulsive sources,

– transient sources,

– and noise sources.

The relations presented in this chapter are given in the frequency domain. A
time-Fourier transform of a time- and space-dependent quantity is defined
asû (x, ω) =

∫∞

t=0
u (x, t) e−jωtdt, wherex = (x1, x2, x3). Throughout this
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thesis, Einstein’s summation convention applies to repeated lowercase Latin
subscripts from 1 to 3, unless stated otherwise.
The list below describes in short all the symbols used in the this chapter in
the order they appear in the text.
Symbol Meaning

D Domain
∂D Surface bounding the domainD

n = nmim Outward-pointing vector normal to∂D; and the vectors
im denote the base vectors of a Cartesian reference frame in a

three-dimensional Euclidian space in the mth-direction.
x = xmim Cartesian coordinates vector (m)

ρ Volume density of mass (kg/m3)
κ Compressibility (1/Pa=m2/N)
spqkl Compliance tensor (1/Pa)

cijkl Stiffness tensor (Pa)
εkr Electric permittivity (s/(Ω m))

µji Magnetic permeability (Ω s/m)
j Imaginary unit

ω Angular frequency (rad)
u Wavefield vector
s Source vector

A Material properties matrix
D Differentiation operator matrix

p Acoustic pressure (Pa)
vi Particle velocity vector (m/s)

τij stress tensor (Pa)
Er Electric field vector (V/m)

Hi Magnetic field vector (A/m)
q Source distribution in terms of density of volume injection

rate (1/s)

fi Source distribution in terms of external volume density of
force (N/m3)
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hpq Source distribution in terms of external deformation-ratedensity
(1/s)

Jek External source volume densities of electric currents (A/m2)
Jmj External source volume densities of magnetic currents (V/m2)

A, B Two states of the domainD
K Operator matrix= diag(−1, 1)
T Vector or matrix transposition

δik Kronecker delta function
∆ijkl = 1

2
(δikδjl + δjkδil)

ǫkmi The antisymmetric (Levi-Civita) tensor of rank three
Nx Operator matrix= antidiag(ni, ni)
† Vector or matrix complex conjugation and transposition
∗ Complex conjugation

G Green’s function (1/m)
δ Dirac Delta function
ℜ Real part of a parameter

c Propagation velocity (m/s)
α ray angle (degr)

s Wavefield source
S Source power spectrum

F Shaping filter
N Source noise spectrum
cP Propagation velocity for P-waves (m/s)

cS Propagation velocity for S-waves (m/s)
ζij Inverse of the magnetic permeability (m/(Ω s))

ξij Inverse of the electric permittivity (Ω m/s)
P Flux-normalized one-way wavefield quantity vector

B One-way pseudo-differential operator matrix
S Flux-normalized one-way source quantity vector

Λ Vertical slowness operator matrix
Θ Vertical scattering operator matrix
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L Composition operator
L−1 Decomposition operator

P+(−) Downgoing(upgoing) one-way wavefield
S+(−) Downgoing(upgoing) one-way source field

Φ+(−) Downgoing(upgoing) P-wave potential
Ψ+(−) Downgoing(upgoing) S-wave potential
N Operator matrix= antidiag(1,−1)

J Operator matrix= diag(1,−1)

R Flux-normalized reflection response of a medium

T Flux-normalized transmission response of a medium
r− Reflection coefficient of the free surface

W+(−) Forward extrapolation operator
R Flux-normalized reflection response matrix

T Flux-normalized transmission response matrix
r− Matrix with reflection coefficient of the free surface
I Identity matrix

F Shaping filter matrix
NNN Noise spectra matrix

2.1 SI and EMI relations based on a two-way wave-
field reciprocity

2.1.1 Reciprocity theorems

Consider a 3D inhomogeneous, lossless medium with a boundeddomainD

in it. Three different cases are looked at for the medium - acoustic, elas-
tic, or electromagnetic. In the acoustic case, the medium isdescribed with
the material properties mass densityρ (x) and compressibilityκ (x); in the
elastic case, the material properties are mass densityρ (x) and compliance
spqkl (x); in the electromagnetic case the medium is described by electric
permittivityεkr (x) and magnetic permeabilityµji (x). It is assumed that the
time dependence of the electric permittivity and the magnetic permeability
can be incorporated in the electric and magnetic conductivities, respectively.
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However, because the medium is taken lossless, the electricand magnetic
conductivities are set to zero. DomainD is enclosed by a boundary∂D with
an outward-pointing normal vectorn. For the medium, inside as well as
outsideD, in the frequency domain the system of two equations definingthe
wave propagation can be written in matrix-vector form as

jωA (x) û (x, ω) + Dû (x, ω) = ŝ (x, ω) . (2.1)

In the above equation, the variableû (x, ω) represents the wave fields,ŝ (x, ω)
- the source vector,A (x) - the frequency-independent material properties,
andD is an operator matrix representing differentiation with respect to the
three spatial dimensions. Table2.1 shows the expansion of these variables
in the acoustic, elastic, and electromagnetic case.
To obtain reciprocity relations, two independent statesA andB are consid-
ered in domainD . StateA is described by the wave quantitŷuA (x, ω),
by the source quantitŷsA (x, ω) and by the material matrixA (x). StateB
is characterized by the same quantities, but the corresponding subscriptsA
are replaced by subscriptsB. Further, to arrive at a reciprocity relation be-
tween the wavefields in the two states, wavefield interactions are considered
in domainD

One wavefield interaction can be described by a local convolution between
the wavefields in the two states [de Hoop, 1995] and can be written as

ûTA (x, ω) K
(

D←−+ D
)

ûB (x, ω) =

−
(

DûA (x, ω)

)T

KûB (x, ω) + ûTA (x, ω) K
(

DûB (x, ω)

)

. (2.2)

In the above equation, the superscriptT denotes matrix transposition,D←−
means that the differentiation operatorD acts on the wave quantity left of it,
andK = diag (−1, 1). Further, to obtain the right-hand side of the equation,
the propertiesKT = K, KD = −DK, andDT = D were used. The latter
property, in the acoustic case, is easily verified by inspecting Table2.1. To
verify this property in the elastic case, the relation∆ijkl = ∆klji should be
used. In the electromagnetic case, the propertyDT = D is verified by using
the fact that−ǫkmi = ǫimk. A similar remark holds forǫjmr.
Substitution of the matrix-vector equation2.1 into the right-hand side of
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Parameter Acoustic case Elastic case Electromagnetic case

û (x, ω)

(

p̂ (x, ω)

v̂i (x, ω)

) (

v̂i (x, ω)

−τ̂kl (x, ω)

) (

Êr (x, ω)

Ĥi (x, ω)

)

ŝ (x, ω)

(

q̂ (x, ω)

f̂i (x, ω)

) (

f̂i (x, ω)

ĥpq (x, ω)

) (

−Ĵek (x, ω)

−Ĵmj (x, ω)

)

A (x)

(

κ (x) 0

0 ρ (x)

) (

ρ (x) 0

0 spqkl (x)

) (

εkr (x) 0

0 µji (x)

)

D

(

0 ∂i

∂i 0

) (

0 ∆ijkl∂j

∆pqji∂j 0

) (

0 −ǫkmi∂m

ǫjmr∂m 0

)

Table 2.1: Expansion of the variables in equation2.1 in the acoustic, elastic, or
electromagnetic case. In the first row,p̂ stands for acoustic pressure,v̂i denotes
the particle velocity vector,̂τkl stands for the stress tensor,̂Er describes the elec-
tric field vector, andĤi describes the magnetic field vector. In the second row,q̂

represents the source distribution in terms of volume injection-rate density,f̂i rep-
resents the source distribution in terms of external volumeforce density,̂hpq stands
for the external deformation-rate density, and̂Jek and Ĵmj stand for the external
source volume densities of electric and magnetic currents,respectively. In the third
row, κ denotes the compressibility,ρ denotes the volume density of mass,spqkl de-
scribes the compliance,εkr describes the electric permittivity, andµji denotes the
magnetic permeability. In the fourth row,∆ijkl = 1

2 (δikδjl + δjkδil), whereδab is
the Kronecker delta function, whileǫkmi is the antisymmetric (Levi-Civita) tensor
of rank three, whereǫkmi = 1, for kmi = {123, 231, 312}, and ǫkmi = −1, for
kmi = {132, 213, 321}.
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equation2.2and using the propertyAT
A (x) K = KAA (x), results in

ûTA (x, ω) K D←−ûB (x, ω) + ûTA (x, ω) KDûB (x, ω) =

ûTA (x, ω) KŝB (x, ω)− ŝTA (x, ω) KûB (x, ω)

+ jωûTA (x, ω) K
(

AA (x)− AB (x)

)

ûB (x, ω) . (2.3)

Equation2.3represents the local form of the two-way wavefield convolution-
type reciprocity theorem [Rayleigh, 1878; de Hoop, 1988; Fokkema and
van den Berg, 1993] because multiplication of two quantities in the fre-
quency domain corresponds to a convolution in the time domain.
Integration of equation2.3over the domainD and application of Gauss’ di-
vergence theorem to the left-hand side of equation2.3yields (after swapping
the places of the two sides)

∫

D

{

ûTA (x, ω) KŝB (x, ω)− ŝTA (x, ω) KûB (x, ω)

+jωûTA (x, ω) K
(

AA (x)− AB (x)

)

ûB (x, ω)

}

d3
x =

∮

∂D

ûTA (x, ω) KNxûB (x, ω) d2
x , (2.4)

where in the acoustic caseNx = antidiag (ni, ni), in the elastic case it
is Nx = antidiag (∆ijklnj , ∆pqjinj), and in the electromagnetic case it is
Nx = antidiag (−ǫkminm, ǫjmrnm). Equation2.4 is known as the global
form of the two-way wavefield convolution-type reciprocitytheorem.
When the material quantities are assumed to be the same for both states, i.e.,
AA (x) = AB (x), equation2.4can be rewritten as

∫

D

{

ûTA (x, ω) KŝB (x, ω)− ŝTA (x, ω) KûB (x, ω)
}

d3
x =

∮

∂D

ûTA (x, ω) KNxûB (x, ω) d2
x . (2.5)

Another wavefield interaction can be described by a local correlation be-
tween the wavefields in the two states [de Hoop, 1995] and can be written
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as

û†
A (x, ω)

(

D←−+ D
)

ûB (x, ω) =
(

DûA (x, ω)

)†

ûB (x, ω) + û†
A (x, ω)

(

DûB (x, ω)

)

, (2.6)

where the superscript† means complex conjugation and transposition, hence
û†
A (x, ω) is the time-reversed variant ofûTA (x, ω). Then, after substitution

of equation2.1 into the right-hand side of equation2.6 and making use of
the propertyA†

A (x) = AA (x), which follows from the invariance to time-
reversal of the wave equation, one arrives at

û†
A (x, ω) D←−ûB (x, ω) + û†

A (x, ω) DûB (x, ω) =

û†
A (x, ω) ŝB (x, ω) + ŝ†

A (x, ω) ûB (x, ω)

+ jωû†
A (x, ω)

(

AA (x)− AB (x)

)

ûB (x, ω) . (2.7)

Equation2.7represents the local form of the two-way wavefield correlation-
type reciprocity theorem [Bojarski, 1983; de Hoop, 1988; Wapenaar and
Berkhout, 1989; Fokkema and van den Berg, 1993] since a multiplication
of a quantity with a complex-conjugate of another quantity in the frequency
domain corresponds to a correlation in the time domain.
Integration of equation2.7 over the domainD and application of Gauss’
divergence theorem to the left-hand side of equation2.7gives

∫

D

{

û†
A (x, ω) ŝB (x, ω) + ŝ†

A (x, ω) ûB (x, ω)

+jωû†
A (x, ω)

(

AA (x)− AB (x)

)

ûB (x, ω)

}

d3
x =

∮

∂D

û†
A (x, ω) NxûB (x, ω) d2

x . (2.8)

Equation2.8is known as the global form of the two-way wavefield correlation-
type reciprocity theorem.
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For the case when the material properties in both states are the same, equa-
tion 2.8can be rewritten as
∫

D

{

û†
A (x, ω) ŝB (x, ω) + ŝ†

A (x, ω) ûB (x, ω)
}

d3
x =

∮

∂D

û†
A (x, ω) NxûB (x, ω) d2

x . (2.9)

The the global forms of the reciprocity theorems2.4and2.8(or 2.5and2.9,
respectively) can be used to obtain the wavefields inside domainD only from
measurements of the wavefields along its boundary∂D. In this sense, these
theorems are used, for example, to derive integral equations for forward and
inverse two-way wavefield extrapolation [Wapenaar and Berkhout, 1989]. In
the following subsections, the reciprocity theorems2.5 and2.9 are used to
derive source-receiver reciprocity relations followed byrelations for seismic
and electromagnetic interferometry.

2.1.2 SI relations for impulsive sources in an acoustic medi um

For an acoustic medium, as specified in the acoustic-case column of Table
2.1, the reciprocity relations2.5and2.9can be rewritten as

∫

D

{

p̂A (x, ω) q̂B (x, ω)− v̂i,A (x, ω) f̂i,B (x, ω)

−q̂A (x, ω) p̂B (x, ω) + f̂i,A (x, ω) v̂i,B (x, ω)
}

d3
x =

∮

∂D

{p̂A (x, ω) v̂i,B (x, ω)− v̂i,A (x, ω) p̂B (x, ω)}ni d
2
x (2.10)

and
∫

D

{

p̂∗A (x, ω) q̂B (x, ω) + v̂∗
i,A (x, ω) f̂i,B (x, ω)

+q̂∗A (x, ω) p̂B (x, ω) + f̂ ∗
i,A (x, ω) v̂i,B (x, ω)

}

d3
x =

∮

∂D

{

p̂∗A (x, ω) v̂i,B (x, ω) + v̂∗
i,A (x, ω) p̂B (x, ω)

}

ni d
2
x , (2.11)

respectively.
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To make use of the reciprocity theorems, certain choices should be made
for the wavefields and the source fields in the statesA andB. Taking only
impulsive sources of volume injection-rate densityq̂ (x, ω) at pointsxA and
xB in D for statesA andB, respectively, one can define the recorded pres-
surep̂ (x, ω) at x in both states as the observed impulse response (Green’s
function Ĝ

(

x,xA(B), ω
)

) (see Table2.2). The expressions for the particle
velocities observed atx for statesA andB are obtained from the substi-
tution of the respective quantities for̂q (x, ω), f̂i (x, ω), and p̂ (x, ω) from
Table2.2into the wave equation2.1 in case of an acoustic medium.

Parameter StateA StateB
q̂ (x, ω) δ (x− xA) δ (x− xB)

f̂i (x, ω) 0 0

p̂ (x, ω) Ĝ (x,xA, ω) Ĝ (x,xB, ω)

v̂i (x, ω) −1
jωρ(x)

∂iĜ (x,xA, ω) −1
jωρ(x)

∂iĜ (x,xB, ω)

Table 2.2: Choices for wavefield and source parameters for the acoustical statesA
andB to be used in the two-way wavefield acoustic reciprocity theorems.

Substitution of the expressions in the middle and right columns of Table2.2
for their corresponding quantities in the convolution-type reciprocity theo-
rem 2.10 and the use of the sifting property of the delta function, results
in

Ĝ (xB,xA, ω)− Ĝ (xA,xB, ω) =
∮

∂D

−1

jωρ (x)

{

Ĝ (x,xA, ω) ∂iĜ (x,xB, ω)

−
(

∂iĜ (x,xA, ω)
)

Ĝ (x,xB, ω)
}

ni d
2
x . (2.12)

The right-hand side of equation2.12represents a surface integral over prod-
ucts of causal-in-time Green’s functions. If the surface ofintegration∂D is
chosen to be a sphere with infinite radius∆ → ∞, the right-hand side of
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equation2.12will go to zero as it will be of orderO (∆−1) [Fokkema and
van den Berg, 1993]. If for this ∂D the right-hand side vanishes, then, be-
cause it is independent of the choice of the boundary, it should vanish for
any choice of∂D as long as the pointsxA andxB are inside it. This results
in the acoustic source-receiver reciprocity relation

Ĝ (xB,xA, ω) = Ĝ (xA,xB, ω) . (2.13)

This relation shows the well-known property that interchanging the place of
source and receiver will not change the measurement result.
Let one now substitute the quantities from the middle and theright columns
of Table2.2 into their corresponding places in the correlation-type acoustic
reciprocity theorem2.11. Making again use of the sifting property of the
delta function gives

Ĝ∗ (xB,xA, ω) + Ĝ (xA,xB, ω) =
∮

∂D

−1

jωρ (x)

{

Ĝ∗ (x,xA, ω) ∂iĜ (x,xB, ω)

−
(

∂iĜ (x,xA, ω)
)∗

Ĝ (x,xB, ω)
}

ni d
2
x . (2.14)

Further application of the source-receiver reciprocity2.13 to both sides of
equation2.14results in

2ℜ
{

Ĝ (xA,xB, ω)
}

=
∮

∂D

−1

jωρ (x)

{

Ĝ∗ (xA,x, ω) ∂iĜ (xB,x, ω)

−
(

∂iĜ (xA,x, ω)
)∗

Ĝ (xB,x, ω)
}

ni d
2
x , (2.15)

whereℜ stands for ”real part”. The products in the right-hand side corre-
spond to crosscorrelations in the time domain, while the left-hand side cor-
responds in the time domain to a Green’s function and its time-reversed ver-
sion. In this way, relation2.15gives the possibility to retrieve the complete
Green’s function and its time-reversed version between thepointsxA andxB

from the constructive and destructive interference (the summation) of cross-
correlations of observed Green’s functionsĜ

(

xA(B),x, ω
)

due to monopole
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sources on∂D and observed Green’s functions∂iĜ
(

xA(B),x, ω
)

ni due to
dipole sources on∂D.
Equation2.15is exact and valid for any lossless inhomogeneous (inside, as
well as outside∂D) acoustic medium. It represents the basis for acoustic SI.
Van Manen et al.[2005] developed an effective modelling scheme based on
a relation very similar to equation2.15, where the difference comes from
using another source definition for the Green’s function.
Even though equation2.15 is very useful for modelling or laboratory in-
vestigations, there are several difficulties in its application to field data, like
for example in petroleum exploration. One difficulty is the need to evaluate
two correlation products. To overcome this, let one assume that in a small
region (relative to the dominant wavelength) around∂D the medium param-
eters change smoothly. The Green’s functions observed in domainD can be
written as a sum of waves that propagate initially inward from the sources
on ∂D (superscriptin) and of waves that propagate initially outward from
the sources (superscriptout):

Ĝ
(

xA(B),x, ω
)

= Ĝin
(

xA(B),x, ω
)

+ Ĝout
(

xA(B),x, ω
)

. (2.16)

Substitution of equation2.16 for statesA andB into the SI relation2.15
gives

2ℜ
{

Ĝ (xA,xB, ω)
}

=
∮

∂D

−1

jωρ (x)

{[

Ĝin∗

(xA,x, ω) + Ĝout∗ (xA,x, ω)
]

×
[

∂iĜ
in (xB,x, ω) + ∂iĜ

out (xB,x, ω)
]

−
[(

∂iĜ
in (xA,x, ω)

)∗

+
(

∂iĜ
out (xA,x, ω)

)∗]

×
[

Ĝin (xB,x, ω) + Ĝout (xB,x, ω)
]}

ni d
2
x (2.17)
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or

2ℜ
{

Ĝ (xA,xB, ω)
}

=

∮

∂D

−1

jωρ (x)

{

Ĝin∗

(xA,x, ω)∂iĜ
in (xB,x, ω)

−
(

∂iĜ
in (xA,x, ω)

)∗

Ĝin (xB,x, ω) + Ĝout∗ (xA,x, ω) ∂iĜ
out (xB,x, ω)

−
(

∂iĜ
out (xA,x, ω)

)∗

Ĝout (xB,x, ω)
}

nidx
2

+

∮

∂D

−1

jωρ (x)

{

Ĝin∗

(xA,x, ω) ∂iĜ
out (xB,x, ω)

−
(

∂iĜ
in (xA,x, ω)

)∗

Ĝout (xB,x, ω) + Ĝout∗ (xA,x, ω) ∂iĜ
in (xB,x, ω)

−
(

∂iĜ
out (xA,x, ω)

)∗

Ĝin (xB,x, ω)
}

ni d
2
x . (2.18)

When the dominant wavelengths of the fields are small compared to the sizes
of the inhomogeneities (high-frequency regime), then for each constituent
Ĝin
w

(

xA(B),x, ω
)

andĜout
w

(

xA(B),x, ω
)

- direct wave, scattered wave, etc. -
of the Green’s function, one has

∂iĜ
in
w

(

xA(B),x, ω
)

ni = −j
ω

c (x)
|cos αw (x)| Ĝin

w

(

xA(B),x, ω
)

(2.19a)

∂iĜ
out
w

(

xA(B),x, ω
)

ni = +j
ω

c (x)
|cos αw (x)| Ĝout

w

(

xA(B),x, ω
)

,

(2.19b)

wherec (x) is the local propagation velocity andαw (x) is the local angle
between the pertinent ray and the normal on∂D. Note that in the above
equation, no summation takes place overw. The main contribution to the
integrals in equation2.18comes from regions on∂D around the stationary
points [Schuster et al., 2004; Snieder, 2004; Wapenaar et al., 2004a]. For
such regions,|cos αw (x)| for Ĝw (xA,x, ω) andĜw (xB,x, ω) will be iden-
tical. This means that in equation2.18 the second integral will disappear,
while the terms under the first integral will add together. Hence,

2ℜ
{

Ĝ (xA,xB, ω)
}

=
∮

∂D

2

jωρ (x)

{(

∂iĜ
in (xA,x, ω)

)∗

Ĝin (xB,x, ω)

+
(

∂iĜ
out (xA,x, ω)

)

Ĝout (xB,x, ω)
}

ni d
2
x . (2.20)
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Because the inward- and outward-propagating waves at the pointsx on ∂D

cannot be measured separately, equation2.16for statesA andB is used to
rewrite equation2.20as

2ℜ
{

Ĝ (xA,xB, ω)
}

+ ghosts =
∮

∂D

2

jωρ (x)

(

∂iĜ (xA,x, ω)
)∗

Ĝ (xB,x, ω)ni d
2
x , (2.21)

where

ghosts =

∮

∂D

2

jωρ (x)

{(

∂iĜ
in (xA,x, ω)

)∗

Ĝout (xB,x, ω)

+
(

∂iĜ
out (xA,x, ω)

)∗

Ĝin (xB,x, ω)
}

ni d
2
x . (2.22)

The left-hand side of equation2.21contains not only the retrieved Green’s
function, but also spurious events (ghosts) that will appear as a result from
the crosscorrelations in the right-hand side (see Figure3.12). These ghosts
result from the integration over correlation products of inward-propagating
waves in one of the states with outward-propagating waves inthe other state.
When the sources are randomly distributed in space, i.e., the surface∂D is
sufficiently irregular, the correlation products will not interfere coherently
and the ghost terms will be strongly weakened and can be ignored, while
the retrieved Green’s function will correctly contain all scattered fields from
inside and outside∂D (see Figure3.15andDraganov et al.[2003]).
If, on the other hand, the medium at and outside∂D is assumed to be homo-
geneous with propagation velocityc and mass densityρ, thenghosts = 0.
Furthermore, if∂D is taken to be a sphere with a sufficiently large radius,
then all rays are normal to∂D and consequentlyα = 0. Then, from equation
2.21one finally obtains

2ℜ
{

Ĝ (xA,xB, ω)
}

≈ 2

ρc

∮

∂D

Ĝ∗ (xA,x, ω) Ĝ (xB,x, ω) d2
x. (2.23)

The approximation in equation2.23 involves only amplitude errors; when
∂D differs significantly from a sphere, these errors may be significant. Fur-
thermore, due to incomplete destructive interference, events that would be
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canceled completely when equation2.15is used, may here give rise to arte-
facts. Nevertheless, the application of relation2.23 will correctly retrieve
the phases of all arrivals. That is why relation2.23is considered acceptable
for SI in practical applications.

