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We have developed new methods for contrast transfer function (CTF) correction of tilted and/or thick

specimens. In order to achieve higher resolutions in cryo-electron tomography (CryoET), it is necessary

to account for the defocus gradient on a tilted specimen and possibly the defocus gradient within a

thick specimen. CTF correction methods which account for these defocus differences have recently

gained interest. However, there is no global CTF correction method available to this date (to process the

entire field-of-view at once) which can use different inverse filters, e.g. phase-flipping or Wiener filter,

and which can do so within a reasonable time for realistic image sizes. We show that the CTF correction

methods presented in this paper correctly account for the spatially varying defocus, can employ

different inverse filters and are significantly faster ð450�Þ than existing methods. We provide proof-

of-principle implementations of all the presented CTF correction methods online.

& 2012 Elsevier B.V. All rights reserved.
1. Introduction

Cryo-electron tomography (CryoET) is an essential tool to
study the three-dimensional (3D) structure of biological speci-
mens at molecular resolution. To push the achievable resolution
beyond its current limitations, it is necessary to take more details
of the image formation into account.

Biological specimens are weak electron scatterers; the main
source of image contrast is therefore phase contrast. Deliberately
imaging the specimen out of focus allows the weakly scattered
wave to interfere with the unscattered wave, thereby generating
contrast. In this weak-phase contrast regime, image formation is
for an important part described by the contrast transfer function
(CTF). The CTF is an oscillating function of the spatial frequency
and depends, among other parameters of the imaging system, on
the applied defocus.

In CryoET many 2D projections of the 3D structure of a
specimen are recorded at different tilt-angles. After acquiring
such a tilt-series, one estimates the 3D structure of the specimen
using tomographic reconstruction. Tilting of the specimen
induces a defocus gradient perpendicular to its tilt-axis. This
defocus gradient has, up to recently, been considered to be too
small to have a significant influence on the resolution.

Recent advances in the technology of electron microscopy,
together with the challenges of imaging larger specimens, have
put more demanding requirements on the imaging models [1].
To achieve high resolution, the imaging models should be accurate
ll rights reserved.

ortman).
up to higher spatial frequencies. They have to include effects such as
the defocus gradient due to tilting of the specimen (resolution
beyond 5 nm [2]) but also the defocus differences due to the finite
thickness of the specimen (resolution beyond 1 nm [3]).

The influence of the defocus differences within a specimen on the
reconstruction quality has been studied by various groups. Some
studies focused on the forward model for tilted, thin specimens [2–4].
Others take a local (strip/tiling) approach to correct for tilted and thin
specimens [4–7]. A few studies focused on the defocus gradient along
the projection direction [8–10]. All these CTF correction methods
[2,4–10], however, are either local approaches or very limited in the
choice of inverse filter (e.g. phase-flipping is not possible).

A practical drawback of the global approaches currently available
is that they are particularly slow for large image sizes (above 10242)
with computation times in the order of days. The allure of a global
approach is that it does not require fine-tuning of the size of a local
neighborhood or stitching of local results. We prefer these global
methods for their elegance and show in this paper that it is possible
to significantly decrease the required computation time.

We derive two global methods for CTF correction of tilted and/or
thick specimens. Both methods can be used with different inverse
filters (including phase flipping and Wiener filtering) and employ fast
algorithms. For large images (40962), tilted CTF correction can be
computed in a couple of hours on a modern workstation.
2. Theory

Image formation in CryoET is governed by the CTF. The CTF
model assumes weak interaction (Born approximation) and small
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scattering angles (weak phase). The Born approximation allows us
to treat each slice of the potential Vaðx,zÞ independently. Each
slice is convolved with the appropriate point-spread function
(PSF), which is the inverse Fourier transform of the CTF:
F�1

q ½Hðq,zÞ�, where Hðq,zÞ is the CTF at an axial distance z from
the center of the specimen, q¼ ðqx,qyÞ and F�1

q is the inverse
Fourier transform from qAR2 to xAR2. Finally, all slices are
added together to give the image intensity IaðxÞ. This leads to a
model for the 2D intensity map in the camera plane for a 3D
specimen

IaðxÞ ¼
Z
F�1

q ½Hðq,zÞ�nVaðx,zÞ dz, ð1Þ

where n is the convolution operator which only acts on x and
Vaðx,zÞ is the potential of the (rotated) specimen at tilt-angle a in
the microscope coordinates ðx,zÞ.

The CTF is generally given by [11]

Hðq,zÞ ¼ 2 sinðwðqÞ�plzq2Þ, ð2Þ

with wðqÞ ¼ ð2p=lÞð14 Csl
4q4þ 1

2Dfl2q2Þ the aberration function, Cs

the spherical aberration, Df the defocus at the center of the
specimen z¼0, z the axial coordinate relative to the microscope,
l the electron wavelength and q¼ JqJ. We use the convention
that underfocus implies Df o0.

Many different methods exist for tomographic reconstruction,
of which back-projection (BP) is the simplest. BP is known to
overestimate the contribution of low spatial frequencies. It is
therefore common to incorporate an additional filtering step
which leads to filtered back-projection (FBP). Nevertheless, we
will use the BP algorithm to derive our algorithms in order to
keep the notation as simple as possible. Furthermore, the addi-
tional filtering step does not alter our conclusions. At the end of
this section we will indicate the steps required for the additional
filtering.

Since we are working with tomography, we define two
coordinate systems: the specimen coordinates ð ~x, ~zÞ and the
microscope coordinate system ðx,zÞ. The rotation between the
two coordinate systems is defined by two variables: the tilt-angle
a and the orientation of the tilt-axis (azimuth) b. We relate the
microscope coordinates to the specimen coordinates using a
rotation operator Ra

Vð ~x, ~zÞ ¼Ra½Vaðx,zÞ�, ð3Þ

where Vð ~x, ~zÞ is the specimen in specimen coordinates, and Vaðx,zÞ
is the specimen in microscope coordinates. The specific form of
the rotation operator is not relevant for the rest of our derivations.

The BP method consists of three steps. The first step is the
spreading-back along the projection direction z for all projection
angles a

Ispread,aðx,zÞ ¼ IaðxÞ, ð4Þ

where IaðxÞ is an intensity map of the 2D spatial coordinate x. The
result of this operation is that Ispread,a is now a function of x and z,
but invariant along z. These kinds of functions are commonly
referred to as ridge functions, a term coined by Logan and
Shepp [12]. The next step is to rotate all Ispread,aðx,zÞ to the
specimen coordinates ð ~x, ~zÞ using the rotation operator Ra. The
third step is to add all spread-back and rotated contributions into
a single volume

BPð ~x, ~zÞ ¼
X
a
Ra½Ispread,aðx,zÞ� ð5Þ

In electron tomography the available tilt-angles are usually
limited to 770 1, resulting in the well-known missing wedge
artifacts in the reconstruction volumes.
2.1. 3D CTF correction

To account for the defocus dependence of the CTF, Jensen and
Kornberg proposed the defocus-gradient correct back-projection
(DGCBP) method [8], to which we will refer as 3D CTF (3DCTF)
correction. This method introduces the following extra step
between Eqs. (4) and (5):

I3DCTF,aðx,zÞ ¼F�1
q ½Hinvðq,zÞ�nIspread,aðx,zÞ, ð6Þ

where Hinvðq,zÞ is the inverse filter (which approximates 1=Hðq,zÞ)
as a function of z. The convolution operator n only acts on x.
Similar to Eq. (1), Eq. (6) treats each slice in the z-direction
independently. For a rigorous mathematical justification of 3DCTF
correction, see [10]. The computational complexity of 3DCTF as
described in [8,10] is relatively large because the 3D volume
I3DCTF,aðx,zÞ needs to be computed for each tilt-angle and subse-
quently rotated and added to BPð ~x, ~zÞ.

We now take the first step towards an efficient algorithm via
the 3D Fourier transform of Eq. (6)

Î3DCTF,aðq,qzÞ ¼F z½Hinvðq,zÞ�nqz
F x,z½Ispread,aðx,zÞ�, ð7Þ

where nqz
is a convolution in qz only. Notice that the convolution

in Eq. (6), which acts only on x, is replaced by a multiplication.
However, the Fourier transform is also carried out along the
z-direction, resulting in a convolution operator in qz. Since Ispread,a
is a constant along z, F x,z½Ispread,aðx,zÞ� can be replaced by
F x½IaðxÞ�dðqzÞ. The convolution in qz results in

Î3DCTF,aðq,qzÞ ¼F z½Hinvðq,zÞ�F x½IaðxÞ�: ð8Þ

Due to the periodic nature of the CTF Hðq,zÞ (from Eq. (2)) as a
function of z, we can rewrite Eq. (8) into a special form. The
sinðazÞ-like behavior of the CTF results in a Fourier transform in
the form of two d-functions at dðqz7aÞ. In general, the Fourier
transform for periodic functions consists of a set of equidistant
d-functions. We assume that the inverse filter Hinvðq,zÞ can be
expanded as a sum of sinðanzÞ. Therefore, we can state that

F z½Hinvðq,zÞ� ¼
X

n ¼ 71, 73,...

iaðnÞe�inwðqÞd qz�
1

2
nlq2

� �
, ð9Þ

where aðnÞAC is a set of coefficients depending on the type of
inverse filter.

Inserting Eq. (9) into Eq. (8) and using the notation
ÎaðqÞ ¼F x½IaðxÞ� leads to

Î3DCTF,aðq,qzÞ ¼
X

n ¼ 71, 73,...

iaðnÞe�inwðqÞ ÎaðqÞd qz�
1

2
nlq2

� �
: ð10Þ

This is one of the central results in this paper as it will lead us to a
computationally efficient implementation of CTF correction.