2.1.3 SI relation for impulsive sources in an acoustic mediu m
with a free surface

Let the mediumD represent part of the Earth and be bounded by a free
surface. In that case, the boundary∂D can be written as consisting of two
parts:∂D0, coinciding with the free surface, and∂Dm, representing the part
of the boundary in the subsurface. The integral on the right-hand side of
equation2.14can be split into an integral over∂Dm and an integral over∂D0.
At the free surface, the Green’s function̂G

(

x,xA(B), ω
)

, which represents
observed pressure, will be zero and as a result the integral over ∂D0 will
be zero too. This means that the right-hand side of equation2.14 needs
to be evaluated only over∂Dm. Following the same steps as above, one
can conclude that in the case when a free surface is present, to retrieve the
Green’s function in the left-hand side of equation2.23, one needs to evaluate
the right-hand side only over∂Dm, i.e., one needs to have sources only in
the subsurface. Intuitively, one can look at the free surface as a mirror that
reflects the subsurface sources and creates an illusion of sources distributed
over a closed boundary.

2.1.4 SI relation for transient sources in acoustic medium

In the previous subsection, the sources along the boundary∂D were taken
to be impulsive. In practice, one will have to deal with band-limited sources
characterized by a waveletŝ (x, ω). Then, the observed wavefields at the
pointsxA andxB in the two states are

p̂obs
(

xA(B),x, ω
)

= Ĝ
(

xA(B),x, ω
)

ŝ (x, ω) . (2.24)
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Substitution of equation2.24 for statesA andB into the SI relation2.23
gives

2ℜ
{

Ĝ (xA,xB, ω)
}

Ŝ0 (ω) ≈
2

ρc

∮

∂D

F̂ (x, ω) p̂obs∗ (xA,x, ω) p̂obs (xB,x, ω) d2
x , (2.25)

where

F̂ (x, ω) =
Ŝ0 (ω)

Ŝ (x, ω)
(2.26)

is a shaping filter witĥS (x, ω) = ŝ∗ (x, ω) ŝ (x, ω) the power spectrum of
the sources along∂D andŜ0 (ω) an average, arbitrarily chosen power spec-
trum. The SI relation2.25 can be used when separate recordings can be
taken atxA andxB from each of the transient sources on∂D. The shaping
filter F̂ (x, ω) compensates for the different power spectra of the sources.
This requires that these power spectra are known.

2.1.5 SI relation for noise sources in acoustic medium

It is not always possible to record separate responses from the sources on
∂D, as required for the application of SI relation2.25. Often, the sources
will be overlapping in time or one may not even know exactly when the
sources were active. In such cases, there is an alternative solution if one
may assume the sources to be mutually temporally uncorrelated with equal
power spectrum̂S (ω) and to be acting simultaneously. This means that at
the observation pointsxA andxB, the recorded wavefields will be

p̂obs (xA, ω) =

∮

∂D

Ĝ (xA,x, ω) N̂ (x, ω)d2
x , (2.27a)

p̂obs (xB, ω) =

∮

∂D

Ĝ (xB,x′, ω) N̂ (x′, ω)d2
x
′ , (2.27b)

whereN̂ (x, ω) and N̂ (x′, ω) are the spectra of the sources atx and x
′,

respectively. Because the sources are assumed uncorrelated,

〈

N̂∗ (x, ω) N̂ (x′, ω)
〉

= δ (x− x
′) Ŝ (ω) , (2.28)
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where〈•〉 stands for spatial ensemble average. In such a case, the correlation
of the observed wavefields atxA andxB can be written as

〈

p̂obs∗ (xA, ω) p̂obs (xB, ω)
〉

=

∮

∂D

Ĝ∗ (xA,x, ω) Ĝ (xB,x, ω) Ŝ (ω)d2
x .

(2.29)
Comparing equation2.29to equation2.23, it can be concluded that

2ℜ
{

Ĝ (xA,xB, ω)
}

Ŝ (ω) ≈ 2

ρc

〈

p̂obs∗ (xA, ω) p̂obs (xB, ω)
〉

. (2.30)

The above relation is very easy to apply in practice – one onlyneeds to
install seismic receivers, record the noise responses, andthen crosscorrelate
the recorded responses following equation2.30. A disadvantage is that no
compensation can be applied for the different spectra of thedifferent sources.
As the sources are assumed uncorrelated, they can be called ”noise sources”
and the recorded wavefields can be called ”noise” in the sensethat one may
not be able to see any clear arrivals. Nevertheless, what is recorded from
such sources are propagating fields. The advantage of using relation2.30is
that one does not need to have any a priori information about the sources.
In practice, though, it will be difficult to find simultaneously acting noise
sources. It will be most likely that the noise sources will beacting separately
in time or will be partly overlapping in time. For this reason, to ensure the
fulfillment of the assumption that the sources are uncorrelated in time, the
noise recordings should be very long. In such a case, the ensemble average
is then approximated by averaging over different time windows.

2.1.6 SI relations for impulsive sources in an elastic mediu m

For an elastic medium, making use of the elastic-case columnin Table2.1,
the reciprocity relations2.5and2.9can be rewritten as

∫

D

{

−τ̂ij,A (x, ω) ĥij,B (x, ω)− v̂i,A (x, ω) f̂i,B (x, ω)

+ĥij,A (x, ω) τ̂ij,B (x, ω) + f̂i,A (x, ω) v̂i,B (x, ω)
}

d3
x =

∮

∂D

{v̂i,A (x, ω) τ̂ij,B (x, ω)− τ̂ij,A (x, ω) v̂i,B (x, ω)}nj d2
x (2.31)
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and
∫

D

{

−τ̂ ∗
ij,A (x, ω) ĥij,B (x, ω) + v̂∗

i,A (x, ω) f̂i,B (x, ω)

−ĥ∗
ij,A (x, ω) τ̂ij,B (x, ω) + f̂ ∗

i,A (x, ω) v̂i,B (x, ω)
}

d3
x =

∮

∂D

{

−v̂∗
i,A (x, ω) τ̂ij,B (x, ω)− τ̂ ∗

ij,A (x, ω) v̂i,B (x, ω)
}

nj d2
x , (2.32)

respectively.
Just like in the acoustic case, certain choices are made about the wavefields
and the source fields in the statesA andB. Here, the choice is for impul-
sive point sources of external volume force densityf̂i (x, ω) at pointsxA

andxB in D for statesA andB, respectively, while the external deforma-
tion rate densitŷhij (x, ω) is taken to be zero. Then, the particle velocity
v̂i (x, ω) atx in both states can be defined as the observed impulse responses
(Green’s functionŝGv,f

i,p(q)

(

x,xA(B), ω
)

, see Table2.3). The expressions for
the stresses observed atx for statesA andB are obtained from the substi-
tution of the corresponding quantities for̂fi (x, ω), ĥij (x, ω), andv̂i (x, ω)
from Table2.3into the matrix-vector equation2.1for an elastic medium and
the usage of the inverse of the compliance, which is the stiffness tensorcijkl
obeyingcijklsklmn = sijklcklmn = 1

2
(δimδjn + δinδjm).

Substitution of the expressions in the middle and right columns of Table2.3
for their corresponding quantities in the convolution-type reciprocity theo-
rem 2.31 and the use of the sifting property of the delta function, results
in

− Ĝv,f
q,p (xB,xA, ω) + Ĝv,f

p,q (xA,xB, ω) =
∮

∂D

{

Ĝ
v,f
i,p (x,xA, ω) Ĝ

τ,f
ij,q (x,xB, ω)

−
(

Ĝ
τ,f
ij,p (x,xA, ω)

)

Ĝ
v,f
i,q (x,xB, ω)

}

nj d2
x . (2.33)

The right-hand side of equation2.33represents a surface integral over prod-
ucts of causal-in-time Green’s functions. If the surface ofintegration∂D is
chosen to be a sphere with infinite radius∆ → ∞, the right-hand side of
equation2.33will go to zero as it will be of orderO (∆−1). If the right-hand
side vanishes on this∂D, then, because it is independent of the choice of the
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boundary, it should vanish for any choice of∂D as long as the pointsxA and
xB are inside it. This results in the elastodynamic source-receiver reciprocity
relation

Ĝv,f
q,p (xB,xA, ω) = Ĝv,f

p,q (xA,xB, ω) . (2.34)

If, though, the choice is for impulsive point sources of external deformation
rate density at the pointxB in D for stateB, while for stateA the choice
is for a source of external volume force density atxA, see Table2.4, then
the substitution of the parameters from Table2.4into the reciprocity relation
2.31followed by the same reasoning as above, will produce

Ĝτ,f
qr,p (xB,xA, ω) = Ĝv,h

p,qr (xA,xB, ω) . (2.35)

Let one now substitute the quantities from the middle and theright columns
of Table2.3 into their corresponding places in the correlation-type elasto-
dynamic reciprocity relation2.32. Making use of the sifting property of the

Parameter StateA StateB
f̂i (x, ω) δ (x− xA) δip δ (x− xB) δiq

ĥij (x, ω) 0 0

v̂i (x, ω) Ĝ
v,f
i,p (x,xA, ω) Ĝ

v,f
i,q (x,xB, ω)

τ̂ij (x, ω) 1
jω

cijkl (x) ∂lĜ
v,f
k,p (x,xA, ω) 1

jω
cijkl (x) ∂lĜ

v,f
k,q (x,xB, ω)

, Ĝ
τ,f
ij,p (x,xA, ω) , Ĝ

τ,f
ij,q (x,xB, ω)

Table 2.3: Choice of wavefield and source parameters for the elastodynamic states
A andB, to be used in two-way wavefield elastodynamic reciprocity theorems. The
superscripts in the Green’s function notation represent the receiver quantity (par-
ticle velocityv or stressτ ) and source quantity (forcef or deformation rateh),
respectively, while the subscripts represent the components of the observed quantity
(i, j) and the source components (p, q), respectively.
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delta function gives

{

Ĝv,f
q,p (xB,xA, ω)

}∗

+ Ĝv,f
p,q (xA,xB, ω) =

−
∮

∂D

{(

Ĝ
v,f
i,p (x,xA, ω)

)∗

Ĝ
τ,f
ij,q (x,xB, ω)

+
(

Ĝ
τ,f
ij,p (x,xA, ω)

)∗

Ĝ
v,f
i,q (x,xB, ω)

}

nj d2
x . (2.36)

Further application of the source-receiver reciprocities2.34and2.35to both
sides of equation2.36results in

2ℜ
{

Ĝv,f
p,q (xA,xB, ω)

}

=

−
∮

∂D

{(

Ĝ
v,f
p,i (xA,x, ω)

)∗

Ĝ
v,h
q,ij (xB,x, ω)

+
(

Ĝ
v,h
p,ij (xA,x, ω)

)∗

Ĝ
v,f
q,i (xB,x, ω)

}

nj d2
x . (2.37)

In the time domain, the products on the right-hand side of theabove equa-
tion correspond to crosscorrelations, while the left-handside corresponds
to a Green’s function and its time-reversed version. In thisway, relation

Parameter StateA StateB
f̂i (x, ω) δ (x− xA) δip 0

ĥij (x, ω) 0 δ (x− xB) δiqδjr

v̂i (x, ω) Ĝ
v,f
i,p (x,xA, ω) 1

jωρ
∆ijkl∂jĜ

τ,h
kl,qr (x,xB, ω)

, Ĝ
v,h
i,qr (x,xB, ω)

τ̂ij (x, ω) 1
jω

cijkl (x) ∂lĜ
v,f
k,p (x,xA, ω) Ĝ

τ,h
ij,qr (x,xB, ω)

, Ĝ
τ,f
ij,p (x,xA, ω)

Table 2.4: Alternative choice for wavefield and source parameters for the elastody-
namic statesA andB to be used in two-way wavefield elastodynamic convolution-
type reciprocity theorem.
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2.37provides the possibility to retrieve the complete Green’s function and its
time-reversed version between the pointsxA andxB by constructive and de-
structive interference (summation) of crosscorrelationsof observed Green’s
functionsĜv,f

p,i

(

xA(B),x, ω
)

, due to impulsive force sources on∂D, and ob-

served Green’s functionŝGv,h
q,ij

(

xA(B),x, ω
)

nj due to impulsive deformation
sources on∂D. Equation2.37is exact and valid for any lossless inhomoge-
neous (inside, as well as outside∂D) elastic medium.Van Manen et al.
[2006] developed an effective modelling scheme based on a relation very
similar to equation2.37.
But just as in the acoustic case, in the application of this relation one faces the
two difficulties of having to perform two correlations separately and needing
the responses of two different types of sources. To overcomethese problems,
it is assumed that in a small region around∂D the medium is homogeneous
and isotropic. Because of this, the observed wavefields can be written as sim-
ple sum of observed P- and S-waves. Thus, the Green’s functions observed
at x due to sources atxA andxB can be represented in terms of Green’s
function potentials for observed P- and S-waves [Wapenaar and Berkhout,
1989; Aki and Richards, 2002]:

Ĝ
v,f

i,p(q)

(

x,xA(B), ω
)

=

−1

jωρ

{

∂iĜ
φ,f

0,p(q)

(

x,xA(B), ω
)

+ ǫijk∂jĜ
φ,f

k,p(q)

(

x,xA(B), ω
)

}

with ∂kĜ
φ,f

k,p(q)

(

x,xA(B), ω
)

= 0 (2.38)

where the superscriptφ means that the observed quantity is a P-wave when
the left subscript is0, or an S-wave when the left subscript isk. The Green’s
function potentials obey the Helmholtz equations

∂i∂iĜ
φ,f

0,p(q)

(

x,xA(B), ω
)

+
ω2

c2
P

Ĝ
φ,f

0,p(q)

(

x,xA(B), ω
)

= 0 (2.39a)

∂i∂iĜ
φ,f

k,p(q)

(

x,xA(B), ω
)

+
ω2

c2
S

Ĝ
φ,f

k,p(q)

(

x,xA(B), ω
)

= 0 , (2.39b)

wherecP andcS are the P- and S-wave propagation velocities in the medium,
respectively. The Green’s function potentials can be explicitly written in
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terms of the observed Green’s functions as

Ĝ
φ,f

0,p(q)

(

x,xA(B), ω
)

= −ρc2
P

jω
∂iĜ

v,f

i,p(q)

(

x,xA(B), ω
)

(2.40a)

Ĝ
φ,f

k,p(q)

(

x,xA(B), ω
)

=
ρc2
S

jω
ǫkji∂jĜ

v,f

i,p(q)

(

x,xA(B), ω
)

. (2.40b)

Furthermore, at the boundary∂D the Green’s function potentials can be di-
vided into inward- and outward-propagating parts:

Ĝ
φ,f

K,p(q)

(

x,xA(B), ω
)

= Ĝ
φ,f,in

K,p(q)

(

x,xA(B), ω
)

+ Ĝ
φ,f,out

K,p(q)

(

x,xA(B), ω
)

,

(2.41)
whereK = 0, 1, 2, 3. Expressions for the Green’s functionsĜ

τ,f
ij,p (x,xA, ω)

andĜ
τ,f
ij,q (x,xB, ω) in terms of the Green’s function potentials can be written

as

Ĝ
τ,f

ij,p(q)

(

x,xA(B), ω
)

=
−1

(jω)2 ρ

{

cijkl∂l∂kĜ
φ,f

0,p(q)

(

x,xA(B), ω
)

+cijkl∂lǫkmn∂mĜ
φ,f

n,p(q)

(

x,xA(B), ω
)

}

. (2.42)

Substitution of equation2.38and equation2.42 in conjunction with equa-
tion 2.41 for statesA andB into the right-hand side of equation2.36 re-
sults in products between inward- and outward-propagatingP-waves and S-
waves.Wapenaar and Berkhout[1989] show that for a horizontal boundary,
products between only P-waves and products between only S-waves remain,
while the cross-products between P- and S-waves cancel eachother. They
show further that only products between waves traveling in opposite direc-
tions will remain. I.e., for a horizontal boundary∂D, the right-hand side of
equation2.36can be written as

2

jωρ

∫

∂D

{(

∂3Ĝ
φ,f,in
0,p (x,xA, ω)

)∗

Ĝ
φ,f,in
0,q (x,xB, ω)

+
(

∂3Ĝ
φ,f,out
0,p (x,xA, ω)

)∗

Ĝ
φ,f,out
0,q (x,xB, ω)

+
(

∂3Ĝ
φ,f,in
k,p (x,xA, ω)

)∗

Ĝ
φ,f,in
k,q (x,xB, ω)

+
(

∂3Ĝ
φ,f,out
k,p (x,xA, ω)

)∗

Ĝ
φ,f,out
k,q (x,xB, ω)

}

n3d
2
x (2.43)
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(note that the complex conjugation reverses the propagation direction, hence,
all terms are indeed products of waves traveling in the opposite directions).
The above result is not exact because the evanescent waves that propagate
parallel to the horizontal boundary were neglected.
The integral will now be analyzed for an arbitrary closed surface∂D. In the
high-frequency regime, the integral on the right-hand sideof equation2.36
receives its main contributions from stationary points along the boundary
∂D. At such stationary points a local coordinate system is chosen, in which
the localx3 axis is in the direction of the outward-pointing normal on∂D.
For each of these local coordinate systems, one obtains a result similar to
the result in2.43. When all the stationary points are accounted for, the total
result would include also waves that propagate in the horizontal direction in
the global coordinate system, including evanescent waves.As a result of this
reasoning, going back to the global coordinate system, equation 2.36can be
written as

2ℜ
{

Ĝv,f
p,q (xA,xB, ω)

}

=

2

jωρ

∮

∂D

{(

∂jĜ
φ,f,in
0,p (x,xA, ω)

)∗

Ĝ
φ,f,in
0,q (x,xB, ω)

+
(

∂jĜ
φ,f,out
0,p (x,xA, ω)

)∗

Ĝ
φ,f,out
0,q (x,xB, ω)

+
(

∂jĜ
φ,f,in
k,p (x,xA, ω)

)∗

Ĝ
φ,f,in
k,q (x,xB, ω)

+
(

∂jĜ
φ,f,out
k,p (x,xA, ω)

)∗

Ĝ
φ,f,out
k,q (x,xB, ω)

}

nj d2
x . (2.44)

As the medium in a small region around∂D is assumed homogeneous and
isotropic, the Green’s functions observed atxA andxB due to sources at
x can be represented in terms of Green’s function potentials from P- and
S-wave sources [Wapenaar and Berkhout, 1989]:

Ĝ
v,f

p(q),i

(

xA(B),x, ω
)

=

−1

jωρ

{

∂iĜ
v,φ

p(q),0

(

xA(B),x, ω
)

+ ǫijk∂jĜ
v,φ

p(q),k

(

xA(B),x, ω
)

}

with ∂kĜ
v,φ

p(q),k

(

xA(B),x, ω
)

= 0. (2.45)
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Then,

Ĝ
v,φ

p(q),0

(

xA(B),x, ω
)

= −ρc2
P

jω
∂iĜ

v,f

p(q),i

(

xA(B),x, ω
)

, (2.46a)

Ĝ
v,φ

p(q),k

(

xA(B),x, ω
)

=
ρc2
S

jω
ǫkji∂jĜ

v,f

p(q),i

(

xA(B),x, ω
)

. (2.46b)

The use of reciprocity relations2.34together with equations2.40and2.46,
results in the reciprocity relation for the Green’s function potentials

Ĝ
φ,f,in

K,p(q)

(

x,xA(B), ω
)

= Ĝ
v,φ,out

p(q),K

(

xA(B),x, ω
)

, (2.47a)

Ĝ
φ,f,out

K,p(q)

(

x,xA(B), ω
)

= Ĝ
v,φ,in

p(q),K

(

xA(B),x, ω
)

, (2.47b)

whereK = 0, 1, 2, 3. Thus, relation2.44can be rewritten as

2ℜ
{

Ĝv,f
p,q (xA,xB, ω)

}

=

2

jωρ

∮

∂D

{(

∂jĜ
v,φ,in
p,K (xA,x, ω)

)∗

Ĝ
v,φ,in
q,K (xB,x, ω)

+
(

∂jĜ
v,φ,out
p,K (xA,x, ω)

)∗

Ĝ
v,φ,out
q,K (xB,x, ω)

}

nj d2
x . (2.48)

Making use of the equations2.47in conjunction with equation2.41, one can
rewrite equation2.48as

2ℜ
{

Ĝv,f
p,q (xA,xB, ω)

}

+ ghosts =

2

jωρ

∮

∂D

{(

∂jĜ
v,φ
p,K (xA,x, ω)

)∗

Ĝ
v,φ
q,K (xB,x, ω)

}

nj d2
x , (2.49)

where

ghosts =

2

jωρ

∮

∂D

{(

∂jĜ
v,φ,in
p,K (xA,x, ω)

)∗

Ĝ
v,φ,out
q,K (xB,x, ω)

+
(

∂jĜ
v,φ,out
p,K (xA,x, ω)

)∗

Ĝ
v,φ,in
q,K (xB,x, ω)

}

nj d2
x . (2.50)

The left-hand side of equation2.49contains not only the retrieved Green’s
function and its time-reversed version, but also ghosts that result from the
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crosscorrelations on the right-hand side (see Figure3.30for examples). When
the sources are randomly distributed in space, i.e., when the surface∂D is
sufficiently irregular, the ghost correlation products will not interfere coher-
ently and the ghost terms will be strongly weakened and can beignored. At
the same time, the retrieved Green’s function will contain all scattered fields
from inside and outside∂D (see Figure3.32). If the medium outside∂D

is taken to be homogeneous with propagation velocitycP andcS for P- and
S-waves, respectively, and mass densityρ, the outward-propagating part of
the Green’s function potentials will not come back and thenghosts = 0.
In the high-frequency regime, the normal derivatives of each constituent of
the Green’s function potentials can be written as

∂jĜ
v,φ,in

p(q),K,w

(

xA(B),x, ω
)

nj = −j
ω

cK
|cos αK,w (x)| Ĝv,φ,in

p(q),K,w

(

xA(B),x, ω
)

(2.51a)

∂jĜ
v,φ,out

p(q),K,w

(

xA(B),x, ω
)

nj = +j
ω

cK
|cos αK,w (x)| Ĝv,φ,out

p(q),K,w

(

xA(B),x, ω
)

,

(2.51b)

wherecK = cP for K = 0 andcK = cS for K = 1, 2, 3. Further, if∂D is
taken to be a sphere with a sufficiently large radius, then allrays are normal
to ∂D and consequentlyα = 0. Consequently, equation2.49can finally be
expressed as

2ℜ
{

Ĝv,f
p,q (xA,xB, ω)

}

≈
2

ρcK

∮

∂D

(

Ĝ
v,φ
p,K (xA,x, ω)

)∗

Ĝ
v,φ
q,K (xB,x, ω) d2

x . (2.52)

The approximation in equation2.52 involves only amplitude errors; when
∂D differs significantly from a sphere these errors may be significant. Fur-
thermore, due to incomplete destructive interference, events that would be
canceled completely when equation2.36is used may here give rise to arte-
facts. Nevertheless, the application of relation2.52 will correctly retrieve
the phases of all arrivals. That is why relation2.52is considered acceptable
for SI for practical applications.
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2.1.7 SI relation for impulsive sources in an elastic medium
with a free surface

Just as in the acoustic case, the mediumD can be taken to be bounded (at
the top) by a free surface. Then,∂D = ∂Dm ∪ ∂D0, where∂D0 is the
part coinciding with the free surface. The integral on the right-hand side of
equation2.36needs then to be evaluated only over∂Dm because the traction
Ĝ
τ,f

ij,p(q)

(

x,xA(B), ω
)

is zero on∂D0. Following the same steps as above, one
can conclude that in the case when a free surface is present, to retrieve the
Green’s function in the left-hand side of equation2.52, one needs to evaluate
the right-hand side only over sources in the subsurface.