We derived the coefficients a(n) for three different inverse
filters. The first, HCTF

inv , is included as an illustrative example only

HCTF
inv ðq,zÞ ¼ 1

4Hðq,zÞ, ð11Þ

HPhaseFlip
inv ðq,zÞ ¼ 1

2 sgnðHðq,zÞÞ, ð12Þ

HWiener
inv ðq,zÞ ¼

Hðq,zÞ

ðHðq,zÞÞ2þb2
where bARþ , ð13Þ

aCTF ðnÞ ¼

1
4 if n¼ 1,

�1
4 if n¼�1,

0 otherwise,

8><
>:

aPhaseFlipðnÞ ¼
1

np ,
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aWienerðnÞ ¼ sgnðnÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðb=2Þ2

q
�ðb=2Þ

�9n9

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðb=2Þ2

q :

2.2. Truncation of Fourier series

In order to make Eq. (10) useful for actual computation, the
summation needs to be truncated. The summation in this equa-
tion runs over all odd numbers. For large n, however, the
coefficients a(n) will approach zero for all functions which we
might consider for CTF correction. Furthermore, for all square-
integrable functions, the sum of 9aðnÞ92

will always be finite.
Using Parseval’s identity, the relative error due to truncation of
the Fourier series is given by

EðNÞ ¼
1

M

X1
9n94N

9aðnÞ92
, ð14Þ

where fnAZ : n is odd and 9n94Ng and M¼
P1

m 9aðmÞ92
is a

summation over all odd m.
For phase-flipping Eq. (12) and Wiener Eq. (13) filter, we have

worked out Eq. (14)

EðNÞPhaseFlip ¼
2

p2
c1ðN=2þ1Þ,

EðNÞWiener ¼ b=2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðb=2Þ2

q� �2Nþ2

,

where c1 is the trigamma function.
Truncation of the Fourier series is therefore justifiable

when the relative truncation error E(N) passes below a certain
threshold E

Î3DCTFðq,qzÞ �
X7N

n ¼ 71, 73,...

iaðnÞe�inwðqÞ ÎaðqÞd qz�
1

2
nlq2

� �
ð15Þ

where N is the smallest odd integer for which EðNÞoE.
The advantage in computational complexity of Eq. (15) over Eq.

(6) is the sparsity of Î3DCTFðq,qzÞ. This complexity can be reduced
even further by applying the rotation and summation of Î3DCTFðq,qzÞ

into cBPð ~q, ~qz Þ in the Fourier domain as outlined below.
Fig. 1. Fourier domain representation of the CTF correction methods. (A) Direct Fourie

domain. It is clear that for discrete data, the data points ð’Þ in general do not form a rec

and TCTF correction (Eq. (19)) ð�Þ when combined with direct Fourier reconstruction

presented in ’. The detail in (C) shows the series expansion of Eqs. (10) and (19), re

located further away from the in-plane data point ’ receive smaller weights. For cla

Notice that relative distances have been greatly exaggerated to illustrate the method.
2.3. Direct Fourier reconstruction

The most common technique for tomographic reconstruction
is real-space back-projection. In essence, Eqs. (5) and (4) are
computed simultaneously by interpolation in the spatial domain.
Some of the advantages of this technique are that the implemen-
tation is straightforward and parallelizable and that real-space
interpolation does not produce additional artifacts.

An alternative technique, called direct Fourier reconstruction,
is not so commonly used. This technique relies on accurate
interpolation in the Fourier domain. Since this interpolation is
not straightforward and prone to errors, Fourier domain recon-
struction is primarily used to explain the theory behind back-
projection. However, when implemented correctly, the results of
direct Fourier reconstruction and those obtained by real-space
back-projection are of similar quality.

How direct Fourier reconstruction works is explained below.
The effect of the spreading-back operation in Eq. (4) is to put the
Fourier transformed projection on a plane in the 3D Fourier
domain of the reconstruction volume. The rotation and summa-
tion in Eq. (5), when transformed to the Fourier domain, results in
an identical rotation and summation of the individual contribu-
tions. Therefore, the task of direct Fourier reconstruction is to put
the Fourier transformed projections on tilted planes into a single
3D (Fourier) space. In reality, however, all our measured data is
discretized and we only have a limited number of projections. As
a result, most of the data points that must be added to the
reconstruction volume do not end up on a (rectangular) grid
point, making interpolation necessary. Direct Fourier reconstruc-
tion relies on a suitable interpolation method otherwise very
strong artifacts appear. We use the non-uniform fast Fourier
transform (NUFFT) [13] as an interpolation method in the Fourier
domain. Fig. 1A gives a simple illustration of direct Fourier
reconstruction.
2.4. Implementation of 3DCTF correction

The reason to introduce direct Fourier reconstruction is that
Eq. (10) suggests an efficient Fourier domain implementation of
3DCTF correction. Instead of putting the Fourier transformed
projections onto tilted planes, we suggest to put the same
data on tilted parabola with different phase and amplitude
r reconstruction puts the Fourier transformed projections on planes in the Fourier

tangular grid. (B) and (C) A visual representation of 3DCTF correction (Eq. (10)) ðJÞ

. For comparison, the data points used by regular CTF correction (Eq. (21)) are

spectively, perpendicular to and along the central section. Data points (J and �)

rity, only those points relative to a single data point of the projection are shown.
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factors. The phase factors correspond to the phase factors of the
CTF (ie�inwðqÞ), the amplitude factors are given by a(n). The
different parabola are constituted by dðqz�

1
2 nlq2Þ in Eq. (10).

We use the NUFFT [13] to put the data on these tilted parabola.
We use a type 1 NUFFT, which allows the reconstruction of a
signal from Fourier domain data which has been sampled at non-
uniform locations. The reconstruction from non-uniformly
sampled Fourier domain data is conceptually the same as putting
data on tilted parabola in the Fourier domain. Fig. 1B and C gives a
visual representation of 3DCTF correction via Eq. (10). To fully
clarify our implementation, Algorithm 1 provides the correspond-
ing pseudo-code.

Algorithm 1. Fourier domain implementation of 3DCTF correction.
Allocate Fourier domain of reconstruction volume V̂

for all projections Ia in tilt-series do

Îa’ Fourier transform Ia
create rotation matrix R

for all q

compute wðqÞ
for all nAZ such that n is odd and 9n9rN do

compute a(n)

put iaðnÞÎaðqÞe�inwðqÞ at Rðq,� 1
2 nlq2Þ

T in V̂

end for
end for

end for

V’ inverse Fourier transform V̂
V̂proj,�

Î�

ÎTCTF ,�
qq− q+

Fig. 2. An overview of the shifts in the Fourier domain of the TCTF (Eq. (16)) and

TCTF0 correction (Eq. (17)). Each point in Îa is related to two equidistant points in

V̂ proj, a . Similarly, each point in Îa is related to two equidistant points in ÎTCTF0 , a . In

contrast, ÎTCTF0 , a is related to two points in Îa which are not equidistant.
2.5. CTF correction for tilted and thin specimens

In the previous subsection, we introduced a new algorithm for
full 3D CTF correction. Here we will introduce an approximation
to Algorithm 1 which is specifically designed for thin specimens.

In CryoET, the specimen under investigation is typically thin
compared to the field-of-view (� 100 nm compared to 41 mm).
For these thin specimens, the defocus difference due to the finite
thickness can be ignored (up to a certain resolution [3]). It is
therefore quite common to separate the (back-)projection of the
specimen from the influence of the CTF. For untilted specimens
this means that the defocus is assumed to be constant throughout
the specimen. However, even an infinitely thin specimen can have
a large defocus gradient over the field-of-view due to tilting. In
order to account for this defocus gradient, Philippsen et al. [2]
derived the tilted contrast imaging function

ÎaðqÞ ¼ ie�iwðqÞV̂ proj,aðq�
1
2 lq2b tan aÞ�ieiwðqÞV̂ proj,aðqþ

1
2lq2b tan aÞ,

ð16Þ

where Vproj,aðxÞ is the projection of the specimen potential along
the z-direction of the microscope and V̂ proj,aðqÞ its Fourier trans-
form. b is a unit-vector perpendicular to the tilt-axis
b¼ ðcos b,sin bÞ. b denotes the orientation of the tilt-axis (azi-
muth). We will refer to Eq. (16) as tilted CTF (TCTF). One of the
advantages of the TCTF is that it separates the projection of the
specimen from the CTF. As a result, the TCTF is a function of the
(geometrically) projected specimen which allows a more efficient
implementation than Eqs. (6) and (10). For thick specimens,
on the other hand, we showed in the previous section that the
(back-)projection procedure cannot be separated from the CTF
correction.

The difference between the TCTF Eq. (16) and a CTF for untilted
specimens is the shift of 8 1

2 lq2 tan a in the Fourier domain. To
correct for the TCTF, we should correct not only for the phases
7 ie8 iwðqÞ but also for the shifts in the Fourier domain. An
approximation to the solution is to reapply the TCTF to the
projections Îa. For the very simple inverse filter of Eq. (11) and
in case of untilted and thin specimens it is easy to show that the
forward model is essentially the same as the CTF correction.
Hence, in order to correct for the CTF, the CTF is applied again. For
spatially varying CTF models, however, this approach is only
partially correct.

For the TCTF, the forward model differs from the correspond-
ing CTF because of the combination of spatial dependence due to
the tilt and the delocalization effects of the CTF. In the formalism
of [2], this difference can be seen from the shifts in the Fourier
domain which are proportional to 8 1

2 lq2 tan a. When the TCTF is
reapplied, the shifts in the Fourier domain do not cancel each
other completely due to the dependence on q [2,14]. This
difference in shifts is visualized in Fig. 2.

If we use Fig. 2 as a reference, it is straightforward to modify
the forward model of the CTF (Eq. (16)) into a simple CTF
correction method with an inverse filter similar to Eq. (11)

ÎTCTF0 ,aðqÞ ¼
1
4 ie�iwðq�Þ Îaðq�Þ�

1
4ieiwðqþ Þ Îaðqþ Þ, ð17Þ

where q� and qþ are implicitly defined as

q�þ
1
2lq2
�b tan a¼ q,

qþ�
1
2lq2

þb tan a¼ q: ð18Þ

The quadratic equations of Eq. (18) formally have two solutions.
However, only one solution is within the range of q that are
captured in TEM since JlqJ51. Fig. 2 illustrates the relation
between q8 and q.

As an alternative to analyzing the shifts in the TCTF forward
model, TCTF correction can be derived from the model of 3DCTF
correction. We use the concept that a thin specimen has relatively
slow variations in the ~qz direction of its Fourier domain, where ~qz

is along the ~z direction in specimen coordinates. For infinitely thin
specimens it is trivial to show that its Fourier domain is constant
in the ~qz direction.