2.1.8 SI relation for transient sources in an elastic medium

In practice, the sources along the boundary∂D will not be impulsive, as in
the previous subsection, but will be band-limited. Let the P- and S-wave
sources be characterized by a wavelet with a spectrumŝK (x, ω) for K =
0, 1, 2, 3. Then the observed wavefields at the pointsxA andxB for the two
states are

v̂obsp(q),K
(

xA(B),x, ω
)

= Ĝ
v,φ

p(q),k

(

xA(B),x, ω
)

ŝK (x, ω) . (2.53)

Substitution of equation2.53for the two points into the SI relation2.52gives

2ℜ
{

Ĝv,f
p,q (xA,xB, ω)

}

Ŝ0 (ω) ≈
2

ρcK

∮

∂D

F̂K (x, ω) v̂obs∗p,K (xA,x, ω) v̂obsq,K (xB,x, ω) d2
x , (2.54)

where

F̂K (x, ω) =
Ŝ0 (ω)

ŜK (x, ω)
(2.55)

is a shaping filter witĥSK (x, ω) = ŝK∗ (x, ω) ŝK (x, ω) the power spectrum
of the P- and S-wave sources along∂D and Ŝ0 (ω) an average, arbitrarily
chosen power spectrum. The SI relation2.53 can be used when separate
recordings can be taken atxA andxB from each of the transient sources
on ∂D. The shaping filterF̂K (x, ω) compensates for the different power
spectra of the sources. This requires that these power spectra are known.



34 Theory of Seismic and Electromagnetic Interferometry

2.1.9 SI relation for noise sources in an elastic medium

To make use of the SI relation2.54, one needs separate recordings from each
source-type at each source position on∂D. Such information will be avail-
able only in special cases or after some preprocessing. Whensuch recordings
are not available, an alternative solution is to assume the sources to be act-
ing simultaneously and to be mutually temporally uncorrelated with equal
power spectrumcP

cK
Ŝ (ω). This means that at the observation pointsxA and

xB the recorded wavefields will be

v̂obsp (xA, ω) =

∮

∂D

Ĝ
v,φ
p,K (xA,x, ω) N̂K (x, ω)d2

x , (2.56a)

v̂obsq (xB, ω) =

∮

∂D

Ĝ
v,φ
q,L (xB,x′, ω) N̂L (x′, ω)d2

x
′, (2.56b)

whereN̂K (x, ω) andN̂L (x′, ω) are the spectra of the different source types
atx andx

′, respectively. Because the sources are assumed uncorrelated for
anyK 6= L andx 6= x

′,

〈

N̂∗
K (x, ω) N̂L (x′, ω)

〉

=
cP

cK
δKLδ (x− x

′) Ŝ (ω) . (2.57)

Then, the correlation of the observed wavefields atxA andxB can be written
as

〈

v̂obs∗p (xA, ω) v̂obsq (xB, ω)
〉

=

cP

cK

∮

∂D

(

Ĝ
v,φ
p,K (xA,x, ω)

)∗

Ĝ
v,φ
q,K (xB,x, ω) Ŝ (ω) d2

x . (2.58)

Comparing equation2.58to equation2.52, it can be concluded that

2ℜ
{

Ĝv,f
p,q (xA,xB, ω)

}

Ŝ (ω) ≈ 2

ρcP

〈

v̂obs∗p (xA, ω) v̂obsq (xB, ω)
〉

. (2.59)

The above relation is very easy to use in practice. A disadvantage is that no
compensation can be applied for the different spectra of thedifferent sources.
The advantage of using relation2.59is that one does not need to have any
a priori information about the sources. The sources can act simultaneously,
be separate in time, or overlap. The sources can be active fora long time or
represent short bursts of energy.
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2.1.10 EMI relations for impulsive sources

In the electromagnetic case, making use of the right-most column in Table
2.1, the reciprocity relations2.5 and 2.9 can be rewritten as [Slob et al.,
2007]
∫

D

{

Êr,A (x, ω) Ĵer,B (x, ω)− Ĥj,A (x, ω) Ĵmj,B (x, ω)

−Ĵer,A (x, ω) Êr,B (x, ω) + Ĵmj,A (x, ω) Ĥj,B (x, ω)
}

d3
x =

∮

∂D

nmǫmrj

(

Ĥj,A (x, ω) Êr,B (x, ω)− Êr,A (x, ω) Ĥj,B (x, ω)
)

d2
x

(2.60)

and

−
∫

D

{

Ê∗
r,A (x, ω) Ĵer,B (x, ω) + Ĥ∗

j,A (x, ω) Ĵmj,B (x, ω)

+Ĵe∗r,A (x, ω) Êr,B (x, ω) + Ĵm∗
j,A (x, ω) Ĥj,B (x, ω)

}

d3
x =

∮

∂D

nmǫmrj

(

Ĥ∗
j,A (x, ω) Êr,B (x, ω) + Ê∗

r,A (x, ω) Ĥj,B (x, ω)
)

d2
x ,

(2.61)

respectively.
A choice is made for impulsive point source of external volume density of the
electric current̂Jer (x, ω) at pointsxA andxB in D for statesA andB, respec-
tively, while the external volume density of the magnetic current Ĵmj (x, ω)
is taken to be zero. In such a way, the electric and the magnetic field vectors
can be expressed in terms of Green’s functions, see Table2.5.
Substituting the expressions in the middle and right columns of Table2.5for
their corresponding quantities in the convolution-type reciprocity theorem
2.60, making use of the sifting property of the delta function, and applying
the same arguments as the ones directly after equation2.33, yields

ĜE,Je

q,p (xB,xA, ω) = ĜE,Je

p,q (xA,xB, ω) . (2.62)

If, instead, a choice is made in stateB for a source of external volume density
of the magnetic current̂Jmj (x, ω), see Table2.6, then following similar steps
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as above would produce

ĜH,Je

q,p (xB,xA, ω) = −ĜE,Jm

p,q (xA,xB, ω) . (2.63)

When the quantities from the middle and the right columns of Table2.5are
substituted into their corresponding places in the correlation-type electro-
magnetic reciprocity relation2.61, followed by the application of the sifting
property of the delta function, results in

{

ĜE,Je

q,p (xB,xA, ω)
}∗

+ ĜE,Je

p,q (xA,xB, ω) =

−
∮

∂D

nmǫmrj

{(

Ĝ
H,Je

j,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)

+
(

ĜE,Je

r,p (x,xA, ω)
)∗

Ĝ
H,Je

j,q (x,xB, ω)
}

d2
x. (2.64)

If this is followed by the application of the reciprocity relations2.62 and

Parameter StateA StateB
Ĵek (x, ω) δ (x− xA) δkp δ (x− xB) δkq

Ĵmj (x, ω) 0 0

Êr (x, ω) Ĝ
E,Je

r,p (x,xA, ω) Ĝ
E,Je

r,q (x,xB, ω)

Ĥi (x, ω) − ζij
jω

ǫjmr∂mĜ
E,Je

r,p (x,xA, ω) − ζij
jω

ǫjmr∂mĜ
E,Je

r,q (x,xB, ω)

, Ĝ
H,Je

i,p (x,xA, ω) , Ĝ
H,Je

i,q (x,xB, ω)

Table 2.5: Choice of wavefield and source parameters for the electromagnetic states
A andB to be used in the two-way wavefield electromagnetic reciprocity theorems.
The superscripts in the Green’s function notation represent the receiver quantity
(electric E or magneticH field vector) and source quantity (electricJe or mag-
netic Jm current), respectively, while the subscripts represent the components of
the observed quantity (k, i) and the source components (p, q), respectively.ζij is
the inverse of the magnetic permeabilityζipµpj = δij .
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2.63, then the result is

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

=
∮

∂D

nmǫmrj

{(

Ĝ
E,Jm

p,j (xA,x, ω)
)∗

ĜE,Je

q,r (xB,x, ω)

+
(

ĜE,Je

p,r (xA,x, ω)
)∗

Ĝ
E,Jm

q,j (xB,x, ω)
}

d2
x. (2.65)

The above equation shows, that to retrieve the electric fieldat pointxA due to
an electric current source at pointxB, one needs to sum the crosscorrelations
of observed electric field atxA andxB due to impulsive sources of electric
and magnetic currents at pointsx along∂D. Equation2.65is exact and valid
for any inhomogeneous (inside, as well as outside∂D) lossless medium.
Just like in the acoustic and the elastic case, some simplifications of equation
2.65are needed to make it easy for practical applications. The first simpli-
fication stems from the desire to measure atxA andxB only the response
from one source type. To achieve this, using Table2.5, the right-hand side
of equation2.64is rewritten only in terms of observed electrical fields, while

Parameter StateA StateB
Ĵek (x, ω) δ (x− xA) δkp 0

Ĵmj (x, ω) 0 δ (x− xB) δjq

Êr (x, ω) Ĝ
E,Je

r,p (x,xA, ω) ξrk

jω
ǫkmi∂mĜ

H,Jm

i,q (x,xB, ω)

, Ĝ
E,Jm

r,q (x,xB, ω)

Ĥi (x, ω) − ζij
jω

ǫjmr∂mĜ
E,Je

r,p (x,xA, ω) Ĝ
H,Jm

i,q (x,xB, ω)

, Ĝ
H,Je

i,p (x,xA, ω)

Table 2.6: Alternative choice of wavefield and source parameters for the elec-
tromagnetic statesA andB to be used in the two-way wavefield electromagnetic
convolution-type reciprocity theorem.ξrk is the inverse of the electric permittivity
ξrsεsk = δrk.
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the source-receiver reciprocity has been used on the left-hand side:

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

=

−
∮

∂D

nmǫmrj

{(

− ζji

jω
ǫinl∂nĜ

E,Je

l,p (x,xA, ω)

)∗

ĜE,Je

r,q (x,xB, ω)

+
(

ĜE,Je

r,p (x,xA, ω)
)∗ −ζji

jω
ǫinl∂nĜ

E,Je

l,q (x,xB, ω)

}

d2
x. (2.66)

Assuming that the medium in a small region around∂D is homogeneous and
isotropic, the inverse of the magnetic permeability can be taken outside the
integral (and switching back to magnetic permeability):

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

=

− 1

jωµ

∮

∂D

nmǫmrj

{(

ǫjnl∂nĜ
E,Je

l,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)

−
(

ĜE,Je

r,p (x,xA, ω)
)∗

ǫjnl∂nĜ
E,Je

l,q (x,xB, ω)
}

d2
x. (2.67)

Using the fact thatǫmrjǫjnl = δmnδrl − δmlδrn, equation2.67becomes

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

=

− 1

jωµ

∮

∂D

{(

nm∂mĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)

−
(

ĜE,Je

r,p (x,xA, ω)
)∗

nm∂mĜE,Je

r,q (x,xB, ω)
}

d2
x

− 1

jωµ

∮

∂D

{

nm

(

ĜE,Je

r,p (x,xA, ω)
)∗

∂rĜ
E,Je

m,q (x,xB, ω)

−nm

(

∂rĜ
E,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x. (2.68)

Because the electric permittivity is constant in a small region around∂D, the
electric field is divergence free, i.e.,∂rĜ

E,Je

r,p(q)

(

x,xA(B), ω
)

= 0. This means
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that one can write

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

=

− 1

jωµ

∮

∂D

{(

nm∂mĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)

−
(

ĜE,Je

r,p (x,xA, ω)
)∗

nm∂mĜE,Je

r,q (x,xB, ω)
}

d2
x

− 1

jωµ

∮

∂D

nm∂r

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x. (2.69)

The second integral on the right-hand side of the above equation has a van-
ishing contribution. This can be shown by decomposing the partial derivative
in its normal and tangential components:

∂r = nr (nj∂j)− ǫmijniǫjklnk∂l. (2.70)

Making use of this relation, the second integral on the right-hand side of
equation2.69can be written as

1

jωµ

∮

∂D

nm∂r

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x =

1

jωµ

∮

∂D

nmnr (nj∂j)
{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x

− 1

jωµ

∮

∂D

nmǫmijniǫjklnk∂l

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x. (2.71)

The first integral on the right-hand side of equation2.71is zero, which can be
verified by directly expanding the notation after substituting the subscripts
m = 1, 2, 3 andr = 1, 2, 3. To analyze the second integral, the boundary∂D
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is split into two parts∂D1 and∂D2, which share a common bounding curve
L; the unit tangent vectorsτ and−τ of L point in opposite directions. Then,

1

jωµ

∮

∂D

nm∂r

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x =

− 1

jωµ

∫

∂D1

nmǫrijniǫjklnk∂l

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x

− 1

jωµ

∫

∂D2

nmǫrijniǫjklnk∂l

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x. (2.72)

Application of Stoke’s curl theorem to the right-hand side of the above equa-
tion produces

1

jωµ

∮

∂D

nm∂r

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

d2
x =

− nm
1

jωµ

∮

L

ǫmijniτj

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

dx

+
1

jωµ

∮

L

nmǫmijniτj

{(

ĜE,Je

r,p (x,xA, ω)
)∗

ĜE,Je

m,q (x,xB, ω)

−
(

ĜE,Je

m,p (x,xA, ω)
)∗

ĜE,Je

r,q (x,xB, ω)
}

dx, (2.73)

which equals zero because the unit normal vector points in the same direction
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for each of the line integrals. In this way, equation2.69finally becomes

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

=

− 1

jωµ

∮

∂D

{(

nm∂mĜE,Je

p,r (xA,x, ω)
)∗

ĜE,Je

q,r (xB,x, ω)

−
(

ĜE,Je

p,r (xA,x, ω)
)∗

nm∂mĜE,Je

q,r (xB,x, ω)
}

d2
x , (2.74)

where the reciprocity relation2.62was used.
Following a similar analysis path as the one for equations2.42till 2.51, i.e.,
taking the medium outside∂D to be homogeneous and isotropic, making a
high-frequency approximation, and assuming∂D to be a sphere with suffi-
ciently large radius, one can finally write

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

≈

− 2

cµ

∮

∂D

(

ĜE,Je

p,r (xA,x, ω)
)∗

ĜE,Je

q,r (xB,x, ω)d2
x, (2.75)

wherec =
(

1
εµ

)
1

2

is the propagation velocity outside∂D. The approxi-

mation in the above equation refers only to amplitude errors, but when∂D

differs significantly from a sphere these errors might be significant. Never-
theless, the application of relation2.75will retrieve correctly the phases of
all arrivals. That is why relation2.75is considered acceptable for EMI for
practical applications.

2.1.11 EMI relations for transient sources

In the previous subsection, the sources along the boundary∂D were assumed
impulsive. In practice, the sources will rather be band-limited. Consider
electric current sources characterized by a wavelet with a spectrumŝj (x, ω)
for j = 1, 2, 3. In this case, at the pointsxA andxB the observed electric
fields for both states would be

Êobs
p(q),j

(

xA(B),x, ω
)

= Ĝ
E,Je

p(q),j

(

xA(B),x, ω
)

ŝj (x, ω) . (2.76)
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Substituting equation2.76into the EMI relation2.75results in

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

Ŝ0 (ω) ≈

− 2

cµ

∮

∂D

F̂ j (x, ω)
(

Êobs
p,j (xA,x, ω)

)∗

Êobs
q,j (xB,x, ω)d2

x. (2.77)

In the above equation,

F̂ j (x, ω) =
Ŝ0 (ω)

Ŝj (x, ω)
(2.78)

is a shaping filter witĥSj (x, ω) the power spectrum of the electric current
sources along∂D andŜ0 (ω) an average, arbitrary chosen power spectrum.
The EMI relation2.77can be applied in practice if separate recordings can be
made from each of the transient sources on∂D. The shaping filter̂F j (x, ω)
compensates for the known different power spectra of the sources.

2.1.12 EMI relations for noise sources

It is not always possible to have separate recordings from the electrical cur-
rent sources along∂D. To overcome this problem, alternatively one can
assume the sources to be mutually uncorrelated with an equalpower spec-
trum Ŝ (ω). For simultaneously acting sources, at the observation pointsxA

andxB the recorded electric fields will be

Êobs
p (xA, ω) =

∮

∂D

Ĝ
E,Je

p,i (xA,x, ω) N̂i (x, ω) d2
x (2.79a)

Êobs
q (xB, ω) =

∮

∂D

Ĝ
E,Je

q,j (xB,x′, ω) N̂j (x′, ω)d2
x
′, (2.79b)

whereN̂i (x, ω) andN̂j (x′, ω) represent the spectra of the electric source at
x andx

′, respectively. Because the sources are assumed uncorrelated for any
i 6= j andx 6= x

′, it follows that

〈

N̂∗
i (x, ω) N̂j (x′, ω)

〉

=
2

cµ
δijδ (x− x

′) Ŝ (ω) . (2.80)
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Using the above property, the correlation of the observed electric fields atxA

andxB is

〈

Êobs∗
p (xA, ω) Êobs

q (xB, ω)
〉

=
∮

∂D

2

cµ

(

Ĝ
E,Je

p,j (xA,x, ω)
)∗

Ĝ
E,Je

q,j (xB,x, ω) Ŝ (ω)d2
x. (2.81)

Comparing equation2.81to equation2.75, it can be written that

2ℜ
{

ĜE,Je

p,q (xA,xB, ω)
}

Ŝ (ω) ≈ −
〈

Êobs∗
p (xA, ω) Êobs

q (xB, ω)
〉

, (2.82)

which means that the crosscorrelation of the observed electromagnetic noise
at two points will retrieve the electromagnetic Green’s function between
these two points convolved with the power spectrum of the noise.