From the theory of direct Fourier reconstruction, we learned
that the Fourier transform of a projection yields a tilted plane in
the Fourier domain (the dashed line in Fig. 1C). To approximate
3DCTF correction (the circles in Fig. 1C), we shift dðqz8

1
2 nlq2Þ of

Eq. (10) onto the projection plane. This shift is carried out along
the ~qz direction of the specimen (see Fig. 1C). The assumption that
the specimen is thin, and therefore slowly varying in the Fourier
domain along ~qz, permits shifting along this direction. The delta-
peaks move to dðq8 1

2 nlq2b tan aÞ.
The general form of the TCTF correction method is

ÎTCTF,aðqÞ ¼
X

n ¼ 71, 73,...

iaðnÞe�inwðqnÞ ÎaðqnÞ, ð19Þ

where aðnÞAC is a set of filter coefficients and qn is given by

qnþ
1
2nlq2

nb tan a¼ q: ð20Þ
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Whereas the 3DCTF correction method of Eq. (10) is a 3D
function in ðq,qzÞ, TCTF correction is applied to the projections
IaðxÞ. Hence, we have successfully separated the (back-)projection
from the CTF correction.
2.6. Implementation of the TCTF

The implementation of Eq. (19) for discrete datasets is not
straightforward. The difficulty lies in the shifted sample locations
qn in the Fourier domain. As these sample locations do not form a
regular grid, the fast Fourier transform (FFT) can no longer be
used to compute ÎaðqnÞ. This problem is similar to those encoun-
tered when implementing Eq. (16). For Eq. (16), however, there
already exists an efficient implementation which uses the non-
uniform fast Fourier transform (NUFFT) [3]. Although a similar
approach can be used to implement the TCTF, a more elegant
solution is presented here.

The NUFFT used to implement the forward TCTF in [3] allows
fast computation of sample points in the Fourier domain at
arbitrary locations (called type 2 NUFFT in [13]). For TCTF
correction we propose to use a different kind of NUFFT, which
allows the reconstruction of a signal from Fourier domain data
which has been sampled at non-uniform locations (type 1 NUFFT).
The procedure for Eq. (19) is to use the data ÎaðqnÞ (which is
on a regular grid), multiply each point with its appropriate phase
factor iaðnÞe�inwðqnÞ and finally place it at ÎTCTF,aðqnþ

1
2 nlq2

nb tan aÞ.
Whereas in the implementation of Eq. (16) we sample at non-
uniform locations and transform to a regular grid q, for Eq. (19)
we take qn on a regular grid and combine these points at non-
uniform locations q in ÎTCTF,a.

The pseudo-code for TCTF correction is given in Algorithm 2. A
visual representation is given in Fig. 1B and C.

Algorithm 2. Fourier domain implementation of TCTF correction.
Allocate Fourier domain of CTF corrected projection ÎTCTF,a

Îa’ Fourier transform Ia
for all q do

compute wðqÞ
for all nAZ such that n is odd and 9n9rN do

compute a(n)

put iaðnÞÎaðqÞe�inwðqÞ at q� 1
2 nlq2 in ÎTCTF,a

end for
end for

ITCTF,a’ inverse Fourier transform ÎTCTF,a
2.7. Regular CTF correction

In this paper we compare TCTF correction (Eq. (19)) and 3DCTF
correction (Eq. (10)) to spatially invariant CTF correction. The
latter we will refer to as regular CTF correction. For completeness,
we write regular CTF correction in the same form as Eqs. (19) and
(10), i.e. expanded in a Fourier series

ÎCTF,aðqÞ ¼
X

n ¼ 71, 73,...

iaðnÞe�inwðqÞ ÎaðqÞ, ð21Þ

where aðnÞAC is a set of filter coefficients. Notice that even
though Eqs. (10) and (19) look very similar to Eq. (21), there are
some important differences. Eq. (10) is a 3D function and
explicitly depends on qz. Eq. (19) is a function of qn which
implicitly depends on q and the tilt-angle a.
2.8. Weighting

The difference between filtered back-projection (FBP) and
back-projection (BP) is the additional filtering step. This filter is
required because BP overestimates the contribution of the low
spatial frequencies. In our implementation of direct Fourier
reconstruction, we weight the data with a ramp filter before
putting it on a tilted plane in the Fourier domain of the
reconstruction volume.

We also added a filtering step to Algorithm 1 by weighting

ÎaðqÞ with JqJ, thereby ignoring the minute difference between

JqJ¼ q and Jðq,� 1
2 nlq2Þ

TJ¼ q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 1

4 n2l2q2Þ

q
. More sophisticated

filtering methods can be implemented in a similar manner. For
our simulations, however, a simple weighting with JqJ was
sufficient.
3. Results

In this paper two new CTF correction methods are introduced:
3DCTF correction (Eq. (10)) and TCTF correction (Eq. (19)). In this
section we will use simulated images to test whether the
presented methods produce the desired results and assess the
improvement in speed.

To simulate projections, a specimen model is required. Since
our goal is to evaluate the different correction methods, the
specimen model was kept as simple as possible. We used
spherical, phase-contrast objects with a diameter of 2.6 nm. The
spheres were simulated using an error-function (normal cumu-
lative distribution) of the radial coordinate with a standard
deviation s¼ 0:18 nm. This sharp edge was used to show the
differences in step-response of the different correction methods.