2.2 SI relations based on a one-way wavefield re-
ciprocity

2.2.1 Reciprocity theorems

Consider a 3D inhomogeneous, lossless medium. In this medium, one choo-
ses a domainD with mass densityρ (x) and compressibilityκ (x), if the
medium is acoustic, or with compliancesijkl (x) in case of an elastic medium;
domainD contains no discontinuities in the medium parameters. Thisdo-
main is bounded by∂D with an outward-pointing normal vectorn. The
boundary consists of two parallel planes, which stretch to infinity and are
horizontal. The top plane is∂D0 and the bottom one is∂Dm. Thex3 axes
points downwards.
Choosing the preferred direction of propagation to be the vertical direction
(along thex3 axis), the one-way wavefield equation can be written in the
space-frequency domain in matrix-vector form as

∂3P̂ (x, ω)− B̂ (x, ω) P̂ (x, ω) = Ŝ (x, ω) . (2.83)

In the above equation,̂P (x, ω) represents the flux-normalized one-way wave
quantities and̂S (x, ω) represents the flux-normalized one-way source quan-
tities. Table2.7shows the expansion of these quantities in case of an acoustic
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Parameter Acoustic medium Elastic medium

P̂ (x, ω)

(

P̂+ (x, ω)

P̂− (x, ω)

)





















Φ̂+ (x, ω)

Ψ̂+
x1

(x, ω)

Ψ̂+
x2

(x, ω)

Φ̂− (x, ω)

Ψ̂−
x1

(x, ω)

Ψ̂−
x2

(x, ω)





















Ŝ (x, ω)

(

Ŝ+ (x, ω)

Ŝ− (x, ω)

)





















Ŝ+
Φ (x, ω)

Ŝ+
Ψx1

(x, ω)

Ŝ+
Ψx2

(x, ω)

Ŝ−
Φ (x, ω)

Ŝ−
Ψx1

(x, ω)

Ŝ−
Ψx2

(x, ω)





















Table 2.7: Expansion of the variables in equation2.83in case of an acoustic and an
elastic medium. The superscripts+ and− denote downgoing and upgoing propaga-
tion, respectively,̂P± stands for one-way wavefield,Ŝ± - for one-way source field,
Φ̂ is the P-wave potential ,̂Ψx1

andΨ̂x2
are the S-wave potentials with polarizations

in thex2x3- andx1x3-plane, respectively,̂SΦ is the source P-wave potential, and
ŜΨx1

andŜΨx2
are the source S-wave potentials withx2x3- andx1x3-polarization,

respectively.
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and an elastic medium.̂B (x, ω) is a one-way pseudo-differential operator
matrix defined as

B̂ (x, ω) = −jωΛ̂ (x, ω) + Θ̂ (x, ω) , (2.84)

where the first term−jωΛ̂ (x, ω) accounts for the vertical propagation of the
one-way wavefield, while the operator matrix

Θ̂ (x, ω) = −L̂−1 (x, ω) ∂3L̂ (x, ω) (2.85)

accounts for the vertical scattering of the one-way wavefield due to vari-
ations of the medium parameters in the vertical direction [Corones et al.,
1983; Fishman et al., 1987; Wapenaar and Berkhout, 1989; de Hoop, 1992;
Wapenaar and Grimbergen, 1996; Haines and de Hoop, 1996]. In equation
2.85, L̂ (x, ω) is a composition operator turning the one-way wavefields into
two-way wavefields and̂L−1 (x, ω) is a decomposition operator turning the
two-way wavefields into one-way wavefields.
Two independent statesA andB are taken in the domainD. StateA is
described in the space-frequency domain by the one-way wavefield quantity
P̂A (x, ω), by the one-way source quantitŷSA (x, ω), and by the operator
matrix B̂A (x, ω). StateB is characterized by the same variables, but the
corresponding subscriptsA are substituted by the subscriptB.
The one-way interaction quantity describing the local convolution of the
wavefields in the two states, which is the counterpart of the two-way acoustic
interaction quantity2.2, is

∂3

{

P̂T
A (x, ω) NP̂B (x, ω)

}

=
{

∂3P̂T
A (x, ω)

}

NP̂B (x, ω)

+ P̂T
A (x, ω) N

{

∂3P̂B (x, ω)
}

, (2.86)

whereN = antidiag (1,−1).
Substitution of the one-way wave equation2.83 for the statesA andB in
equation2.86results in

∂3

{

P̂T
A (x, ω) NP̂B (x, ω)

}

=
(

B̂A (x, ω) P̂A (x, ω)
)T

NP̂B (x, ω) + P̂T
A (x, ω) NB̂B (x, ω) P̂B (x, ω)

+ P̂T
A (x, ω) NŜB (x, ω) + ŜT

A (x, ω) NP̂B (x, ω) . (2.87)
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Equation2.87represents the local form of the one-way wavefield convolution-
type reciprocity theorem [Wapenaar and Grimbergen, 1996].
Integration of equation2.87over the domainD and application of Gauss’
divergence theorem to the left-hand side of equation2.87gives

∫

D

{

P̂T
A (x, ω) B̂T

A (x, ω) NP̂B (x, ω) + P̂T
A (x, ω) NB̂B (x, ω) P̂B (x, ω)

+P̂T
A (x, ω) NŜB (x, ω) + ŜT

A (x, ω) NP̂B (x, ω)
}

d3
x =

∮

∂D

{

P̂T
A (x, ω) NP̂B (x, ω)

}

n3 d2
x. (2.88)

Equation2.88represents the global form of the one-way wavefield convolu-
tion-type reciprocity theorem.
Making use of the symmetry property

B̂T
A (x, ω) N = −NB̂A (x, ω) (2.89)

and assuming the medium parameters in both states to be the same, which
means that the one-way pseudo-differential operator matrices for the two
states are equal̂BA (x, ω) = B̂B (x, ω), then the first two terms in the left-
hand side of equation2.88cancel and the convolution-type reciprocity rela-
tion simplifies to

∫

D

{

P̂T
A (x, ω) NŜB (x, ω) + ŜT

A (x, ω) NP̂B (x, ω)
}

d3
x =

∮

∂D

{

P̂T
A (x, ω) NP̂B (x, ω)

}

n3 d2
x. (2.90)

Instead of equation2.86, as a starting point can be taken the interaction quan-
tity describing the local correlation of the wavefields in the two state:

∂3

{

P̂†
A (x, ω) JP̂B (x, ω)

}

=
{

∂3P̂
†
A (x, ω)

}

JP̂B (x, ω)

+ P̂†
A (x, ω) J

{

∂3P̂B (x, ω)
}

, (2.91)

whereJ = diag (1,−1). In such a case, the substitution of the one-way
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wave equation2.83for the statesA andB in equation2.91results in

∂3

{

P̂†
A (x, ω) JP̂B (x, ω)

}

=

P̂†
A (x, ω) JB̂B (x, ω) P̂B (x, ω) +

(

B̂A (x, ω) P̂A (x, ω)
)†

JP̂B (x, ω)

+ P̂†
A (x, ω) JŜB (x, ω) + Ŝ†

A (x, ω) JP̂B (x, ω) . (2.92)

The above equation represents the local form of the one-way wavefield corre-
lation-type reciprocity theorem [Wapenaar and Grimbergen, 1996].
Integration of equation2.92over the domainD and application of Gauss’
divergence theorem to the left-hand side of this equation gives
∫

D

{

P̂†
A (x, ω) JB̂B (x, ω) P̂B (x, ω) + P̂†

A (x, ω) B̂†
A (x, ω) JP̂B (x, ω)

+P̂†
A (x, ω) JŜB (x, ω) + Ŝ†

A (x, ω) JP̂B (x, ω)
}

d3
x =

∮

∂D

{

P̂†
A (x, ω) JP̂B (x, ω)

}

n3 d2
x. (2.93)

Equation2.93represents the global form of the one-way wavefield correlation-
type reciprocity theorem.
The one-way pseudo-differential operator matrix obeys thefollowing sym-
metry property [Wapenaar and Grimbergen, 1996]:

B̂†
A (x, ω) J ≈ −JB̂A (x, ω) , (2.94)

where the approximation sign is used as the evanescent waveshave been ne-
glected. When the medium parameters in both states are the sameB̂A (x, ω) =
B̂B (x, ω) and neglecting the evanescent fields , then the first two termsin the
left-hand side of equation2.93cancel and
∫

D

{

P̂†
A (x, ω) JŜB (x, ω) + Ŝ†

A (x, ω) JP̂B (x, ω)
}

d3
x =

∮

∂D

{

P̂†
A (x, ω) JP̂B (x, ω)

}

n3 d2
x. (2.95)

Let the top boundary∂D0 lie atx3,0 + ǫ and∂Dm at levelx3,m − ǫ, whereǫ

is chosen infinitesimally small. Just above∂D0 there is a free surface atx3,0
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and the half-space below∂Dm is taken to be homogeneous. The domainD

is taken to be source-free, i.e.ŜA = ŜB = 0. At ∂D0, n3 = −1, while at
∂Dm, n3 = +1. For these choices, equations2.90and2.95can be written as
∫

∂D0

P̂T
A (x, ω) NP̂B (x, ω)d2

x =

∫

∂Dm

P̂T
A (x, ω) NP̂B (x, ω) d2

x (2.96)

and
∫

∂D0

P̂†
A (x, ω) JP̂B (x, ω) d2

x =

∫

∂Dm

P̂†
A (x, ω) JP̂B (x, ω) d2

x , (2.97)

respectively.

2.2.2 SI relations for impulsive sources in an acoustic me-
dium

The following choices are made for the statesA andB. There are impul-
sive sources of downgoing waves at pointsxA = (xH,A, x3,0) andxB =
(xH,B, x3,0), with xH = (x1, x2), for statesA andB, respectively. The half-
space below∂Dm is taken source-free. Let the reflection response of the
domain, including the internal multiples, to downgoing waves beR̂+. Note
that in the reflection response the+ sign means that downgoing waves have
been reflected. Then, the upgoing wavefield at∂D0 would represent the re-
flection responsêR+

(

x,xA(B), ω
)

of the domainD, while the downgoing
wavefield would consist of a delta function at the source position plus the
back-reflected upgoing wavefield (see Table2.8). At the bottom boundary
∂Dm, the wavefield would consist only of downgoing waves, i.e., it would
represent only the transmission̂T+

(

x,xA(B), ω
)

response of the domain to
downgoing waves (from where also the+ sign).
When the parameters from the middle and the right columns of Table2.8are
substituted in equation2.96, the result is

R̂+ (xA,xB, ω) = R̂+ (xB,xA, ω) . (2.98)
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If the choice in stateA for an impulsive source of downgoing waves placed
just above∂D0 is changed to a choice for an impulsive source of upgoing
waves placed just below∂Dm, then the wavefields could be described in
terms of the domainD’s reflection response to upgoing wavesR̂− and trans-
mission response to upgoing wavesT̂− as given in Table2.9. If the middle
and the right columns of Table2.9are substituted in equation2.96, then the

Parameter StateA StateB
P̂+ (x,xA, ω) = δ (xH − xH,A) P̂+ (x,xB, ω) = δ (xH − xH,B)

P̂ at∂D0 +r−R̂+ (x,xA, ω) +r−R̂+ (x,xB, ω)

P̂− (x,xA, ω) = R̂+ (x,xA, ω) P̂− (x,xB, ω) = R̂+ (x,xB, ω)

P̂ at∂Dm P̂+ (x,xA, ω) = T̂+ (x,xA, ω) P̂+ (x,xB, ω) = T̂+ (x,xB, ω)

P̂− (x,xA, ω) = 0 P̂− (x,xB, ω) = 0

Table 2.8: Choice of parameters for the acoustical statesA andB to be used in the
one-way wavefield reciprocity theorems, wherer− = −1 is the reflection coefficient
of the free surface andxA andxB are just above∂D0.

Parameter StateA StateB
P̂+ (x,xA, ω) = r−T̂− (x,xA, ω) P̂+ (x,xB, ω) = δ (xH − xH,B)

P̂ at∂D0 +r−R̂+ (x,xB, ω)

P̂− (x,xA, ω) = T̂− (x,xA, ω) P̂− (x,xB, ω) = R̂+ (x,xB, ω)

P̂ at∂Dm P̂+ (x,xA, ω) = R̂− (x,xA, ω) P̂+ (x,xB, ω) = T̂+ (x,xB, ω)

P̂− (x,xA, ω) = δ (xH − xH,A) P̂− (x,xB, ω) = 0

Table 2.9: Alternative choice of parameters for the acoustical statesA andB to
be used in the one-way wavefield convolution-type reciprocity theorem, wherexA is
just below∂Dm andxB is just above∂D0.
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result is
T̂+ (xA,xB, ω) = T̂− (xB,xA, ω) , (2.99)

meaning that the transmission responses of the domainD to downgoing and
and upgoing waves are equal. Note that this is true only because the two-
way wavefields were decomposed into flux-normalized one-waywavefields.
Note, that in the above reciprocity relation, the source andthe receiver are
at different depth levels. The above relation is valid only in the case of flux-
normalized wavefield decomposition. When the wavefields aredecomposed
with pressure normalization, the upgoing transmission field is not equal to
the downgoing transmission field [Wapenaar and Grimbergen, 1996].
Let now substitute the parameters from the middle and the right columns
of Table2.8 in equation2.97. The use of the sifting property of the delta
function results in
{

R̂+ (xB,xA, ω)
}∗

+ R̂+ (xA,xB, ω) = δ (xH,B − xH,A)

−
∫

∂Dm

{

T̂+ (x,xA, ω)
}∗

T̂+ (x,xB, ω) d2
x. (2.100)

Application of the source-receiver reciprocities2.98and2.99finally gives
the one-way acoustic wavefield SI relation

2ℜ
{

R̂+ (xA,xB, ω)
}

= δ (xH,B − xH,A)

−
∫

∂Dm

{

T̂− (xA,x, ω)
}∗

T̂− (xB,x, ω) d2
x. (2.101)

The above equation shows that the reflection response that one would ob-
serve when the receivers and the sources are at the surface, can be retrieved
from the correlation of transmission observations at the surface due to sub-
surface sources. Equation2.101was derived under the assumption of a ho-
mogeneous half space below the level of the subsurface source. When this is
not the case, non-physical artefacts (ghost events) may arise in the retrieved
reflection response. These ghost events will be strongly weakened or may
even disappear when the subsurface sources are sufficientlyrandom in their
vertical distribution. The reason for this, as was explained in section2.1.2,
is in the non-coherent summation of the ghost events from thedifferent cor-
relation products (see also numerical results inDraganov et al.[2004]).
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2.2.3 SI relation for transient sources in an acoustic mediu m

When the sources in the subsurface are not impulsive but characterized by a
band-limited wavelet̂s (x, ω), the observed one-way transmission responses
at the pointsxA andxB in the two states are

T̂ obs
(

xA(B),x, ω
)

= T̂−
(

xA(B),x, ω
)

ŝ (x, ω) . (2.102)

Substitution of the above equation for statesA andB into the SI relation
2.101results in

2ℜ
{

R̂+ (xA,xB, ω)
}

Ŝ0 (ω) = δ (xH,B − xH,A) Ŝ0 (ω)

−
∫

∂Dm

F̂ (x, ω)
{

T̂ obs (xA,x, ω)
}∗

T̂ obs (xB,x, ω) d2
x, (2.103)

whereŜ0 (ω) is an average, arbitrarily chosen power spectrum and

F̂ (x, ω) =
Ŝ0 (ω)

Ŝ (x, ω)
, (2.104)

is a shaping filter witĥS (x, ω) = ŝ∗ (x, ω) ŝ (x, ω) the power spectrum of
the sources. The above SI relation can be used when separate recordings
can be taken atxA andxB from each of the transient sources on∂Dm. The
shaping filterF̂ (x, ω) compensates for the different power spectra of the
sources.

2.2.4 SI relation for noise sources in an acoustic medium

When no separate transmission recordings are available from each of the
subsurface sources, one can find an alternative solution by assuming that the
sources along∂Dm act simultaneously and are mutually uncorrelated, each
with the same individual power spectrum̂S (ω). In that case,

T̂ obs (xA, ω) =

∫

∂Dm

T̂− (xA,x, ω) N̂ (x, ω) d2
x , (2.105a)

T̂ obs (xB, ω) =

∫

∂Dm

T̂− (xB,x, ω) N̂ (x′, ω) d2
x
′, (2.105b)
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with N̂ (x, ω) and N̂ (x′, ω) the spectra of the noise sources atx andx
′,

respectively, where

〈

N̂∗ (x, ω) N̂ (x′, ω)
〉

= δ (x− x
′) Ŝ (ω) . (2.106)

Thus, crosscorrelation of the left-hand sides of equations2.105can be writ-
ten as

〈

{

T̂ obs (xA, ω)
}∗

T̂ obs (xB, ω)

〉

=

∫

∂Dm

{

T̂− (xA,x, ω)
}∗

T̂− (xB,x, ω) Ŝ (ω) d2
x. (2.107)

Comparing the equation above with equation2.101, it can be concluded that

2ℜ
{

R̂+ (xA,xB, ω)
}

Ŝ (ω) = δ (xH,B − xH,A) Ŝ (ω)

−
〈

{

T̂ obs (xA, ω)
}∗

T̂ obs (xB, ω)

〉

. (2.108)

The above relation was derived byWapenaar et al.[2002] and proved Claer-
bout’s conjecture for the retrieval of the reflection response from the cross-
correlation of transmission responses from noise sources in a 3D inhomoge-
neous lossless medium.

2.2.5 SI relations for a direct migration of noise recording s

Equation2.84 can be used to derive a useful relation for direct migration
of noise measurements at the surface. With this relation, one can migrate
the recorded noise transmission responses, instead of firstretrieving the re-
flection responses at all the surface points for all retrieved source positions
followed by migration. This direct migration is based on theshot-profile
migration scheme [Claerbout, 1971], which consists of downward extrapo-
lation of the one-way wavefields followed by crosscorrelation. The method
was proposed by Artman and was proved by Wapenaar [Artman et al., 2004].
Downward extrapolation of̂R+ (xA,xB, ω) to some level in the subsurface
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can be described by [Wapenaar and Berkhout, 1989]

R̂+ (ξA, ξB, ω) =
∫

∂D0

∫

∂D0

{

Ŵ+ (ξA,xA, ω)
}∗

R̂+ (xA,xB, ω) ×
{

Ŵ− (xB, ξB, ω)
}∗

d2
xBd2

xA, (2.109)

whereR̂+ (ξA, ξB, ω) is the extrapolated reflection response that one would
observe at pointξA in the subsurface when there would be a source atξB

andŴ+ (ξA,xA, ω) andŴ− (xB, ξB, ω) are forward extrapolation operators
(seeWapenaar and Berkhout[1989] for the definition of of these operators).
Substitution of equation2.108into equation2.109gives

R̂+ (ξA, ξB, ω) Ŝ (ω) = −
∫

∂D0

∫

∂D0

{

Ŵ+ (ξA,xA, ω)
}∗

×
〈

{

T̂ obs (xA, ω)
}∗

T̂ obs (xB, ω)

〉

{

Ŵ− (xB, ξB, ω)
}∗

d2
xBd2

xA

+ acausal terms . (2.110)

Rearranging the right-hand side of the above equation, making use of the
reciprocity relation for the forward-extrapolation operatorŴ− (xB, ξB, ω) =
Ŵ+ (ξB,xB, ω), and using the fact that the reflection response of the free-
surface isr− = −1, one obtains

R̂+ (ξA, ξB, ω) Ŝ (ω) =

〈∫

∂D0

{

Ŵ+ (ξA,xA, ω) r−T̂ obs (xA, ω)
}∗

d2
xB ×

∫

∂D0

{

Ŵ+ (ξB,xB, ω)
}∗

T̂ obs (xB, ω)d2
xA

〉

+ acausal terms . (2.111)

The above equation shows that the reflection response at a subsurface level
is retrieved by inverse extrapolation of an observed transmission response
T̂ obs (xB, ω) for all xB to some subsurface level and forward extrapolation
of a downward-reflected observed transmission responseT̂ obs (xA, ω) for
all xA to the same subsurface level followed by crosscorrelation.If sub-
sequently, a summation is performed over all frequencies, an image of the
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subsurface at that level is obtained. The direct migration of observed noise
transmission responses and the shot-profile migration of retrieved reflection
responses produce identical results. The choice for one or the other depends
on the specific application.

2.2.6 SI relations for impulsive sources in an elastic mediu m

To obtain the elastodynamic SI relations for one-way wavefields, similar
choices are made for the statesA andB as in the acoustic case. Just like in
the acoustic case, one can choose impulsive sources of downgoing waves at
pointsxA = (xH,A, x3,0) andxB = (xH,B, x3,0) for statesA andB, respec-
tively. An alternative choice is: impulsive sources of upgoing waves at point
xA = (xH,A, x3,m) and of downgoing waves atxB = (xH,B, x3,0) for states
A andB, respectively. With these choices, the wavefields at the topand
bottom boundary can be expressed in terms of reflection and transmission
responses, as it was done in Tables2.8and2.9, but now the scalar quantities
are replaced by their elastodynamic vector and matrix counterparts:

P̂±
(

x,xA(B), ω
)

=







Φ̂±

Ψ̂±
x

Ψ̂±
y







(

x,xA(B), ω
)

, (2.112a)

R̂±
(

x,xA(B), ω
)

=







R̂±
φ,φ R̂±

φ,ψx
R̂±
φ,ψy

R̂±
ψx,φ

R̂±
ψx,ψx

R̂±
ψx,ψy

R̂±
ψy ,φ

R̂±
ψy ,ψx

R̂±
ψy,ψy







(

x,xA(B), ω
)

, (2.112b)

T̂±
(

x,xA(B), ω
)

=







T̂±
φ,φ T̂±

φ,ψx
T̂±
φ,ψy

T̂±
ψx,φ

T̂±
ψx,ψx

T̂±
ψx,ψy

T̂±
ψy ,φ

T̂±
ψy ,ψx

T̂±
ψy ,ψy







(

x,xA(B), ω
)

, (2.112c)

r̂− (x) =







r̂−φ,φ r̂−φ,ψx
r̂−φ,ψy

r̂−ψx,φ
r̂−ψx,ψx

r̂−ψx,ψy

r̂−ψy ,φ
r̂−ψy ,ψx

r̂−ψy,ψy






(x) . (2.112d)

In the above equations, the right subscript denotes the incident wavefield,
while the left subscript denotes the scattered wavefield. The operator matrix
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r̂− (x) obeys the properties
{

r̂− (x)
}t

= r̂− (x) , (2.113a)
{

r̂− (x)
}† r̂− (x) = I, (2.113b)

whereI is the 3x3 identity matrix.
When the elastodynamic counterparts2.112of the acoustic quantities from
the middle and the right columns of Table2.8are substituted in the one-way
wavefield convolution-type reciprocity relation2.96, the result is

R̂+ (xA,xB, ω) =
{

R̂+ (xB,xA, ω)
}T

. (2.114)

If the elastodynamic counterparts2.112of the acoustic quantities from the
middle and the right columns of Table2.9are substituted into equation2.96,
the result is

T̂+ (xA,xB, ω) =
{

T̂− (xB,xA, ω)
}T

. (2.115)

Substituting the elastodynamic counterparts2.112of the acoustic quantities
from the middle and the right columns of Table2.8into equation2.97, using
the reciprocity relations2.114and2.115, and making use of the property
2.112bof the free-surface reflection operator matrix, one obtains

− r̂− (xA) R̂+ (xA,xB, ω)−
{

R̂+ (xA,xB, ω)
}∗
{

r̂− (xB)
}†

=

Iδ (xH,B − xH,A)−
∫

∂Dm

{

T̂− (xA,x, ω)
}∗ {

T̂− (xB,x, ω)
}T

d2
x .

(2.116)

The equation above is the elastodynamic one-way wavefield SIrelation.

2.2.7 SI relation for transient sources in an elastic medium

When the sources in the subsurface are band-limited with wavelet with fre-
quency spectrum̂s (x, ω), the one-way transmission matrix at the points
xA andxB at the surface can be seen as a band-pass filtered variant of the
impulse-response transmission matrix2.112cand can be written as

T̂obs
(

xA(B),x, ω
)

= T̂−
(

xA(B),x, ω
)

ŝ (x, ω) , (2.117)
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where ŝ (x, ω) = diag
(

Ŝ−
Φ (x, ω) , Ŝ−

Ψx (x, ω) , Ŝ−
Ψy (x, ω)

)

. In that case,

one can introduce equation2.117for statesA andB into the elastodynamic
one-way SI relation2.116to obtain

− r̂− (xA) R̂+ (xA,xB, ω) Ŝ0 (ω)

−
{

R̂+ (xA,xB, ω)
}∗
{

r̂− (xB)
}†

Ŝ0 (ω) = Iδ (xH,B − xH,A) Ŝ0 (ω)

−
∫

∂Dm

{

T̂obs (xA,x, ω)
}∗

F̂ (x, ω)
{

T̂obs (xB,x, ω)
}T

d2
x , (2.118)

where

F̂ (x, ω) =











Ŝ0(ω)

Ŝ−∗

Φ
(x,ω)Ŝ−

Φ
(x,ω)

0 0

0 Ŝ0(ω)

Ŝ−∗

Ψx
(x,ω)Ŝ−

Ψx
(x,ω)

0

0 0 Ŝ0(ω)

Ŝ−∗

Ψy
(x,ω)Ŝ−

Ψy
(x,ω)











(2.119)
is a matrix that compensates for the different source-type spectra at the dif-
ferent source points witĥS0 (ω) an average, arbitrary chosen power spec-
trum. The above SI relation can be used when separate recordings can be
taken atxA andxB from each of the transient sources on∂Dm.

2.2.8 SI relation for noise sources in an elastic medium

In the presence of simultaneously acting, mutually uncorrelated noise sources
in the subsurface along the boundary∂Dm with equal individual power spec-
trum Ŝ (ω), the one-way transmission matrix for statesA andB would be

T̂obs (xA, ω) =

∫

∂Dm

T̂− (xA,x, ω) N̂̂N̂N (x, ω)d2
x (2.120a)

T̂obs (xB, ω) =

∫

∂Dm

T̂− (xB,x′, ω) N̂̂N̂N (x′, ω)d2
x
′ , (2.120b)

whereN̂̂N̂N (x, ω) =
(

N̂Φ (x, ω) , N̂Ψx (x, ω) , N̂Ψy (x, ω)
)T

contains the noise

spectra for the different noise types. As the sources are mutually uncorre-
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lated, the crosscorrelation of the noise spectra would give

〈

{

N̂̂N̂N (x, ω)
}∗ {

N̂̂N̂N (x′, ω)
}

〉

=







δ (x− x
′) 0 0

0 δ (x− x
′) 0

0 0 δ (x− x
′)






Ŝ (ω) . (2.121)

In such a way, the crosscorrelation of the left-hand sides ofequations2.120
can be written as
〈

{

T̂obs (xA, ω)
}∗ {

T̂obs (xB, ω)
}T
〉

=

∫

∂Dm

{

T̂− (xA,x, ω)
}∗ {

T̂− (xB,x, ω)
}T

Ŝ (ω) d2
x . (2.122)

Comparing the equation above to equation2.116, it can be concluded that

− r̂− (xA) R̂+ (xA,xB, ω) Ŝ (ω)

−
{

R̂+ (xA,xB, ω)
}∗
{

r̂− (xB)
}†

Ŝ (ω) = Iδ (xH,B − xH,A) Ŝ (ω)

−
〈

{

T̂obs (xA, ω)
}∗ {

T̂obs (xB, ω)
}T
〉

. (2.123)

The above equation shows that the flux-normalized components of the reflec-
tion response matrix can be retrieved by crosscorrelating the corresponding
flux-normalized components of the recorded at the surface noise transmis-
sion response.
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3

Retrieval of the reflection
response: numerical
modelling results

Rickett and Claerbout[1996] andRickett [1996] tested Claerbout’s conjec-
ture that for a 3D inhomogeneous acoustic medium, one shouldcrosscorre-
late the seismic noise transmission responses at two pointsat the free surface
to retrieve the seismic reflection response between these two points. First,
they used phase-shift modelling of random incident plane waves to show
that crosscorrelating noise traces gives the correct reflection kinematics for
acoustic horizontally layered and point-diffractor models. Later, they ap-
plied finite-difference modelling to check the robustness of retrieved reflec-
tion seismograms for acoustic models with moderate lateralvelocity vari-
ation in the case of sources of ambient noise taken to be at infinity (planar
wavefronts) and sources within the zone of interest (curvedwavefronts). The
modelling results in this section can be seen as a continuation of Rickett and
Claerbout’s research, but based on the firm theoretical derivations shown in
Chapter 2 and expanded to elastic and electromagnetic waves. Van Manen et



60 Retrieval of the reflection response: numerical modelling results

al. [2005] andVan Manen et al.[2006] used relations similar to2.15and2.37
to develop efficient modelling scheme for acoustic and elastic waves. Using
this scheme, they showed that the Green’s function between any two points
inside a domain could be modelled from the crosscorrelationof recordings
from monopole and dipole sources, in the acoustic case, and from volume-
force and deformation-rate sources, in the elastic case, surrounding the do-
main. For exploration or seismological purposes, though, it is interesting
to retrieve the reflection response at the Earth’s surface and this is what is
investigated in the following text.
In this chapter, several SI and EMI relations, derived in Section 2.1 from
two-way wavefield reciprocity relations, are investigatedfor application in
exploration with the help of numerical-modelling data. Themodelling is
performed with 2D finite-difference and 2D finite-element schemes. The in-
terferometric relations are applied for the retrieval of reflection responses at
the Earth’s surface. For the acoustic and the elastic cases,the Earth’s surface
is a free surface, meaning that the acoustic pressure and theelastodynamic
stress normal to the Earth’s surface vanish at the surface. As explained in
Sections2.1.3and2.1.7, this means that for the retrieval of the reflection
response only crosscorrelation of responses from subsurface sources are re-
quired. Using stationary-phase arguments [Wapenaar and Fokkema, 2006],
it can be shown that the responses from sources close to Earth’s surface will
contribute mainly to a retrieval of waves traveling along the surface, while
responses from sources deeper in the subsurface will mainlycontribute to
the retrieval of reflected waves. For this reason, the modelling is performed
with sources placed deep in the subsurface. Results are shown of the re-
trieval of the reflection response in cases of transient and noise sources in
the subsurface.
The interferometric relations in Section2.1 were derived for the case of a
lossless medium. Here also the quality of the retrieved results is investigated
when the propagating waves experience losses in the medium.
For the electromagnetic case, the Earth’s surface is not a free surface. This
requires that for the retrieval of the reflection response atthe receiver loca-
tions sources be present all around these receivers. In practical situations,
this means that one needs to record responses from sources above as well
as below the receivers. Using numerical-modelling data, results are shown
from the retrieval of the electromagnetic reflection response for the case of
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recordings from noise sources above and below the receivers.

3.1 Retrieval of the acoustic reflection response

In Sections2.1.2-2.1.5relations were derived for the retrieval of new acous-
tic recordings from the crosscorrelation of existing acoustic recordings. For
exploration or seismological purposes, it is interesting to retrieve the reflec-
tion response at the Earth’s surface. As explained in section 2.1.3, to re-
trieve the reflection response between two receivers at the surface, one needs
to crosscorrelate recorded responses only from sources in the subsurface.
Furthermore, using stationary-phase arguments [Wapenaar and Fokkema,
2006], it can be shown that crosscorrelation of recordings from sources
close to the surface will mainly contribute to the retrievalof waves prop-
agating along the surface, while crosscorrelation of recordings from sources
deeper in the subsurface (transmission recordings) will contribute mainly to
the retrieval of reflected arrivals. Relation2.23was derived for the case of
recordings from impulsive sources. In practice, the subsurface sources are
always band-limited. For this reason, in the following the acoustic SI rela-
tions2.25and2.30are investigated in the case of transient and noise sources
in the subsurface, respectively. The derived relations arevalid for any 3D
inhomogeneous lossless medium, but for illustrative purposes 2D examples
are shown. These examples were obtained from transmission recordings at
the free surface generated with a finite-difference modelling scheme using
DELPHI software.

3.1.1 Retrieval of the acoustic reflection response from re-
cordings from transient subsurface sources

Consider a lossless 2D acoustic subsurface model as shown inFigure3.1. A
receiver array, represented by the triangles, is placed along the free surface.
The receiver array starts at 1200 m and goes to 6800 m with spacing between
receivers of 10 m. The subsurface consists of three layers, where a part of
the boundary between the first two layers has the shape of a syncline. From
relation 2.25 and the explanation in Section2.1.3 it follows that in order
to retrieve reflection arrivals, one needs to crosscorrelate recordings from
sources along the part of the boundary∂D lying in the subsurface, i.e., along
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∂Dm. The subsurface sources, represented by the stars, lie at depth 775 m.
In the horizontal direction, the sources are placed every 25m starting from
1200 m and going until 6800 m. The source wavelet has the form of a first
derivative of a Gaussian function with a peak frequency of 25Hz. The source
separation is chosen to be smaller than half the dominant wavelength in the
layer with the lowest propagation velocity. Such choice of source spacing
allows to consider the source distribution as continuous. The medium below
the source level is homogeneous.
If a source in the subsurface is set off, along the receivers at the surface
a transmission common-source gather is recorded. Figure3.2(a) shows a
transmission common-source panel from a subsurface sourceat horizontal
distance 4000 m. By setting off each of the subsurface sources separately in
time, 225 transmission common-source gathers are obtained.
For the retrieval of the reflection response with the help of equation2.25the
following procedure is performed. A receiver position is chosen at which
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Figure 3.1: A lossless 2D acoustic subsurface model. There are 561 receivers
(represented by the triangles) at the free surface startingfrom 1200 m until 6800
m, with spacing 10 m. There are 225 transient sources (the stars) in the subsurface
along a boundary∂Dm. The subsurface sources are placed every 25 m starting
from 1200 m and going until 6800 m.
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Figure 3.2: (a) A transmission gather as observed along the receivers at thefree
surface due to a subsurface source at horizontal distance 4000 m. The amplitudes
are clipped to bring forward later arrivals.(b) A transmission trace observed at the
receiver at horizontal distance 4000 m due to the same sourceas in (a).

a source is to be retrieved, for example atxB = (4000, 0) m. The trace at
this position is extracted from one transmission common-source gather, see
Figure3.2(b). Such a trace representspobs (xB,x, t) in the equation and will
be called a ”master trace”. A trace at another receiver location, represent-
ing pobs (xA,x, t), is extracted from the same transmission common-source
gather and crosscorrelated with the master trace. The crosscorrelation result
represents the integrand in equation2.25for a single source positionx. The
correlation process between the master trace and the tracepobs (xA,x, t) is
repeated for all 225 subsurface sources to produce 225 correlation traces.
When placed one after the other, the correlation traces makea correlation
panel which represents the integrand in equation2.25 for multiple source
positionsx. Figure3.3(a) shows an example correlation panel for a master
trace atxB = (4000, 0) m and a second trace atxA = (4000, 0) m, i.e, when
the master trace has been autocorrelated. The horizontal axis represents sub-
surface source position. According to the integral in equation 2.25, the traces



64 Retrieval of the reflection response: numerical modelling results

Figure 3.3: (a) A correlation panel obtained from the correlation of a master trace
at xB = (4000, 0) m with a trace atxA = (4000, 0) m for each subsurface source
position. (b) The result from the summation of the traces in (a) along the subsur-
face source positions. The grey ellipse in (a) highlights the stationary-phase region
which, after summation, produces the correct events in (b).
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in the correlation panel are summed together to produce a retrieved reflec-
tion trace and its time-reversed version atxA as if from a transient source
atxB. The source wavelet of the retrieved trace is the autocorrelation of the
subsurface source wavelet. Figure3.3(b) depicts the resulting trace from the
summation of the traces in Figure3.3(a) along the subsurface source posi-
tions. This trace represents a retrieved reflection trace atxA = (4000, 0) m
due to a surface source atxB = (4000, 0) m, i.e., a retrieved zero-offset trace.
Inspecting Figure3.3, it can be observed that the retrieved reflection events
are produced from the constructive interference of correlation traces lying in
the stationary-phase region (highlighted by the grey ellipse in Figure3.3(a)).
Between these retrieved events, there are additional weak events resulting
from the incomplete destructive interference at the ends ofthe source array.
Keeping the master trace position fixed and repeating the above-described
correlation and summation procedure forxA chosen at each of the available
receiver positions, a reflection common-source gather and its time-reversed
version are retrieved as if from a surface source at the position of the master
trace. Figure3.4 shows the retrieved reflection common-source gather and
its time-reversed version for a retrieved source position at xB = (4000, 0)
m. Note that in this gather the trace at horizontal distance 4000 m is actually
the trace from Figure3.3(b). The ”x”-like event at the middle of the figure
represents a temporal and spatial delta function smeared both in time and
space due to the limited subsurface source aperture. Equation 2.25predicts
that the retrieved reflection common-source gather and its time-reversed ver-
sion, i.e., the causal and anti-causal parts in the figure, should be symmetric
over the time-zero axis. It can be observed that this is indeed the case for
retrieved traces around the zero-offset trace. For these traces the subsurface
source distribution is optimal and all stationary-phase regions are completely
present in the respective correlation panels. It can also beobserved that the
retrieved causal and anti-causal parts of the traces close to the ends of the
receiver array are not symmetric any more. This result can beunderstood
by looking at Figure3.5, which depicts the correlation panel from the cross-
correlation of an observed trace atxA = (2000, 0) m with a master trace
at xB = (4000, 0) m for each subsurface source position. In this case, the
stationary-phase region, that will contribute to the retrieval of reflection ar-
rivals at negative times, has moved to the end of the subsurface source array
and parts of this region are outside the limits of the subsurface array. In the
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Figure 3.4: A retrieved reflection common-source gather and its time-reversed ver-
sion for a retrieved source position atxB = (4000, 0) m.
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consecutive integration over the subsurface source position, the construc-
tive interference in the negative times will not be completeand the retrieved
events will appear at times earlier then expected. This gives rise to the ”curl-
ing” at the ends of the reflection hyperbolae in the anti-causal part. At the
same time, the stationary-phase region at positive times iswell inside the
limits of the subsurface source array, see Figure3.5.
From the above explanation it follows that when limits of thesubsurface
source array are long enough to capture, or illuminate, the needed stationary-
phase regions, the anti-causal part of the retrieved resultcan simply be muted.
When this is not the case, or in more realistic situations, when no informa-
tion is available about the subsurface and the subsurface sources, both the
retrieved causal and anti-causal parts should be taken intoconsideration as
some reflection events can be retrieved at positive times andsome at nega-
tive. In this and the following section, the anti-causal part of the retrieved
results is muted.
Figure 3.6 shows the retrieved reflection common-source gather for a re-
trieved source position atxB = (4000, 0) m, after muting the negative times,
and the reflection common-source gather, after removing thedirect-wave ar-
rival, obtained directly through numerical modelling. Equation2.25shows
that for practical applications the recorded transmissionresponses should
be deconvolved before crosscorrelation, while the reflection response should
be convolved with a desired wavelet. Here, though, another approach is
followed. The numerically modelled reflection response wasobtained us-
ing the same wavelet as the transmission responses, i.e., a first derivative
of a Gaussian wavelet. Because of this, the directly modelled reflection re-
sponse is convolved with the a first derivative of a Gaussian wavelet, result-
ing in a negative autocorrelation of the source wavelet, which is produced
by crosscorrelating the modelled transmission responses.After equalizing
in the above-mentioned way the wavelets in the directly modelled reflec-
tion gather and the retrieved reflection gather, the events they contain can
be compared. Looking at the two gathers in the figure, it can beseen that
the primary reflections and their multiples have been kinematically correctly
retrieved. The limited subsurface source aperture leads, as explained above,
to an incomplete destructive interference of events away from the stationary
region, which gives rise to the linear crossing events abovethe apices of the
reflection hyperbolae in the retrieved common-source gather. Due to the fact
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Figure 3.5: A correlation panel obtained from the correlation of a master trace at
xB = (4000, 0) m with a trace atxA = (2000, 0) m for each subsurface source
position.
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Figure 3.6: (a) A retrieved reflection common-source gather for a retrievedsur-
face source position atxB = (4000, 0) m. (b) A reflection common-source gather
obtained directly through numerical modelling. The direct-wave arrival has been
removed from (b).

Figure 3.7: As in Figure3.6 but for a retrieved surface source position atxB =
(3000, 0) m.
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Figure 3.8: As in Figure3.6 but for a retrieved surface source position atxB =
(2000, 0) m.

that no use was made of sources close to the surface, refraction events are
not properly reconstructed.
By changing the master-trace position, the retrieved surface source position
is changing too. Figures3.7and3.8show the comparison between retrieved
reflection common-source gathers and reflection gathers directly obtained
though numerical modelling for surface source positions athorizontal dis-
tances 3000 m and 2000 m, respectively. From these figures it is visible that
when the master trace position approaches the end of the subsurface source
array, the quality of the retrieved reflection arrivals opposite to this end di-
minishes.
Equation2.25was derived with the assumption that the medium outside∂D

is homogeneous and isotropic. In accordance with this assumption, the ex-
amples above were obtained for a model where the medium below∂Dm was
homogeneous. Consider now a model as in Figure3.9, where there is an
extra reflector below the source level. This obviously does not comply with
the assumptions in the derivation of equation2.25. Figure3.10 shows a
common-source transmission gather for this model when a transient source
at horizontal distance 4000 m is set off. The presence of the reflector under
the source level results in extra reflection events, like theones indicated by
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Figure 3.9: A lossless 2D acoustic subsurface model. The difference with the model
in Figure3.1is in the extra reflector below the source level. The source and receiver
array geometries are the same.

the black pointers and with apices at around 0.54 s and 0.76 s.If the master
trace is chosen to bexB = (4000, 0) m and one autocorrelates this trace for
each subsurface source position, a correlation panel is obtained as the one in
Figure3.11. Compared to the correlation panel in Figure3.3(a), inside the
stationary-phase region in Figure3.11(a) there are several additional events.
These events, when summed along the source position (the integration in
equation2.25along∂Dm), produce additional arrivals in the retrieved zero-
offset trace in Figure3.11(b), like the ones at around 0.14 s, 0.54 s, and 0.95
s. For easier interpretation of these events, a comparison is shown in Figure
3.12between a retrieved reflection common-source gather and a reflection
common-source gather directly obtained through numericalmodelling for a
surface source position at horizontal distance 4000 m. Comparison of the
two gathers shows that the application of equation2.25 has retrieved cor-
rectly all the reflection events and their multiples, including the reflection
arrival from the reflector lying below∂Dm with an apex at around 0.95 s and
the multiples associated with it. At the same time, it can be observed that the
retrieval process has produced additional events, like theones indicated by
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Figure 3.10: A transmission gather due to a subsurface source at horizontal dis-
tance 4000 m in the presence of a reflector below the source level. The amplitudes
are clipped to bring forward later arrivals. The first two arrivals resulting from the
presence of the extra reflector are indicated by the pointers.

the black pointers and with apices at around 0.14 s and 0.54 s,which are not
present in the numerically modelled reflection gather. These ghost events
arise from the presence of the reflector below∂Dm (see equations2.21and
2.22).
Consider now a situation where the subsurface sources lie along a suffi-
ciently irregular boundary∂Dm. An example of this is depicted in Figure
3.13, where the subsurface sources are randomly distributed in depth be-
tween 700 m and 850 m. At the same time, the horizontal separation of the
sources is kept constant at 25 m. As explained at the end of Section 2.1.2,
the random-depth distribution of the subsurface sources will cause destruc-
tive interference of the ghost events. This can be seen in Figure3.14. The
continuously aligned correlated events, whose troughs at 0.14 s and 0.54 s
are clearly visible in the stationary-phase zone in Figure3.11(a), are quite
random in the stationary-phase zone in Figure3.14(a). At the same time,
the correlated event with a trough at 0.95 s is still continuously aligned. Ap-
plication of the integral in equation2.25 along the boundary∂Dm results
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Figure 3.11: (a) A correlation panel obtained from the autocorrelation of a master
trace atxB = (4000, 0) m in the presence of a reflector below the source level.
(b) The result from the summation of the traces in (a) along the subsurface source
positions. The presence of a reflector below the sources results in the appearance
of additional events.
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Figure 3.12: (a) A retrieved reflection common-source gather for a retrievedsur-
face source position atxB = (4000, 0) m for the subsurface model in Figure3.9. (b)
A reflection common-source gather obtained directly through numerical modelling
for the same model. The application of equation2.25in the presence of a reflector
below the subsurface source level results in a retrieval of ghost events like the ones
indicated by the pointers. The ghosts’ apices are at 0.14 s and 0.54 s.
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Figure 3.13: A subsurface model as in Figure3.9, but now the subsurface sources
are distributed randomly in depth between 700 m and 850 m.
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Figure 3.14: As in Figure3.11, but for subsurface sources with random depth dis-
tribution. The correlated events that after summation produce ghosts, are here not
well-aligned anymore and their summation will result in destructive interference.



76 Retrieval of the reflection response: numerical modelling results

in the retrieved reflection zero-offset trace and its time-reversed version, as
depicted in Figure3.14(b), where the retrieved ghost arrivals at 0.14 s and
0.54 s are strongly weakened, while the reflection arrival from the reflector
below ∂Dm is retrieved correctly. This fact is easier to observe in Figure
3.15where the retrieved reflection common-source gather (a) fora retrieved
surface source position at horizontal distance 4000 m is compared to the
reflection gather obtained through direct numerical modelling (b).

Figure 3.15: As in Figure3.12but for subsurface sources distributed randomly in
depth. The retrieved ghost events from the application of equation2.25are strongly
weakened (see the pointers).

The SI relation2.25, as well as the other SI and EMI relations, were de-
rived with the assumption that the medium, where the Green’sfunction is
retrieved, is lossless. To investigate the effect of losseson the retrieval re-
sults, a subsurface model is used as in Figure3.13, but now each layer has a
loss factorQ. Two cases are studied. In the first case, the Q-factor of each
layer is taken twice the square root of the propagation velocity, which results
in amplitude losses of the propagating waves through each ofthe layers of
0.00585 dB/m, 0.0038 dB/m, 0.0027 dB/m, and 0.0021 dB/m, from top to
bottom respectively. In the second case, the Q-factor is taken equal to the
square root of the propagation velocities and then the respective amplitude
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losses in the layers are 0.0117 dB/m, 0.0076 dB/m, 0.0054 dB/m, and 0.0042
dB/m. The source and receiver geometry are the same as in Figure3.13. Fig-
ure 3.16shows transmission common-source gathers for both cases where
both gathers were clipped with the same value as the one used to clip the
arrivals in the transmission common-source gather withoutlosses in Figure
3.10(note that the subsurface sources are not at the same depth).In Figures
3.17and3.18are shown the retrieved reflection common-source gathers (a)
from crosscorrelation of transmission recordings in the presence of losses in
the medium and the directly modelled reflection gathers in a lossy medium
(b) for the two loss cases described above. For a better comparison of the
results, the smeared delta function has been muted in the retrieved reflec-
tion gathers. Further, both the retrieved and the directly-modelled reflection
gathers have been scaled with the maximum value of the trace at horizontal
position 4000 m. The comparison of the results in both figuresshows that
the crosscorrelation process has retrieved the expected reflection arrivals. At
the same time, the quality of the retrieved reflection eventsdecreases away
from the retrieved source position. It can also be observed that when the am-
plitude losses in the medium increase, non-physical events, like the events
indicated by the black pointers and with apices at around 0.19 s, 0.35 s, 0.55
s, and 0.75 s in panel (a) in Figure3.18start appearing in the retrieved re-
sult. These loss-related events are present in the retrieved results for both loss
cases, but are more visible for the case of stronger losses. The loss-related
ghosts arise from events present in the correlation panels.In the correla-
tion panels obtained from modelled without losses, the amplitudes of these
events are orders smaller than the events producing the truereflections. In
the correlation panels obtained from modelling with losses, the amplitudes
of the events, which produce the loss-related ghosts, become of the order of
the other events and thus after stacking the correlation panel the result is the
appearance of loss-related ghosts.