The projections were simulated using the 3DCTF since this
method accurately models the spatially varying defocus of a 3D
specimen [3]. We simulated a tilt-series of 141 projections
(tilt-angles were uniformly distributed between 770 1). The
simulated microscope parameters were Df ¼�1 mm, l¼ 2:5 pm
(HT¼200 kV), Cs¼2 mm. No envelopes were simulated and no
noise was added. The 3D (x,y,z) model was reduced to 2D (x,z)
slices perpendicular to the tilt-axis. Without loss of generality,
this reduces the processing time while maintaining the full
complexity of the problem.

Simulations were performed using Matlab (The MathWorks,
USA) and the DIPimage toolbox (TU Delft, The Netherlands;
http://www.diplib.org), a publicly available image-processing
toolbox for Matlab. The algorithms introduced in the previous
section and all the scripts that were used to generate the
following results can be found online (http://www.diplib.org/
add-ons).
3.1. Comparison of CTF correction methods

To compare the two newly presented CTF correction methods
with the traditional regular CTF correction, we simulated projec-
tions and processed these images using the three different
correction methods. In order to differentiate between the spa-
tially varying behavior of the correction methods, we placed
phase-contrast spheres at three different locations. One sphere
was placed at the center of the specimen ð ~x ¼ ~z ¼ 0Þ; this coin-
cides with the tilt-axis. At this location the defocus does not
change and we expect very similar results for the different
correction methods. One sphere was displaced horizontally from
the center ð ~x ¼ 500 nm, ~z ¼ 0Þ. At this location the defocus is
correctly modeled by the TCTF and the 3DCTF. Finally, one sphere

http://www.diplib.org
http://www.diplib.org/add-ons
http://www.diplib.org/add-ons
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was displaced vertically from the center ð ~x ¼ 0, ~z ¼ 250 nmÞ, this
defocus is only modeled correctly by the 3DCTF.

We used a Wiener filter for all three correction methods. The
regularization coefficient in Eq. (13) was set to b¼0.2. The Fourier
series of the filter was truncated at N¼13 (in Eqs. (10), (19) and
(21) respectively).

Fig. 3 shows a comparison of the three different CTF correction
methods: regular CTF correction (Eq. (21)), TCTF correction
(Eq. (19)) and 3DCTF correction (Eq. (10)). The first two methods
process the projections, which are then used for tomographic
reconstruction. We used Direct Fourier reconstruction as tomo-
graphic reconstruction method. In contrast, 3DCTF correction is
an integral part of the tomographic reconstruction.

The results in Fig. 3 clearly show that the three correction
methods behave as predicted. The object in the center (left
column in the figure) is reconstructed equally well for all the
three methods. The artifacts that are still visible can be attributed
to the missing wedge and the regularization of the Wiener filter.
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Fig. 3. Phase contrast test sphere (diameter ¼2.6 nm) after tomographic recon-

struction without CTF correction and for three different CTF correction methods, at

three different locations. A Wiener filter was used for all three correction methods

(regularization parameter b¼0.2). The artifacts present in the images marked with

an n are primarily due to the missing wedge and the regularization of the Wiener

filter. Df ¼�1 mm, l¼ 2:5 pm, Cs¼2 mm. The final row shows reconstructions

with only missing wedge artifacts, i.e. no CTF was used to simulate the projections

and no CTF correction was applied.
As expected, regular CTF correction does not give satisfactory
results for objects displaced horizontally or vertically. The vertically
displaced object is less affected, since the absolute distance to the
center is smaller.

TCTF correction accurately accounts for the defocus differences
of the horizontally displaced object but not for the vertically
displaced object. The vertically displaced object suffers from more
artifacts after TCTF correction than after regular CTF correction.
This is caused by the fact that at high tilt-angles (770 1), the error
in defocus made by the TCTF method ð~z=cosðaÞÞ is almost nine
times larger than the error made by regular CTF correction
ð~zcosðaÞÞ. However, this effect only occurs close to the center of
the specimen. Furthermore, the horizontal displacement is
usually of much larger influence than the vertical displacement.

Finally, in the third row of Fig. 3 one can clearly see that the
3DCTF correction method correctly accounts for all the defocus
differences throughout the specimen.

The results shown in Fig. 3 use a test object which is as simple
as possible. This helps in identifying the differences between the
CTF correction methods. Nevertheless, due to the simplicity of the
test object the practical implications are difficult to discern. Fig. 4
shows results similar to Fig. 3 but for a more complex test object.

3.2. Different inverse filters

The CTF correction methods described in this paper can employ
different inverse filters by changing the weighting coefficients a(n)
in Eqs. (10), (19) and (21). Fig. 5 shows the results of three different
inverse filters. The bright halo (visible in Fig. 5A) and the small dip
around the center of the object (visible in Fig. 5B) are noticeably
reduced when using a phase-flipping filter instead of the CTF filter.
Using a Wiener filter reduces these artifacts even further.

The Fourier series of the phase-flipping and Wiener filter was
truncated at N¼13. This can be seen in Fig. 5C; some oscillations
are visible in the filter responses. However, we did not see any
visual difference in the reconstruction result when increasing N

beyond 13. Nevertheless, we measured the difference between a
truncated Fourier series of the filter and the original filter; these
results were in agreement with Eq. (14).