3.1.2 Retrieval of the acoustic reflection response from re-
cordings from white-noise subsurface sources

In the previous section, the SI relation2.25was investigated for the retrieval
of the reflection response from crosscorrelation of transmission recordings
from transient sources. The application of this relation requires separate
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Figure 3.16: Transmission common-source gathers for the model in Figure3.13
for constant losses in the layers with Q-factors(a) twice the square root of the
propagation velocities (78, 90, 100, and 108 from shallow todeep, respectively) and
(b) the square root of the propagation velocities (39, 45, 50, and 54 from shallow to
deep, respectively).

Figure 3.17: As in Figure3.12, but for subsurface sources distributed randomly in
depth and for medium with losses where each layer has a constant Q-factor equal to
twice the square root of the propagation velocity. The pointers indicate loss-related
ghosts.
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Figure 3.18: As in Figure3.12but for subsurface sources distributed randomly in
depth and for medium with losses where each layer has a constant Q-factor equal
to the square root of the propagation velocity. The pointersindicate loss-related
ghosts.

recording of the transmission response from each of the subsurface sources.
But it is not always possible and/or feasible to obtain such recordings. For
this reason, in this section the SI relation2.30is investigated for the retrieval
of the reflection response from crosscorrelation of transmission noise record-
ings. The conclusions from the previous section are valid also for recordings
from white-noise subsurface sources. That is why, here the subsurface model
and source and receiver geometries from Figure3.13are considered where
the propagating fields experience no losses in the medium. The subsur-
face sources are now taken to be white-noise source.Rickett and Claerbout
[1996] showed that the signal-to-noise ratio of the retrieved reflections from
a horizontally layered medium increases as

√
noise-recording length. As ex-

plained in Section2.1.5, the longer the noise recording, the better fulfilled
the assumption of uncorrelated in time noise sources. Furthermore, in prac-
tice the noise sources can become active at different times,which means that
the longer the recording, the more noise sources will be captured. To make
the modelling easier, it is assumed that the noise sources act simultaneously,
which reduces the modelling times.
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Figure 3.19: The first 3 seconds from a transmission gather recorded in thepresence
of simultaneously acting subsurface white-noise sources.The total length of the
record is 66 min. The subsurface model and the source and receiver geometries are
the same as in Figure3.13.

Figure 3.19(a) shows the observed transmission gather along the receiver
array when the subsurface white-noise sources have acted simultaneously.
The panel shows only the first 3 seconds from a recording that was 66 min-
utes long. According to equation2.30, in order to retrieve the reflection
response between two receivers, the observed noise traces at these two re-
ceivers should be crosscorrelated. Figure3.19(b) depicts the trace at hori-
zontal distance 4000 m from the gather in3.19(a). This trace is chosen as
a master trace and representspobs (xB, t). This trace is crosscorrelated with
the transmission gather in Figure3.19(a), which then representspobs (xA, t)
for a variablexA. The crosscorrelation result, after muting the non-causal
part, is shown in Figure3.20, where it is compared to the directly modelled
reflection response. The crosscorrelation has resulted in the retrieval of all
reflection events (primary and multiples). Only the later reflection arrivals
are not clearly visible as their signal-to-noise ratio is very low. As shown
in Draganov and Wapenaar[2004] for a 2D inhomogeneous medium, the
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longer the noise recordings the clearer the retrieval of thelater reflection
arrivals.
The above results were obtained for subsurface noise sources horizontally
spaced from each other with less then half the dominant wavelength (25
m) and in such a way that their distribution could be assumed continuous.
In practice, especially with noise sources in the subsurface, such an opti-
mal distribution will normally not be the case. The effect onthe retrieval
results from non-optimal subsurface source distribution is illustrated in Fig-
ure 3.21. The retrieved reflection common-source gathers were obtained
from crosscorrelation of transmission noise recordings when the subsurface
sources were spaced from each other with (a) half the dominant wavelength
(repeated from Figure3.20(a) for convenience), (b) one wavelength, (c) three
wavelengths, and (d) twenty wavelengths. It can be observedthat the larger
the distance between the subsurface sources the lower the quality of the re-
trieved results. For the extreme source spacing of twenty wavelengths, the
reflection events are retrieved incorrectly. This result can be explained by
considering the situation with transient sources in the subsurface. The re-

Figure 3.20: (a) A retrieved reflection common-source gather for a retrievedsur-
face source position atxB = (4000, 0) m from the crosscorrelation of 66-minutes-
long transmission recordings from white-noise sources.(b) A reflection common-
source gather obtained directly through numerical modelling.
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Figure 3.21: A retrieved reflection common-source gather for a retrievedsurface
source position atxB = (4000, 0) m when the white-noise sources in the subsurface
are (a) spaced half the dominant wavelength or 25 m apart,(b) one wavelength or
50 m apart,(c) three wavelengths or 150 m apart, and(d) twenty wavelengths or
1000 m apart.

trieved events result from the constructive interference of wavelets in the
stationary-phase region during integration over the boundary∂Dm (see Fig-
ure 3.14 for example). This integration is intrinsically present inrelation
2.30as can be see from equations2.27-2.29. When the spacing between the
sources increases, there are less constructively interfering wavelets in the
stationary-pase region and the result is incomplete retrieval of events or even
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that the retrieval of events is incorrect.
Even though some reflections can be incompletely or incorrectly retrieved,
the strength of the SI method is that the retrieval process can be applied at
all receiver positions, creating in this way redundant reflection information.
This reflection information can further be used in a migration procedure.
The migration process will (at least partly) compensate forthe incomplete
retrieval of the reflections [Wapenaar et al., 2004a]. This can be understood
by considering that the migration process incorporates an integral over the
receiver positions, which would ”capture” stationary-phase points, that were
missed in the retrieval process. This is depicted in Figure3.22, which shows
the migration results from retrieved reflection gathers in the presence of
subsurface white-noise sources with spacing of (a) half a wavelength, (b)
one wavelength, (c) three wavelengths, and (d) twenty wavelengths, respec-

Figure 3.22: Results from a pre-stack depth migration algorithm appliedto re-
trieved reflection data when the subsurface noise sources had been separated with
(a) half the dominant wavelength or 25 m,(b) one wavelength or 50 m,(c) three
wavelengths or 150 m, and(d) twenty wavelengths or 1000 m.
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tively. The images were obtained using shot-profile pre-stack depth migra-
tion [Claerbout, 1971; Berkhout, 1982]. The migration was performed with
the exact velocity model to emphasize the characteristics of the obtained
depth images. For the same reason, no multiple elimination scheme was
applied. The images in Figure3.22clearly show that the reflector bound-
aries between the different layers have been correctly imaged, even for the
extreme case of subsurface noise-source spacing of twenty wavelengths.
In practice the migration is performed with approximate velocity models. In
such cases, the migration of retrieved reflection gathers behaves in a simi-
lar way as the migration of conventional reflection gathers.Figure3.23(a)
shows the approximate velocity model used to migrate the retrieved reflec-
tion results from the crosscorrelation of transmission recordings for a subsur-
face noise-source spacing of twenty wavelengths. The velocity model was
built presuming that the velocity of the first layer is known exactly, while the
velocities of the deeper layers are 10 % lower than the velocity values used
for numerical modelling. The layer boundaries are taken at incorrect depths
and assumed horizontal. The migration result is shown in Figure 3.23(b).
It can be seen that the layer boundaries are imaged, but, as expected, the
boundaries are at wrong depths and with artefacts.

Figure 3.23: (a) Approximate subsurface velocity model.(b) Result from a pre-stack
depth migration using the velocity model in (a) applied to retrieved reflection data
when the subsurface noise sources had been twenty wavelengths (1000 m) apart.
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3.2 Retrieval of the elastodynamic reflection response

In Sections2.1.6-2.1.9SI relations were derived for the retrieval of new elas-
todynamic seismic recordings from the crosscorrelation ofexisting record-
ings. Just like in Section3.1, here are shown examples of the retrieval of the
reflection response from the crosscorrelation of observed transmission re-
sponses from sources deep in the subsurface. The absence of sources close to
the surface will result in the suppression (or even absence)of surface waves
in the retrieved results. With the help of 2D examples, the elastodynamic SI
relations2.54and2.59are investigated in the presence of transient and noise
sources in the subsurface, respectively. These examples were obtained from
transmission recordings at the free surface generated witha finite-element
modelling scheme [Zhang and Verschuur, 2002].

3.2.1 Retrieval of the elastodynamic reflection response
from recordings from transient subsurface sources

To investigate the SI relation2.54, a lossless 2D elastic subsurface model
was used (see Figure3.24). Along the free surface, there are seismic re-
ceivers, represented by the triangles, which record the particle velocity in
three directions. The subsurface consists of a homogeneouslayer with two
bodies in the form of lenses. The receiver array extends fromhorizontal dis-
tance 2100 m until horizontal distance 5700 m with receiver spacing of 15
m. Because the medium is bounded from above by a free surface,to retrieve
reflection arrivals, one needs recordings from sources along the subsurface
part∂Dm of the boundary∂D (see equation2.54and the explanation in Sec-
tion 2.1.7). In Figure3.24 the boundary∂Dm is a horizontal line at depth
756 m. The subsurface sources lie in the horizontal direction between 2100
m and 5796 m with a spacing of 21 m. The source wavelet has the form of a
first derivative of a Gaussian function with a peak frequencyof 20 Hz. Thus,
the source spacing is less than half the dominant wavelengthof the lowest
propagation velocity for shear waves.
Equation2.54was derived for the general 3D case. As here a 2D medium
is considered, the vibrations in the direction of axisx2 decouple from the
vibrations in the direction of the axesx1 andx3. This means that in the SI
relation2.54the subscriptsp andq take on the values 1 and 3, which denote
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horizontal and vertical direction, respectively. The subscript K can take the
values 0 and 2, meaning that there can be subsurface sources of P-waves
and SV-waves, respectively. This means that in the right-hand side of the
equation, there will be a summation of two integrals – an integral over P-
wave sources and an integral over SV-wave sources. Note thatthe P- and the
SV-wave sources lie at the same subsurface positions.
If a subsurface source is set off, then at the surface the elastodynamic trans-
mission response is observed. Figure3.25shows the transmission common-
source gathers observed at the surface for a subsurface source at horizontal
distance 3900 m. The panels (a) and (b) show the observed vertical and
horizontal component, respectively, of the particle velocity for a subsurface
P-wave source. The panels (c) and (d) show the observed particle velocity
in the vertical and in the horizontal direction, respectively, for a subsurface
SV-wave source.
To retrieve an observed vertical particle velocity reflection recording at a
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Figure 3.24: A lossless 2D elastic subsurface model. There are 241 receivers (rep-
resented by the triangles) at the free surface starting from2100 m until 5700 m, with
spacing 15 m. There are 172 transient sources (the stars) in the subsurface along a
boundary∂Dm. The subsurface sources are placed every 21 m starting from 2100
m and going until 5691 m.
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Figure 3.25: Transmission common-source gathers observed at the surface for a
subsurface source at horizontal distance 3900 m.(a) Observed vertical particle
velocity vobs3,0 (xA,x, t) due to a P-wave source.(b) Observed horizontal particle
velocityvobs1,0 (xA,x, t) due to a P-wave source.(c) Observed vertical particle ve-
locity vobs3,2 (xA,x, t) due to a SV-wave source.(d) Observed horizontal particle
velocity vobs1,2 (xA,x, t) due to a SV-wave source. The amplitudes are clipped to
bring forward later arrivals.

receiver location due to a surface source acting in the vertical direction at
another receiver location, for example at horizontal distance 3900 m, the
following is done. A master trace, representingvobs3,0 (xB,x, t) at location
3900 m is extracted from the transmission gather for a P-wavesubsurface
source in Figure3.25(a). This trace is correlated with the same gather, where
the gather representsvobs3,0 (xA,x, t) for a variablexA, producing a P-source
correlation panel for this source position. The above two steps are repeated
for all subsurface P-wave source positions. This is followed by summation
of all the P-source correlation panels (the integral over the P-wave sources in
relation2.54). The result is shown in Figure3.26(a). The same procedure is
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followed also for the correlation of the transmission recordings from the SV-
wave subsurface sources, where the subscript0 is replaced by the subscript
2, see Figure3.26(b). Note that due to the absence of shallow subsurface
sources, in neither of the two panels surface-wave events can be observed.
Following the SI relation2.54, the last step to be done to retrieve the reflec-
tion response is to sum the panels in (a) and (b) in Figure3.26. The result,
shown in Figure3.27(a), represents the retrieved vertical particle velocity
due to a vertical force source at horizontal position 3900 m after muting the
anti-causal part and the smeared delta function.
To retrieve the horizontal component of the observed particle velocity due to
a surface source at horizontal distance 3900 m acting in the vertical direc-
tion, a procedure can be followed similar to the one for the retrieval of the
vertical component of the particle velocity. Here, though,for a P-wave sub-

Figure 3.26: (a) Result from the correlation with a master trace at 3900 m after
integration of P-source correlation panels.(b) Result from the correlation with
a master trace at 3900 m after integration of SV-source correlation panels. The
amplitudes are clipped to bring forward later arrivals.
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Figure 3.27: (a) A retrieved reflection common-source gather representing ob-
served vertical particle velocity due to a retrieved surface vertical force source at
positionxB = (3900, 0) m. (b) Vertical particle velocity reflection common-source
gather obtained directly through numerical modelling. Thesurface-wave arrivals
have been removed.(c) Same as in (a) but for observed horizontal particle velocity.
(d) Same as in (b) but for horizontal particle velocity. Gainingwas applied to all
gathers to amplify later arrivals.

surface source a master trace, representingvobs3,0 (xB,x, t), is extracted from
the transmission gather in Figure3.25(a) and is correlated with the transmis-
sion gather in Figure3.25(b), representingvobs1,0 (xA,x, t) for changingxA.
For SV-wave subsurface sources, a master trace (vobs3,2 (xB,x, t)) is extracted
from the transmission gather in Figure3.25(c) and is correlated with the
transmission gather in Figure3.25(d) (vobs1,2 (xA,x, t)). The above steps are
repeated for all subsurface sources, followed by summationover the subsur-
face source positions and source types. The obtained final result is shown in
Figure3.27(c).
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The comparison of the retrieved results with the directly modelled particle
velocities due to a vertical force source (Figure3.27(b) and3.27(d)) shows
that all reflected arrivals (direct, multiples, conversions) have been correctly
retrieved. The crossing linear events just above the first reflection arrival in
(a) and (c) result from the limited aperture of the subsurface source array.
This can be demonstrated by extending the subsurface sourcearray.

Figure 3.28: As in Figure3.27but for surface force source acting in the horizontal
direction.

In Figure 3.28 similar results are shown, but this time for a force source
acting in the horizontal direction at horizontal position 3900 m. The gathers
in (a) and (c) were obtained following the procedures described above, but
this time the master traces were extracted from the transmission gathers in
Figures3.25(b) and3.25(d).
In the model in Figure3.24the medium below the boundary∂Dm was taken
to be homogeneous. When this is not the case, the crosscorrelation process
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Figure 3.29: A subsurface model with source and receiver geometries as inFigure
3.24, but with an extra reflector below∂Dm.

Figure 3.30: Reflection common-source gathers for the model in Figure3.29. (a)
Retrieved vertical particle velocity due to a retrieved surface vertical force source at
positionxB = (3900, 0) m. (b) Vertical particle velocity obtained directly through
numerical modelling. The surface-wave arrivals have been removed.(c) Same as in
(a) but for observed horizontal particle velocity.(d) Same as in (b) but for horizontal
particle velocity. Gaining was applied to all gathers to amplify later arrivals.
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will result in the retrieval of ghost events, see equations2.49and2.50. This
is illustrated for the subsurface model in Figure3.29 in which there is an
extra reflector below the boundary∂Dm. Using this model, transmission
gathers are generated from subsurface P-wave and SV-wave sources. These
transmission gathers are used to retrieve reflection common-source gathers
in the same way as it was described above. In Figure3.30the comparison
is shown between retrieved reflection gathers and reflectiongathers obtained
directly through numerical modelling of observed particlevelocities when
a surface force source at 3900 m would be acting in the vertical direction.
It can be observed that the crosscorrelation process has produced additional
events in (a) and (c) that are not present in the directly modelled reflection
gathers in (b) and (d). Examples of such ghosts are the retrieved events
before the first reflection arrivals, the events in (a) with apices at around 0.6
s and 1.15 s, and the event in (c) with an apex around 1.3 s.
Consider now a model, as depicted in Figure3.31, where the subsurface
sources lie over a sufficiently irregular boundary∂Dm. The subsurface source
positions are chosen to be random in the vertical direction,while in the hor-
izontal direction their spacing is kept regular at 21 m. There is an extra re-
flector below the source boundary. The retrieved reflection common-source
gathers for this model for a vertically acting surface source at position 3900
m are shown in panels (a) and (c) of Figure3.32. Comparing the retrieved re-
sults to the reflection gathers obtained directly through numerical modelling
(panels (b) and (d) of Figure3.32), it is observed that the ghost events are
now strongly weakened.

3.2.2 Retrieval of the elastodynamic reflection response
from recordings from white-noise subsurface sources

Consider again the subsurface model from Figure3.31. The receiver and
subsurface-source geometries are kept the same. But this time it is assumed
that no separate recordings from the subsurface sources arepossible. This
means that to retrieve the reflection response, one has to make use of SI
relation2.59.
Figure 3.33(a) shows the first two seconds of the vertical particle veloc-
ity recording, which was 35 minutes long, in the presence of white-noise
sources in the subsurface. This modelled transmission recording was ob-
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Figure 3.31: A subsurface model with source and receiver geometries as inFigure
3.24, but with an extra reflector below∂Dm. The subsurface source positions are
randomly distributed in depth.

Figure 3.32: As in Figure3.30, but for the model in Figure3.31.
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Figure 3.33: The first 2 seconds from a transmission gather recorded in thepresence
of simultaneously acting subsurface P-wave and SV-wave white-noise sources. The
total length of the record is 35 min. The subsurface model andthe source and
receiver geometries are the same as in Figure3.31.

tained by placing at the subsurface source positions first P-wave white-noise
sources and setting them off simultaneously. This recording was then summed
with a transmission recording obtained from simultaneously acting SV-wave
white-noise sources, placed at the same positions as the P-wave sources.
Using equation2.59, in order to retrieve the reflection response, observed
in the vertical direction, as if from a surface force source acting in the ver-
tical direction, the following is done. A receiver positionis chosen, in this
case 3900 m, where the surface source position will be retrieved. A master
trace, as shown in Figure3.33(b) and representingvobs3 (xB, t), is extracted
at that position from the transmission gather in Figure3.33(a) and crosscor-
related with all the traces in the gather. The transmission gather represents
vobs3 (xA, t) for a variablexA. The retrieved result, after muting the anti-
causal part and the smeared delta function, is shown in Figure3.34(a).
To retrieve the horizontal particle velocity component fora reflection record-
ing due to a surface vertical force source, the master trace in Figure3.33(b) is
crosscorrelated with the horizontal component of the particle velocity trans-
mission gather from the subsurface noise sources, i.e.,vobs1 (xA, t). Figure
3.34(c) depicts the retrieved result. Panels (b) and (d) in the same figure
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Figure 3.34: Reflection common-source gathers for the model in Figure3.31, but
for white-noise sources in the subsurface.(a) Retrieved vertical particle veloc-
ity due to a retrieved surface vertical force source at position xB = (3900, 0) m.
(b) Vertical particle velocity obtained directly through numerical modelling. The
surface-wave arrivals have been removed.(c) Same as in (a) but for observed hor-
izontal particle velocity. (d) Same as in (b) but for horizontal particle velocity.
Gaining was applied to all gathers to amplify later arrivals.

show the vertical and the horizontal particle velocity reflection common-
source gathers, respectively, obtained through direct numerical modelling
for a surface vertical force source at 3900 m horizontal distance. The com-
parison of the gathers in (a) and (c) to the gathers in (b) and (d), respectively,
shows that the application of relation2.59 has correctly retrieved the ex-
pected reflection arrivals, though the later arrivals are not clearly visible as
their signal-to-noise ration is low.
To retrieve the vertical and horizontal particle velocity components as if from
a surface force source acting in the horizontal direction, asimilar procedure
is followed as above, but the master trace is extracted from the horizontal
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Figure 3.35: As in Figure3.34, but for a surface force source acting in the horizon-
tal direction.

component of the observed particle velocity transmission gather. The re-
trieved and the directly modelled results are shown in Figure3.35.

3.3 Retrieval of the electromagnetic reflection res-
ponse

Until now, in this chapter examples were given of the retrieval of the refec-
tion response at the earth’s surface, which for the seismic case is a free sur-
face, i.e., a perfect reflector. In the electromagnetic case, the earth’s surface
is not a perfect reflector anymore. This means that to retrieve the refection
response, for example for Ground Penetrating Radar (GPR) applications,
one needs to crosscorrelate recordings from sources below as well as above
the observation points. Figure3.36shows a 2D example model, which was
used to simulate electromagnetic wavefields for GPR application. It consists
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Figure 3.36: A lossless 2D model. There are 64 receiver antennae, represented by
the triangles, at the earth’s surface from horizontal distance 36.85 m until 43.15 m,
with spacing of 10 cm. There are two source antenna arrays, each of 151 sources,
the stars. The source antennae lie in the subsurface along the boundary∂Dm and
in the air 2 m above the receivers along the boundary∂D0. The source antennae
are placed every 10 cm starting from 32.5 m and going until 47.5 m.

Figure 3.37: The first 100 ns from a transmission gather recorded in the presence of
simultaneously acting white-noise electromagnetic sources below as well as above
the receivers. The total length of the record is 120µs.
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of two subsurface layers separated by a syncline-shaped boundary. The rel-
ative electric permittivities of the two layers are 9 and 16,respectively. At
the surface, at zero depth of the model, a receiver antenna array is placed
consisting of 64 antennae separated by 10 cm. The receiver antennae record
the propagating wavefields from two source antenna arrays, one of which is
in the subsurface and one in the air above the receivers. Eachsource array
consists of 151 antennae spaced 10 cm apart starting from 32.5 m and going
until 47.5 m. The sources are temporally mutually uncorrelated, emit simul-
taneously and are active for 120µs. In a usual GPR acquisition system, two
parallel broad-side antennae are used, which means that fora 2D medium
transverse-electric modes are emitted and recorded. Figure 3.37shows the
observed first 100 ns from the total transmission gather recording. First, at
around 7 ns, the wavefields arrive from the sources in the air.At around 34
ns also the wavefields from the subsurface sources start arriving.

Figure 3.38: Causal and anti-causal retrieved common-midpoint gathersfor (a)
a midpoint at 40 m and(b) a midpoint at 39.3 m. The source-receiver antennae
separation step is 20 cm.

With the help of equation2.82, by choosing a point along the receiver gather,
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extracting and correlating traces which lie at an equal distance from this
point, one can retrieve a common-midpoint gather. Figures3.38(a) and
3.38(b) show examples of the causal and anti-causal retrieved common-
midpoint gathers with a midpoint at 40 m and 39.30 m, respectively. The
source-receiver antennae separation increases with 20 cm.In (a), the source-
receiver separation starts at 10 cm and increases until 6.3 m. In (b), the
source-receiver separation starts at 10 cm and increases until 4.9 m. It can be
observed that while for the gather in (a) the causal and the anti-causal parts of
the retrieved results are nearly symmetric, for the gather in (b) the causal and
the anti-causal parts are not symmetric. Due to the relatively longer source

Figure 3.39: Common-midpoint gathers. The source-receiver antennae separation
step is 20 cm.(a) Retrieved gather for a midpoint at 40 m.(b) Retrieved gather
for a midpoint at 39.3 m.(c) Directly modelled gather for a midpoint at 40 m.
(d) Directly modelled gather for a midpoint at 39.3 m. The retrieved results were
obtained for crosscorrelation of recordings from noise sources above as well as
below the receiver antennae.
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antennae arrays, there is no curling at the ends of the retrieved reflection hy-
perbolae and it will be very beneficial to sum the causal and the anti-causal
parts. Figure3.39 shows the comparison between the retrieved common-
midpoint gathers, after summing the causal and the anti-causal parts, and the
directly modelled common-midpoint gathers for midpoint at40 m for (a) and
(c) and for midpoint at 39.3 m for (b) and (d). For both common-midpoint
gathers the crosscorrelation process has retrieved the direct air wave, with
the latest arrival at around 20 ns, the direct ground wave, with the latest ar-
rival at around 60 ns, and the reflection arrivals from the syncline boundary.
It can also be observed that compared to the causal parts in Figure3.38, the
summation of the causal and the anti-causal parts has increased the signal-
to-noise ratio of the retrieved multiple of the syncline boundary. In Figure
3.39this multiple has emerged from the noise.
In practice, it is more likely to encounter electromagneticnoise sources in the
GPR range that are only above the ground. Figure3.40shows the retrieved
common-midpoint gathers for the same midpoints as in the previous figure,
but this time when only noise sources in the air are present. It can be seen
that the direct ground wave is not retrieved. This is so as thestationary-phase
regions that contribute to the retrieval of this arrival come only from sources
in the subsurface. It can also be seen that even though the reflected events
are retrieved not all the complexity is correctly retrieved.

Figure 3.40: As in Figure3.39, but for crosscorrelation of recordings from noise
sources only above the receiver antennae.
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Retrieval of the seismic
reflection response:
application to
laboratory and field data

In this chapter, the SI relations2.54 and2.59 are applied to two types of
measured data. First, the transmission responses, observed on a heteroge-
neous granite sample and resulting from transient sources set off separately
in time, are crosscorrelated for the retrieval of reflections from the main ve-
locity contrasts in the granite sample. This is followed by results from the
crosscorrelation of recorded background noise. The noise was recorded in a
desert area in the Middle East to test the SI method for retrieval of the Earth’s
reflection response on an exploration scale.
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laboratory and field data

4.1 Application to laboratory data from transient so-
urces

The SI relation2.54for retrieval of the Green’s function from the crosscor-
relation of recordings from transient sources is applied todata from a con-
trolled laboratory experiment, which was performed in the ultrasonic labo-
ratory of Dr. Nishizawa in Tsukuba, Japan. The experiment iscarried out
on a block of granite with dimensions 300x300x100 mm, in which there is
a cylindrical hole of 150 mm length and 15 mm diameter filled with epoxy.
A sketch of the granite sample is shown in Figure4.1. The type of the used

Figure 4.1: Oshima granite block with dimensions 300x300x100 mm. A cylindrical
hole with a length of 150 mm and a diameter of 15 mm is drilled inthe middle of one
of the small walls and is filled with epoxy. An observation array of 101 measurement
points lies on the front wall with a distance between the points of 1 mm. A source
array of 21 source points lies on the back wall with a source spacing of 5 mm. The
observation and source arrays are parallel to each other andthe plane they lie in is
perpendicular to the epoxy cylinder.

granite is ”Oshima”, which consists mainly of quartz, plagioclase, and biotite
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with grain sizes mostly from 1 to 5 mm. The estimated average P-wave and
S-wave propagation velocities for this Oshima block are 4500 m/s and 2700
m/s, respectively. The estimated P-wave and S-wave velocities for the epoxy
are 2300 m/s and 1400 m/s, respectively. Even though equation 2.54 was
derived for the general 3D case, for simplicity here a 2D experiment is con-
sidered. This means that in relation2.54, K takes on only the values 0 and
2 meaning that we will need to record the response from P- and SV-sources.
The observation and source line arrays are placed at opposite sides of the
block lying in a plane perpendicular to the long axis of the cylinder. The ob-
servation array of 101 measurement points lies along the surface of the front
wall of the granite sample; the distance between the observation points is 1
mm. At these points, only the normal component of the particle velocity is
measured. This means that in relation2.54, the subscriptsp andq take on the
value 3 (note the coordinate system in Figure4.1). The measurements at the
observation points are performed using a laser Doppler vibrometer (LDV).
Details about the LDV and about the rest of the equipment can be found in
Nishizawa et al.[1997] and inSivaji et al.[2001].
Compared to measurements in the field, in a controlled laboratory experi-
ment one can make use of ultrasonic compressional and shear transducers to
approximate separate P- and S-wave sources. The source array, consisting of
21 source points with 5 mm distance between the individual points, is placed
along the back wall of the granite block. The sources are fed with a single-
cycle 250-kHz sine wavelet. For this frequency, the estimated wavelengths
for P-waves and S-waves are 18 mm and 11 mm, respectively. At this scale,
the granite sample is effectively heterogeneous and both compressional and
shear waves are diffracted from the grains of the sample. Dueto the finite
diameter (5 mm) of the source transducers, their radiation pattern will not
be like the desired point-source pattern [Tang et al., 1994; Nishizawa et al.,
1997]. As a result, the compressional transducer will produce some amount
of S-wave energy, especially at larger angles with respect to the normal to its
flat surface. Still, for the chosen source-receiver geometry the main energy
will be radiated in the form of P-waves. A similar effect holds for the shear
transducers, which will produce some P-wave energy.
As explained at the beginning of Chapter3, it can be shown that for the
chosen 2D setup sources placed along the walls perpendicular to the ob-
servation array would contribute strongly to the retrievalof surface waves,
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while sources placed along the wall opposite to the observation array (as in
the experiment) will mainly contribute to the retrieval of reflection arrivals.
Motivated by this reason, it was chosen to place sources onlyalong the back
wall of the granite block.
The measurements are performed in the following order. A source transducer
is placed and set off at a certain source point and the resulting wavefields are
measured at a point along the observation array. The electronic circuit of the
LDV causes the appearance in the recorded waveforms of incoherent high-
frequency noise. To eliminate this noise, the source transducer is repeatedly
set off at the same position for 2000 times and at the observation point the
2000 recorded waveforms are summed to obtain a final waveformrecording
at that observation point. By placing a compressional transducer and record-
ing the waveforms at all observation points in the way described above, a
P-source transmission common-source gather is obtained. Similarly, placing
a shear transducer and repeating the measurements, an S-source transmis-
sion common-source gather is obtained. This procedure is repeated for each
of the 21 source points. Figure4.2(a) shows an example P-source transmis-
sion common-source gather with a clear P-wave direct arrival with an apex at
about 0.024 ms and Figure4.2(b) shows an example S-source transmission
common-source gather with a clear P-wave direct arrival anda clear S-wave
direct arrival with an apex at around 0.039 ms. The transmission panels are
0.164 ms long aiming at recording the first few multiples of the direct P- and
S-wave arrivals, i.e., the arrivals that have been reflectedby both the front
and the back wall of the granite block (see Figure4.1). Even though the
later-arriving conversions and multiples are not readily interpretable due to
scattering from the grains, parts of the first and the second multiple arrivals
of the direct P-wave with estimated apices around 0.07 ms and0.115 ms,
respectively, can be observed in Figure4.2(c). Parts of the first multiple of
the direct S-wave with an estimated apex around 0.115 ms can be seen in
Figure4.2(b).
In the transmission common-source gathers are present alsoinclined linear
arrivals. They result from the presence of the left and rightwalls of the Os-
hima granite block (see Figure4.1). After crosscorrelation and integration
following equation2.54, such events would contribute to retrieval of sim-
ilar inclined events. These retrieved inclined events would interfere with
retrieved reflections. For this reason, a frequency-wavenumber (f-k) filter is
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used to eliminate the inclined events. The results from the application of the
f-k filter to the transmission gathers in (a) and (b) in Figure4.2are shown in
(c) and (d), respectively, where the multiples can be observed more clearly.
The presence of coherent arrivals at later times shows that the recordings
are of deterministic fields. The recording of the transmission responses are
stopped before diffuse fields from multiple scattering fromthe grains start
arriving. Even though crosscorrelation of multiple scattered fields would
improve the resolution of the retrieved reflections, it would require much
longer transmission recordings (at least one order longer)to approximate the
equipartition regime, i.e., when the wavefields have no preferred wavenum-
ber (see, for example,Larose et al.[2006]).
In the transmission responses can also be seen nearly horizontal arrivals
around 0.08 ms and 0.125 ms that arise from the presence of thetop wall in
Figure4.1and thus represent 3D (out-of-plane) events. These arrivals cannot

Figure 4.2: Transmission common-source gathers from a source transducer at 0
mm, i.e., at the left end of the arrays. The amplitudes are clipped to bring forward
later arrivals. (a) Observed normal particle velocity due to a compressional source
transducer.(b) Observed normal particle velocity due to a shear source transducer.
(c) As in (a), but after f-k filtering.(d) As in (b), but after f-k filtering.
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be filtered out as their behavior in the f-k domain is very similar to the direct
transmission arrivals and their free-surface multiples. After crosscorrelation
and integration, such out-of-plane events will cause the appearance of ghosts
in the retrieved results.
By placing a source transducer at a position of an observation point and
recording the resulting wavefields along the observation array, a reflection
common-source gather is obtained. Such a panel will be used to verify pos-
sible retrieved reflections.
Following equation2.54, a master trace is chosen, for example atxB =
(50, 0) mm. For an f-k-filtered P-source transmission common-source gather,
the master tracevobs3,0 (xB,x, t) is correlated with the whole gather. The P-
source gather representsvobs3,0 (xA,x, t) for variablexA and fixedx. The
correlation result is deconvolved with a wavelet extractedaround zero time
from the autocorrelation trace. The result after the deconvolution is a P-
source correlation panel. The correlation and deconvolution operations are
repeated for all P-source transmission common-source gathers and the sep-
arate P-source correlation panels are summed together. Thecausal part of
the results is shown in Figure4.3(a). The above procedure is repeated for
all S-source transmission common-source gathers as well, see Figure4.3(b).
To obtain a retrieved reflection common-source gather, panels (a) and (b) in
Figure4.3 are summed together. The retrieved reflection common-source
gather represents retrieved particle velocity in a direction normal to the front
wall due to a source placed at the granite block’s front wall at xB = (50, 0)
mm and acting in the normal direction to this wall.
After a reflection common-source gather is retrieved, it should be compared
to a directly observed reflection common-source gather. Figure4.4shows the
retrieved reflection common-source gathers for a retrievedsource position at
50 mm (a) and 25 mm (d), where the star symbol indicates the source posi-
tion. Figure4.4also shows the directly observed reflection common-source
gathers for a compressional transducer at 50 mm (b) and 25 mm (e) after f-k
filtering for removal of the surface waves and deconvolution. The removal of
the surface waves is not a trivial task as the inhomogeneities close to the sur-
face cause dispersion. Due to the physical presence of the source transducer
the near offsets could not be recorded. The presence of inhomogeneities in
the Oshima granite makes both pictures look cluttered and makes the inter-
pretation and comparison of reflection events difficult. To facilitate the inter-
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Figure 4.3: (a) Causal part of the result from the correlation with a master trace
at 50 mm after integration of P-source correlation panels.(b) Causal part of the
result from the correlation with a master trace at 50 mm afterintegration of S-source
correlation panels. The amplitudes are clipped to bring forward later arrivals.

pretation of the main events and compare the gathers, a 2D elastic numerical
modeling was performed with a finite-difference scheme using a homoge-
neous background velocity model with a circle in it. This circle represents
the cross section of the epoxy cylinder. The dimensions and velocities of the
model were the same as the dimensions and the estimated average velocities
of the granite block. Gathers (c) and (f) in Figure4.4 show the modelling
results (without the surface waves) for the same source positions. Note that
these modelling results should only be used for interpretation of expected
reflection arrivals. The modelling results are not representative for the clut-
ter due to the inhomogeneous background of the Oshima granite block. This
means that a reflection arrival visible in a modelled common-source gather
might be (partly) obscured by diffractions in the observed and the retrieved
common-source gathers.
In the numerically modelled results in Figure4.4, the most prominent events
are the top-of-cylinder reflection arrivals with apices around 0.018 ms, the
bottom-of-cylinder reflection arrivals with apices around0.035 ms, and the
reflection arrivals from the granite block’s back wall, which arrive around
0.045 ms. The back-wall reflection event is followed by a train of conver-
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Figure 4.4: (a) A retrieved reflection common-source gather representing ob-
served normal particle velocity due to a retrieved normal force source at posi-
tion xB = (50, 0) mm. (b) Directly observed normal particle velocity reflection
common-source gather for the same source position after f-kfiltering and deconvo-
lution. (c) Numerically modelled normal particle velocity reflection common-source
gather for the same source position after removing the surface waves.(d) Same as
in (a) but for a source at positionxB = (25, 0) mm. (e) Same as in (b) but for a
source at positionxB = (25, 0) mm. (f) Same as in (c) but for a source at position
xB = (25, 0) mm.

sions. Due to the missing offsets and the remnants of the surface waves,
it is hard to interpret the top-of-cylinder reflection in thedirectly observed
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reflection common-source gathers. Parts of this reflection might be present
for the source position at 50 mm. Another factor making the interpretation
of the top-of-cylinder reflection difficult is doe to interference with linear
events in the directly observed data coming from the left andright walls of
the granite block and remaining after the f-k filtering. Suchevents are easier
to remove in the transmission panels and after crosscorrelation and summa-
tion their effect on the retrieved results is much smaller. On the retrieved
reflection common-source gathers, the apices of the top-of-cylinder reflec-
tion are visible and the wings of the reflection can be traced from the apex
until 100 mm in Figure4.4(a) and from 0 mm until the apex in Figure4.4(d).
The back-wall reflection in the retrieved common-source gathers is at least
as good as the reflection in the observed common-source gathers. In Figure
4.4(a) the retrieved back-wall reflection is even more continuous than in the
directly observed reflection gather. The bottom-of-cylinder reflections are
not interpretable in both the directly observed and the retrieved common-
source gathers. In the retrieved reflection common-source gathers, we can

Figure 4.5: (a) A retrieved reflection common-source gather for a retrievedsource
at positionxB = (15, 0) mm. (b) Numerically modelled reflection common-source
gather for the same source position after removing the surface waves.(c) Same as
in (a) but for a source at positionxB = (36, 0) mm. (d) Same as in (b) but for a
source at positionxB = (36, 0) mm.
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see linear ghost events, like the ones at around 0.05 ms, which are a result
from the presence of the out-of-plane events in the transmission data.
The gathers in (a) and (c) in Figure4.5 are two more examples of retrieved
reflection common-source gathers for retrieved source positions at 15 mm
and 36 mm, respectively. Comparing these results with the numerically mod-
elled reflection common-source gathers in (b) and (d), respectively, for the
same source positions, it can be seen that the back-wall reflection has been
retrieved very well. In Figure4.5 even the bottom-of-cylinder reflection is
retrieved and can be observed from 0 mm until its apex.

Figure 4.6: Comparison between images of the interior of the sample obtained from
reflection events retrieved through crosscorrelation(a) and numerically modelled
reflection events(b). The images were obtained using a prestack depth migration
algorithm with homogeneous velocity of 4500 m/s.

Having retrieved reflection common-source gathers for a retrieved source
position at the position of every receiver, we can make use ofimaging tech-
niques to look into the interior of the granite sample. Figure 4.6(a) shows
the imaging result from the application of prestack depth migration to the re-
trieved reflection events using a homogeneous model with a velocity of 4500
m/s, i.e., the estimated average propagation velocity of P-waves through the
granite sample. The image is quite cluttered, as it can be expected for an
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image of an inhomogeneous sample, and because of this it is difficult to
describe it in terms of imaged grains of the granite sample, imaged epoxy
cylinder, imaged back wall of the sample, and artefacts due to the out-of-
plane events. To verify whether grains in the sample have been imaged,
directly observed reflection measurements would be needed from a source
at each of the receiver positions. Such measurements are notavailable. To
facilitate the interpretation of the left image in Figure4.6(a), the image ob-
tained from the migration of the numerically modelled results is shown in
Figure4.6(b). This image can be used to identify only the main reflectors in
the granite block - the epoxy cylinder and the back wall of thegranite, but
is not representative for imaged inhomogeneities (grains)inside the granite
block. Comparing the two images in Figure4.6, it can be seen that by using
only a few sources at the back wall of the block, the top of the cylinder and
the granite sample’s back wall have been successfully imaged.

4.2 Application to field data from background-noise
sources

In this section, the SI relation2.59 is applied to field data. The data used
for crosscorrelation were recorded in the Middle East in 2005 by South Rub
Al-Khali Company Limited (SRAK) with Shell’s technical advice and sup-
port. The experimental set-up consisted of 17 standard exploration three-
component geophones arranged in a single line. The geophonespacing was
50 m and the time-sampling rate was 4 ms. The geophone array (passive
array) was planted in a desert area with the idea that during the recording of
the background noise the cultural noise would be minimal. Anactive seismic
survey was available along the line of the passive array, allowing for verifi-
cation of the retrieved reflections. The acquisition equipment allowed for a
continuous recording of noise for 70 s. The recording was then interrupted
for about 30 s to store the already acquired data, after whichthe recording
continued. This resulted in 523 records (noise panels) witha length of 70
seconds each, amounting to about ten hours of seismic background-noise
data.
The recorded background-noise data were inspected in the frequency do-
main. Even though the recorders were sensitive to frequencies between 1
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Figure 4.7: Example frequency spectra of two 70-seconds-long noise panels as
recorded by the vertical components of the passive array’s geophones. (a) The
spectrum of the noise panel in Figure4.8. (b) The spectrum of the noise panel in
Figure 4.9.

Hz and about 100 Hz, it was found that the useful information was concen-
trated between 2 Hz and 10 Hz (see Figure4.7). In this frequency band, the
noise panels show mainly random noise and propagating energy in the form
of weak surface waves. Figure4.8shows the vertical particle velocity com-
ponent of one such noise panel that is band-pass filtered between 2 Hz and
10 Hz. Note that the trace at 50 m is zero since the geophone at that position
was not functioning. The amplitudes of the surface waves areof the same
order as the amplitudes of the rest of the noise. After crosscorrelation, these
events will contribute to the retrieval of the surface wavespart of the Green’s
function.
Among the 523 noise panels, there were 35 panels in which coherent arrivals
could be recognized with very high apparent propagation velocity. Figure
4.9shows a band-pass filtered example of one such panel as recorded by the
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Figure 4.8: An example 70-seconds-long noise panel as recorded by the vertical
components of the passive array’s geophones and filtered between 2 Hz and 10 Hz.

vertical components of the passive array’s geophones.
Figure4.10 shows a 10-seconds-long part of the noise panel from Figure
4.9 as recorded in the frequency band between 2 Hz and 10 Hz by all three
components of the geophones. On the vertical component (Z) anearly hor-
izontal arrival can be observed starting at about 12 seconds. Because this
arrival is absent on the horizontal components (X and Y), it is interpreted
as propagating energy due to body P-waves from deep sources lying verti-
cally below the passive array. After crosscorrelation, this type of events will
contribute to the retrieval of reflected arrivals in the Green’s function. Most
of the nearly horizontal coherent events have amplitudes inthe order of the
background noise from the other noise panels, like the example in Figure
4.8, i.e., the random noise and the surface waves. Only two panels exhibit
nearly horizontal arrivals with much stronger amplitudes.The panel with the
strongest amplitudes, approximately 100 times stronger than the background
noise from the other noise panels, is the one shown in Figure4.10.
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Figure 4.9: An example of a noise panel containing coherent arrivals with very
high apparent propagation velocity. This example shows thevertical components of
the passive array’s geophones filtered between 2 Hz and 10 Hz.The amplitudes are
clipped to bring forward later arrivals.