3.3. Implementation details of TCTF correction

Earlier in this paper we made an effort to point out the
difference between the forward model of the TCTF (Eq. (16))
and the corresponding TCTF correction method (Eq. (19)). This
difference has been noted in several studies [2,14], but these
studies concluded that this difference only occurs at resolutions
too high to be of practical interest. We agree with this statement,
but we think it is worth mentioning that our solution for TCTF
correction is quite elegant and not more complicated or obscure
than its forward model counterpart.

Fig. 6 shows that using the TCTF forward model as a correction
method does not give a correct result at high resolutions
ð42 nm�1Þ. This can be seen from the overshoot around the
edges and the asymmetry in the reconstruction. It is clear that
TCTF correction as described by Eq. (19) and Algorithm 2 reduces
the overshoot significantly and gives a symmetric result.

3.4. Speed improvement

The methods presented in this paper were designed to be faster
than previously presented global methods. We implemented the
two methods described here (Algorithms 1 and 2) and also two
reference methods. Comparing methods based on their computation
time can be difficult due to implementation differences. Never-
theless, the results give an indication of the relative computation
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forward model suffers from overshoot artifacts.
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times of the different methods as the differences span several orders
of magnitude.

All methods were implemented in Matlab (The MathWorks,
USA). Without loss of generality, the 3D (x,y,z) specimen was
reduced to a set of 2D (x,z) slices perpendicular to the tilt-axis. For
each 2D slice, a tilt-series of 141 1D projections with a maximum
tilt-angle of 770 1 was simulated. Processing times were eval-
uated on a PC equipped with an Intel X5550 quad-core 2.66 GHz
processor and 24 GB RAM. The processing times of the 1D
projections were scaled to resemble the computation of a full
tilt-series where the 2D projections have a square image size.



Table 1
Average run-times for different CTF correction methods. The Fourier series of the

TCTF correction method (Eq. (19)) equation (Algorithm 2) and the 3DCTF

correction method (Eq. (10)) (Algorithm 1) were truncated at different values of

N (as given by Eq. (15)). The two reference methods are a TCTF correction method

using Tikhonov regularization and a 3DCTF correction method using a real space

implementation. Regular CTF correction (Eq. (21)) and direct Fourier reconstruc-

tion are included for comparison. Notice that some values are in minutes (m),

some in hours (h) and some in days (d).

Image size (pixel) 10242 20482 40962

Method Runtime

Regular CTF corr. 1.0 (m) 3.2 (m) 11.6 (m)

TCTF corr, N¼7 10 (m) 37 (m) 2.4 (h)

TCTF corr, N¼15 20 (m) 1.2 (h) 4.7 (h)

TCTF corr, Tikhonov 9.2 (h) 5.1 (d) 69 (d)

Direct Fourier rec. 22 (m) 2.7 (h) 22 (h)

3DCTF corr, N¼7 55 (m) 4.9 (h) 31 (h)

3DCTF corr, N¼15 93 (m) 7.5 (h) 42 (h)

3DCTF corr, real space 20 (h) 7.2 (d) 62 (d)

Values are extrapolated from run-time averages of 100 image slices. Each slice is

projected at 141 tilt-angles. Standard deviations were all below 5% with the

exception of the first row (20%, 13%, 3%) and second row (6%, 3%, 4%).

Fig. 7. Difference between local and global TCTF correction methods. The test

image consists of randomly oriented rods of 5.6 nm length. (A) (x,y) projection

without CTF. (B) Projection after global TCTF correction Algorithm 2. (C) Projection

after (local) tilted phase flipping using CTFPHASEFLIP, which is part of IMOD.

(D) Difference between (B) and (C). The tilt-axis is horizontal. In contrast to

horizontal rods, vertical rods are reconstructed the same in (B) and (C) and are

therefore not visible in the difference image (D). Df ¼�2 mm, l¼ 2:5 pm,

Cs¼0 mm, tilt-angle a¼ 10 1, pixel size ¼1 Å. The parameters for CTFPHASEFLIP

were set such that stripPixelNum¼128, interPixelNum¼32.
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We could not find a suitable candidate for benchmarking the
TCTF correction method presented here (Algorithm 2). Alternative
methods were either fundamentally different (i.e. strip/tile-based
[5–7] instead of processing the entire image) or too slow [15] to
provide a meaningful comparison (for more details see the discus-
sion section). Therefore, we implemented Tikhonov regularization, a
well-known linear regularized inversion method. See Appendix A for
a very brief description of the regularization. Table 1 shows that the
method presented in this paper clearly outperforms the reference
method, especially for large image sizes.

We compared our 3DCTF correction as described in Algorithm
1 to a method similar to the one presented in [8,10]. This method
evaluates Eq. (6) for each tilt-angle in real-space before summing
up contributions from all angles. Table 1 shows that the reference
method (real-space 3DCTF correction) is up to 48 times slower
than Algorithm 1 (N¼7, image size¼40962). The computation
times scale almost linear in the number of iterations (N) used for
the series expansion of the filter. For a very low number of
iterations (N¼1), the computation times are close to those of
direct Fourier reconstruction (not shown); this is due to the
similarities between both methods.

3.5. Global vs. local

In the previous subsection we discarded local CTF correction
methods as a suitable candidate for a speed comparison. Local
approaches, however, are currently the standard in the field. For
example the program CTFPHASEFLIP [6] as incorporated in the
widely used software package IMOD [16] (http://bio3d.colorado.
edu/imod/), uses a local approach. Here we provide an example
where there is a distinct difference between a local and our global
method.

Fig. 7 shows the difference between the global TCTF correction
method as presented in Algorithm 2 and the local CTFPHASEFLIP
program. In this example the local method produces artifacts
because the size of the strips is of the same order as the size of the
point spread function corresponding to the CTF. Even though the
tilt-angle is small ða¼ 10 1Þ and the influence of the defocus
gradient is negligible, artifacts appear simply because the image is
divided into strips. It is clear that similar artifacts do not occur for
all setups and depend on the particular setting of the parameters.
Nevertheless, for a certain width of the strips, these artifacts will
appear eventually when the resolution is increased sufficiently.
The solution would be to increase the width of the strips but this
drastically increases the computation time and is currently not
possible using CTFPHASEFLIP.
4. Discussion

The motivation for our research on spatially varying CTF
correction was primarily a need for speed as today’s global
correction algorithms are too slow for practical application.
Table 1 shows a significant improvement for both new correction
methods compared to their reference methods. It is interesting to
note, considering that when TCTF correction is followed by direct
Fourier reconstruction, that for low values of N the difference in
computation time between TCTF correction and 3DCTF correction
becomes relatively small.

How large N needs to be, can be estimated using Eq. (14), given
a certain desired accuracy. Under typical noise conditions, the
Wiener filter requires a fair amount of regularization, which
results in a smooth filter response. Therefore, N¼7 is usually
sufficient for a Wiener filter. For a phase-flipping filter, more
orders are required due to the sharp transitions in the filter
response. Especially at low spatial frequencies, the approximation
of the phase-flipping filter can have a considerable effect.

The presented CTF correction methods assume that the defo-
cus at the tilt-axis does not change throughout the tilt-series.
Recent studies, however, showed that this assumption is not
realistic and that the variation of the defocus needs to be
accounted for [6,7]. Nevertheless, the presented CTF correction

http://bio3d.colorado.edu/imod/
http://bio3d.colorado.edu/imod/
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methods treat each projection independently, accounting for a
known varying defocus is therefore a trivial modification.

A popular alternative to filtered back-projection (FBP) is the
simultaneous iterative reconstruction technique (SIRT). Even
though we only considered FBP in this paper, the choice of
tomographic reconstruction method is not essential. Especially
for the TCTF correction method, the CTF correction step is simply
a pre-filtering step after which any reconstruction method can be
used. We are currently investigating the possibilities for and
influence of 3DCTF correction in an iterative reconstruction
scheme.

The decision to use Tikhonov regularization as reference
method in Table 1 was due to the lack of alternatives. In the past
few years a number of strip-based TCTF correction methods have
been presented [5–7]. These methods rely on the subdivision of
the image into strips or tiles of approximately equal defocus.
Benchmarking against these strip/tile-based methods is difficult
due to the parameters that can and must be tweaked (i.e. strip
width and number of strips). Depending on the implementation,
we expect the computation time of strip-based methods to be of
the same order of magnitude as our TCTF correction method. For
example, the computation time of CTFPHASEFLIP varies between
much shorter and slightly longer than the computation times of
our global TCTF correction approach. The speed of this local
method strongly depends on the particular setting of its para-
meters, which also dictate the obtainable accuracy.

Furthermore, the example in Fig. 7 shows that the tweaking of
parameters in strip-based CTF correction methods can have a
significant effect on the accuracy of the result. This is one of the
reasons why one should prefer global methods over local (strip-
based) methods if possible. In addition, an alternative to strip-based
methods is also of scientific interest in the developing field of
spatially varying CTF correction.

We also considered the TCTF correction approaches as pre-
sented in [2,15] to benchmark against. These two approaches are
based on the direct inversion of the TCTF operator, without
regularization and with truncated singular value decomposition
respectively. We regard methods without regularization to be
unsuitable for realistic scenarios in which noise necessitates the
use of regularization. Our experience with truncated singular
value decomposition is that for large image sizes (i.e. 40962) it
is too slow to be practical.

By changing the coefficients a(n), the presented CTF correction
methods can employ different inverse filters. This makes it
possible to use phase-flipping, a popular inverse filter. However,
one can now also think of new inverse filters simply by choosing
different weights a(n). Furthermore, it is even possible to output
reconstruction volumes for each order n and assign the weights
dynamically when summing the volumes.
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Appendix A. Tikhonov regularization

We implemented Tikhonov regularization to benchmark the
computation times of our TCTF correction method described in
Algorithm 2. The TCTF forward model Eq. (16) is rewritten as a set
of linear equations: Ax¼ b, where the vectors x and b are
discretized representations of the projected potential V̂ proj,aðqÞ
and image intensity ÎaðqÞ respectively. The objective of Tikhonov
regularization is to find x which minimizes JAx�bJ2

þJlxJ2,
where l is the regularization parameter and J � J is the Euclidean
norm. This inverse problem has an explicit solution

x̂ ¼ ðAT Aþl2IÞ�1AT b, ð22Þ

where I is the identity matrix.
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