To try to understand the nature of the nearly horizontal arrivals, arrival times
of body waves from available information of earthquakes on aglobal scale
(M>1.9) are compared with the arrival times of the events in Figure 4.10.
The comparison failed to show any correlation. This suggests that the nearly
horizontal events are caused by a few local natural subsurface sources that
may be due to, for example, local microseismicity.
Using SI relation2.59, in order to retrieve the vertical particle velocity com-
ponent of the reflection response that would be recorded by the array of geo-
phones when there would be a force source acting in the vertical direction
at the position of one of the geophones, the following procedure is used. A
master tracevobs3 (xB, t) is chosen at a geophone position, for example at the
position of the first geophone. Since the amplitude of the noise in the differ-
ent noise panels varies significantly, each noise panel is energy-normalized
separately. Then the vertical component of the master traceis extracted from
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Figure 4.10: Part of the noise panel from Figure4.9around the first nearly horizon-
tal arrival as recorded by the horizontal in-line (X), the horizontal cross-line (Y),
and the vertical (Z) components of the geophones. Starting at about 12 seconds one
can see coherent arrivals with very high apparent velocity resulting from body-wave
arrivals (see text for explanation).

each noise panel and is correlated with the vertical components of the traces
in the same panel. The vertical components of the traces in the noise panel
representvobs3 (xA, t) for variablexA. The correlation results in 523 cor-
relation panels, which are subsequently summed together. The summation
result is then deconvolved, with a wavelet extracted aroundzero time from
the autocorrelation trace, and band-pass filtered between 2Hz and 10 Hz
to obtain the causal and anti-causal parts of a common-source gather with
retrieved source position at the position of the first geophone. As explained
in Chapter3, if the background-noise sources illuminate the passive array
from all directions, then the retrieved causal and anti-causal parts will be the
same. When the illumination is not optimal, then some parts of the Green’s
function might be retrieved in the causal part, while othersin the anti-causal
part. Because here the illumination from the background-noise sources is
not known, the causal and the time-reversed anti-causal parts of the retrieved
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result are summed together to obtain more complete retrieval.
The above procedure is repeated to retrieve common-source gathers with re-
trieved source positions at 16 geophone positions of the passive array (recall
that one geophone was not functioning).
By using more noise panels in the summation process after crosscorrelation,
effectively one uses longer background-noise recordings.Figure4.11shows
the gradual build-up of the retrieved vertical particle velocity common-source
gather for a retrieved vertical force source at the positionof the first geo-
phone when summing an increasing number of correlation panels, i.e., when
crosscorrelating increasingly longer background-noise recordings. It can be
observed that the amount of retrieved coherent events increases with increas-
ing recording time. This is due to the fact that with longer recording times
more propagating seismic energy is captured. Moreover, theunderlying as-
sumption that the background-noise sources are temporallyuncorrelated is
better fulfilled with longer recording times.
Figure4.11(g) shows the retrieved common-source gather with a retrieved
source position at 0 m after crosscorrelation and summationof all 523 noise
panels. On this retrieved common-source gather several coherent arrivals
can be identified. The inclined coherent event, starting at 0s at zero source-
receiver offset and ending in the range of 0.9 s to 1.8 s at the maximum
offset, is interpreted as a dispersive surface wave. Such inclined events are
present in all retrieved common-source gathers. In Figure4.11(g) also sev-
eral coherent nearly horizontal events can be observed . Theevents at around
0.3 s, 0.9 s, 1.25 s, and 2.15 s might be retrieved reflections and result, as
explained above, from the crosscorrelation of the nearly horizontal coherent
events, like the ones in Figure4.10, present in the background-noise data.
To evaluate the quality of the results, the retrieved common-source gathers
are compared with data from an active seismic reflection survey acquired at
the same location. The active survey was carried out a short time before the
background-noise experiment. The active survey used seismic vibrators as
sources at the surface and single vertical component geophones as recorders
with a geophone spacing of 25 m. The largest source-receiveroffset in the
active survey was much larger than the offsets in the passivearray. The
comparison of the retrieved common-source gathers with theactive survey
common-source gathers is not trivial.
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Figure 4.11: Gradual build-up of a retrieved common-source gather with aretrieved source position at the position of
the first geophone from the passive array, i.e., at 0 m, after crosscorrelation of(a) 70 s,(b) 1 hour, (c) 2 hours,(d) 4
hours,(e) 6 hours,(f) 8 hours, and(g) 10 hours of background noise.
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One problem is that the frequency content of the two data setsis different. In
the active reflection data, the propagating energy was concentrated between
10 Hz and 50 Hz, while the frequency band of the propagating energy in the
background-noise data was between 2 Hz and 10 Hz. As a result,separate
events recorded short after one another in the active surveymay appear as a
single event in the retrieved common-source gathers. The surface waves in
the active reflection survey are concentrated in the frequency band up to 20
Hz. This made it easier to compare them with the retrieved inclined coherent
events in the retrieved common-source gathers. The conclusion is that the in-
clined coherent events are indeed retrieved surface wave arrivals. But it is
more interesting to see whether reflection arrivals have been retrieved. The
comparison of the retrieved nearly horizontal coherent events, like the ones
at around 0.3 s, 0.9 s, 1.25 s, and 2.15 s in Figure4.11(g), with reflection
hyperbolae in the active data is more difficult. This is due tothe different
frequency bands, the different quality of the retrieved nearly horizontal co-
herent events in the different retrieved common-source gathers, and the fact
that in the raw active common-source gathers the reflection hyperbolae are
not easily observed.
To improve the clarity of reflection arrivals in both data sets, the following
processing steps are performed. At the location of the passive array the sub-
surface geology consists of nearly horizontal layers. Thismeans that for
the considered short offset ranges – 800 m – the subsurface can be assumed
to be horizontally layered. With this assumption in mind, the traces in the
16 retrieved common-source gathers are resorted into common-offset gath-
ers. Next, the traces in each common-offset gather are summed and normal-
ized for the number of summed traces, producing a single output trace per
common-offset gather. The output traces from the differentcommon-offset
gathers are sorted into a so-called common-offset stack gather, see Figure
4.12(a). The same procedure is applied to the active data as well,using 17
common-source gathers with source positions around the corresponding lo-
cations of the geophones from the passive array.
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Figure 4.12: (a) A common-offset stack gather obtained from the common-source gathers retrieved from the passive
data. (b) A common-offset stack gather obtained from the common-source gathers from the active data after surface
wave elimination and band-pass filtering between 13 Hz and 33Hz. (c) A line-source reflection response obtained by
summing the common-source gathers retrieved from the passive data (brute stack). The red lines indicate travel-time
correspondence between events retrieved from the passive data and reflection hyperbolae in the active data.
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The resulting common-offset stack gather iss further filtered in the f-k do-
main to eliminate the surface waves and then band-pass filtered between 13
Hz and 33 Hz (see4.12(b)). As a result of this processing, the individual co-
herent events have been strengthened, albeit at the expenseof some loss of
resolution. The above processing allows to compare the arrival times of the
coherent events in (a) with the reflection hyperbolae in (b) (the comparison
is indicated by the red lines). There is a very good arrival-time agreement
between two retrieved events, indicated by the red lines, and corresponding
reflection hyperbolae in the active data.
Even though the above processing of retrieved results has made the compar-
ison easier, the retrieved surface waves in Figure4.12(a) hamper the good
comparison between the two datasets. Due to the very narrow frequency
band of the retrieved data, it is inappropriate to use an f-k filter to elimi-
nate the retrieved surface waves. Instead, the inclined coherent events are
suppressed in a different way. By simply summing the retrieved common-
source gathers, a reflection response to a line source is created along the
geophones of the passive array, see Figure4.12(c). This operation is called
a brute stack. As a result of this operation, the horizontal arrivals are en-
hanced whereas the inclined arrivals are suppressed. The comparison of
the retrieved horizontal events in (c) with the reflection hyperbolae in (b) is
now even easier – the retrieved coherent events show very good arrival-time
agreement with the reflection hyperbolae in the active data.Only the latest
coherent events in the retrieved results cannot be related to events in the ac-
tive data. If though, one looks at longer offsets in the active data, even the
later retrieved coherent arrivals can be related to reflection hyperbolae in the
active data (see Figure4.13). Because of the above reasons, it is concluded
that the retrieved coherent events in Figure4.13(c) are retrieved reflection
arrivals.
As was mentioned at the beginning of this section, the crosscorrelation of
surface wave arrivals in the background noise will contribute to the retrieval
of surface waves, while the crosscorrelation of the nearly horizontal arrivals
in the background noise will contribute to the retrieval of reflections. Us-
ing this fact, even better retrieved reflections can be obtained. To do this,
only background-noise panels are crosscorrelated, which contain nearly hor-
izontal arrivals in them, i.e., 35 noise panels are crosscorrelated. The result
from the common-offset stack processing of the retrieved common-source
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gathers and the result of the line-source (brute stack) processing are shown
in Figure4.14(a) and Figure4.14(c), respectively. It can be seen that the
retrieved reflection arrivals are now much clearer. Figure4.14(b) repeats for
comparison convenience the common-offset stack gather obtained from the
active data. It can be concluded that selective crosscorrelation of parts of the
seismic background noise could improve the retrieval of reflection arrivals.
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Figure 4.13: As in Figure4.12, but the active data common-offset stack gather is shown forlarger offsets. Now, even the
later retrieved arrivals can be related to reflection eventsin the active data.
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Figure 4.14: As in Figure4.13, but this time the retrieved results are obtained only from crosscorrelation of noise panels,
in total 35, containing nearly horizontal coherent arrivals.
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Conclusions

In this thesis it is shown that by crosscorrelating observedseismic or elec-
tromagnetic wavefields at two points, one can retrieve a new response of a
corresponding wave type at one of the points as if there were asource of
corresponding wavefields at the other point. This process iscalled Seismic
Interferometry (SI) when observed seismic responses are crosscorrelated, or
Electromagnetic Interferometry (EMI) when electromagnetic responses are
crosscorrelated. Using two-way and one-way wavefield reciprocity theo-
rems, SI and EMI relations were derived that can be used in different situa-
tions. It was shown that:

• By crosscorrelating at two points the responses, which originate from
transient sources that act separately in time and which surround the
two points, a transient response and its time-reversed version are re-
trieved at one of the points as if there were a transient source at the
other point.

• When the measurements at the two points result from uncorrelated
noise sources, no separate measurements from these sourcesare needed.
By simply crosscorrelating the observed responses at the two points,
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a response and its time-reversed version are retrieved at one of the
points as if there were a source at the other point. The retrieved source
wavelet is characterized by the autocorrelation of the noise sources.

• The crosscorrelation of observed transmission responses at two points
at the Earth’s surface from sources in the subsurface would retrieve
the response between these two points - reflection response,surface
waves, direct waves. When there are no subsurface sources lying close
to the surface, the retrieved surface waves will be very weakor might
even be absent.

• To retrieve the reflection response from natural subsurfacenoise sources,
the crosscorrelated transmission observations need to be very long -
in the seismic case this means hours, days, months. The longer the
recorded noise, the better the retrieved reflection response.

• To retrieve the reflection response from separate measurements from
transient subsurface sources, the crosscorrelated transmission obser-
vations do not need to be long - the length is dictated by the arrival
time in the observed transmissions of the latest event to be retrieved.

• When the observation points are illuminated by the subsurface sources
from all directions, the crosscorrelation will retrieve the complete re-
flection response. Moreover, the retrieved reflection response and its
time-reversed version will be symmetric. When the illumination from
the subsurface sources is not optimal, the retrieval resultwill not be
complete. Some parts of the reflection response might be retrieved in
the causal part and other parts - in the anti-causal part of the crosscor-
relation result. In such cases, for more complete retrieval, the causal
and the time-reversed anti-causal parts might be summed together.

• In the case of big gaps in the distribution of the subsurface sources
as well as in the case of very few subsurface sources, the retrieved
reflection response might be incomplete. Nevertheless, dueto the pos-
sibility to retrieve reflection responses between any two observation
points, one can make use of advanced imaging techniques. When all
the retrieved reflection responses are migrated, the migration process
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will remedy the incomplete retrieval and the subsurface will be cor-
rectly imaged.

The migration technique, which incorporates crosscorrelation, can be
applied directly to observed transmission recordings fromnoise sour-
ces. The result from direct migration of noise recordings and the result
of migrating retrieved through crosscorrelation responses are identical.
The usage of one or the other depends on the specific application.

• The SI and EMI relations, derived in this thesis, are valid for loss-
less media. When losses are present, the crosscorrelation will still
retrieve the reflection response. Only some of the later arrivals - later
primaries, multiples, conversions - might not be retrieved. When the
losses in the medium increase, ghosts may appear in the retrieved re-
sults.

• The SI and EMI relations, derived for practical field applications, make
use of a medium that is homogeneous and isotropic outside thebound-
ary, on which the sources lie. When inhomogeneities are present out-
side this boundary, ghost events appear in the retrieved results. When,
though, the source boundary is sufficiently irregular, the ghost events
in the retrieved results are strongly weakened and might even dissap-
pear.

• Reflections were retrieved from crosscorrelations of measured trans-
mission responses in a seismic ultrasonic laboratory experiment. The
transmission measurements were made on a heterogeneous Oshima
granite block using separate transient P-wave and S-wave source trans-
ducers. The retrieved reflection responses were used in a migration
procedure and successfully imaged the main reflectors of thegranite
sample.

• Reflection arrivals from body waves (as well as surface waves) were
retrieved from crosscorrelation of observed seismic background noise
in an exploration-scale experiment. The crosscorrelationresults showed
that indeed the longer the recorded background noise, the more com-
plete the retrieved response. When for crosscorrelation are used only
parts of the background noise, which contain transmission body-wave
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arrivals, the retrieved responses contained much weaker retrieved sur-
face waves. The retrieval of reflection arrivals from background-noise
exploration-scale data showed that the SI method may be usedfor ex-
ploration purposes, for example, in frontier exploration or for explo-
ration in environmentally sensitive areas.
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Summary

Seismic and Electromagnetic Interferometry – Retrieval ofthe Earth’s
Reflection Response Using Crosscorrelation

Seismic/Electromagnetic Interferometry is the process ofcreating new seis-
mic/electromagnetic traces from the crosscorrelation of existing traces. This
can be proven using a two-way wavefield or one-way wavefield reciprocity
theorem of the correlation type.
In the case of two-way wavefields, it can be shown that in a lossless medium
the Green’s function, observed at one point due to a source atanother point,
and its time-reversed version can be retrieved from the crosscorrelation of
observed Green’s functions at these two points resulting from sources all
around the two points. Depending on the Green’s function to be retrieved -
acoustic, elastodynamic, or electromagnetic case - one should correlate at the
two points Green’s functions resulting from monopole and dipole sources,
from volume force and deformation rate sources, or from electric and mag-
netic currents, respectively. The retrieved in these ways Green’s functions
are exact, but for practical applications some simplifications are needed.
Assuming that the sources, surrounding the two observationpoints, lie on
a sphere with a sufficiently large radius and that the medium outside this
sphere is homogeneous and isotropic it can be shown that the Green’s func-
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tion between the two points and its time-reversed version can be retrieved
from the crosscorrelation of the observed Green’s functions at the two points
resulting from monopole sources in the acoustic case, from separate sources
of P- and S-waves in the elastic case, and from sources of electric current
acting in the three directions. The approximations concernmainly the am-
plitudes, while the phases are handled correctly. In the special case when
the medium is bounded from above by a free surface, at the two observation
points only measurements, resulting from sources lying along a half sphere
bounded from above by the free surface, should be crosscorrelated.
In the case of one-way wavefields, it can be shown that in a lossless medium
the flux-normalized acoustic reflection response at the freesurface, observed
at one point due to a source at another point, and its time-reversed version
can be retrieved from the crosscorrelation of observed flux-normalized trans-
mission responses at these two points resulting from sources lying along a
plane in the subsurface. In the derivation the evanescent fields have been
neglected. In the elastic case, the crosscorrelation of theobserved flux-
normalized transmission response matrixes will retrieve the reflection re-
sponse matrix and its time-reversed version between the twopoints con-
volved with the free-surface reflection coefficients at the two points. The
crosscorrelation result will retrieve correctly the phases as well as the ampli-
tudes.
The above retrieval procedures require that at the observation points are
available separate measurements from each of the surrounding sources (in
the case of one-way seismic wavefield, separate measurements are required
from sources in the subsurface). This is not always possible. If the spec-
tra of the surrounding/subsurface sources are white and uncorrelated, then
no separate measurements are required - one just needs to crosscorrelate the
observed ”noise” fields.
Instead of retrieving the reflection response at the surfacefrom the crosscor-
relation of observed noise fields and then migrating them to obtain a subsur-
face image, one can directly migrate the observed noise fields to image the
subsurface. The results from the two approaches are identical.
With the help of 2-dimensional numerical modelling results, the quality is
investigated of the retrieval of reflections at the Earth’s surface from cross-
correlation of observed two-way seismic and electromagnetic wavefields.
In the seismic case, using separate measurements from subsurface sources
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lying at the same depth level and taking the medium below the source level
to be homogeneous and isotropic, the reflection response at the surface is
kinematically completely retrieved including multiples and, in the elastic
case, wave conversions. If the medium below the subsurface sources con-
tains reflectors, the retrieved reflection response will contain nonphysical ar-
rivals. If, though, the subsurface sources are randomly distributed in depth,
the ghost events will be strongly suppressed. In the case of crosscorrelation
of seismic noise, the complete reflection response is retrieved, but the result
looks noisier. When the subsurface source distribution is not optimal, the
quality of the retrieved reflections is diminished. Nevertheless, the migra-
tion of these retrieved reflections still produces correct subsurface images.
In the electromagnetic case, the retrieved reflection response from the cross-
correlation of observed noise fields from sources below as well as above the
Earth’s surface is investigated.
The retrieval of reflections from crosscorrelation is validated with two mea-
sured data examples. The first example shows how reflection arrivals are
retrieved from a crosscorrelation of measured ultrasonic transmission re-
sponses of inhomogeneous granite. The measured transmission wavefields
were excited by separate P-wave as well as S-wave transducers. The second
example shows how reflection arrivals are retrieved from crosscorrelation of
observed seismic background noise on exploration scale. The background
noise was recorded in a desert area.

Deyan Draganov
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Samenvatting

Seismische en Elektromagnetische Interferometrie – Verkrijgen van de
Reflectie Responsie van de Aarde Middels Kruiscorrelatie

Seismische/Elektromagnetische Interferometrie is het proces van het creëren
van nieuwe seismische/elektromagnetische registraties middels de kruiscor-
relatie van bestaande registraties. Dit proces kan mathematisch afgeleid wor-
den van tweeweg golfveld of éénweg golfveld reciprociteit theorema van het
correlatie type.
In het geval van tweeweg golfvelden, kan aangetoond worden dat in een
medium zonder verliezen, de Greense functie, waargenomen op een punt als
gevolg van een bron op een ander punt, en de in tijd omgekeerdeGreense
functie verkregen kunnen worden door de kruiscorrelatie van de waargeno-
men Greense functies op die twee punten. Afhankelijk van hettype Greense
functie dat verkregen moet worden – akoestisch, elastodynamisch, of elek-
tromagnetisch – moeten op die twee punten de Greense functies gecorreleerd
worden die behoren bij respectievelijk monopool- en dipoolbronnen, vol-
umekracht en deformatiebronnen, of elektrische- en magnetische-stroom-
bronnen. De op die manier verkregen Greense functies zijn exact, maar niet
gemakkelijk te gebruiken in de praktijk en ze moeten dus vereenvoudigd
worden. Aangenomen dat de bronnen, die de twee punten omringen, op
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een bol liggen met een radius die groot genoeg is en aangenomen dat het
medium buiten de bol homogeen en isotroop is, kan aangetoondworden
dat de Greense functie en de in tijd omgekeerde Greense functie tussen de
twee punten verkregen kunnen worden uit de kruiscorrelatievan de op die
twee punten waargenomen Greense functies die zijn opgewektdoor in het
akoestische geval monopool bronnen, in het elastische geval aparte bronnen
van P- en S-golven, en in het elektromagnetische geval elektrische stroom-
bronnen actief in de drie richtingen. De benaderingen betreffen voornamelijk
de amplitudes terwijl de fases correct worden behandeld. Inhet speciale
geval dat het medium van boven begrensd is door een vrij oppervlak, moeten
op de twee meetpunten alleen kruiscorrelaties uitgevoerd worden van metin-
gen van bronnen die liggen op de halve bol onder het vrije oppervlak.
In het geval van éénweg golfvelden, kan afgeleid worden dat in een medium
zonder verliezen de flux-genormaliseerde akoestische reflectie responsie op
het vrije oppervlak, die wordt waargenomen op één punt en opgewekt door
een bron op een ander punt, en de in tijd omgekeerde reflectie responsie
verkregen kunnen worden middels de kruiscorrelatie van flux-genormaliseer-
de transmissie responsies waargenomen op de twee punten. Inde afleiding
zijn de exponentieel uitdovende velden niet in rekening genomen. In het
elastische geval geeft de kruiscorrelatie van de waargenomen flux-genormali-
seerde transmissieresponsie matrices de te verkrijgen reflectieresponsie ma-
trix en de in tijd omgekeerde reflectieresponsiematrix tussen de twee punten,
geconvolueerd met de reflectiecoëfficinten van het vrije oppervlak.
De bovengenoemde procedure vereist dat op de waarnemingspunten aparte
metingen zijn uitgevoerd van elk van de omliggende bronnen (in het geval
van éénweg golfvelden zijn dit de bronnen in de ondergrond). Maar dit is niet
altijd mogelijk. Als de spectra van de omliggende/ondergrondse bronnen
wit zijn en ongecorreleerd, dan zijn geen aparte metingen nodig – er kunnen
direct kruiscorrelaties uitgevoerd worden van de ruis velden.
In plaats van het verkrijgen van de reflectie responsie op hetoppervlak mid-
dels kruiscorrelaties van waargenomen ruis, gevolgd door migratie om een
beeld van de ondergronds te verkrijgen, kan de waargenomen ruis direct
gemigreerd worden om dit beeld te verkrijgen. De resultatenvan de twee
benaderingen zijn identiek.
Aan de hand van de resultaten van tweedimensionale numerieke modellerin-
gen, wordt de kwaliteit onderzocht van de reflecties op het aardoppervlak
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verkregen middels kruiscorrelaties van opgenomen seismische of elektro-
magnetische golfvelden.
In het seismische geval, als er metingen worden gebruikt vanondergrondse
bronnen, die op hetzelfde diepteniveau liggen, en als het medium onder
het bronniveau homogeen wordt genomen, dan wordt de reflectie respon-
sie op de oppervlak kinematisch volledig verkregen inclusief reverberaties
en, in het elastische geval, golfconversies. Als het mediumonder het bron-
niveau reflectoren bevat, dan zal de verkregen reflectie responsie ook niet-
fysische aankomsten bevatten. Als de ondergrondse bronnenwillekeurig
zijn verdeeld in diepte, dan worden de niet-fysische aankomsten onderdrukt.
In het geval dat seismische ruis wordt gekruiscorreleerd, dan wordt weer
de volledige reflectie responsie verkregen, maar het resultaat bevat meer
ruis. Wanneer de ondergrondse brondistributie niet optimaal is, wordt de
kwaliteit van de verkregen reflectie responsie verminderd.Niettemin zal het
migratieproces van de verkregen reflecties nog steeds de juiste ondergrondse
beelden opleveren.
In het elektromagnetische geval word de reflectie responsieonderzocht, verk-
regen middels kruiscorrelaties van waargenomen ruisvelden van bronnen
beneden zowel boven het aardoppervlak.
Het verkrijgen van reflecties middels kruiscorrelaties is geverifieerd met twee
opgenomen data voorbeelden. Het eerste voorbeeld laat zienhoe reflectie
aankomsten werden verkregen middels kruiscorrelaties vanwaargenomen
ultrasone transmissie responsies van inhomogeen graniet.De waargenomen
transmissie velden werden opgewekt door zowel P-golf als S-golf transduc-
ers. Het tweede voorbeeld laat zien hoe reflectie aankomstenverkregen wer-
den uit kruiscorrelatie van waargenomen seismische achtergrondruis op ex-
ploratieschaal. De achtergrondruis werd opgenomen in een woestijn.

Deyan Draganov
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