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18 Visualization and 
Resolution in 
Localization Microscopy

Robert P.J. Nieuwenhuizen, 
Sjoerd Stallinga, and Bernd Rieger

18.1 � INTRODUCTION

Imaging beyond the diffraction limit via a set of techniques nowadays termed local-
ization microscopy has seen a sharp rise after the initial works around 2006; the 
most notable methods introduced were (fluorescence) photoactivated localization 
microscopy (PALM)1,2 and stochastic optical reconstruction microscopy.3 The com-
mon idea to achieve imaging below the diffraction limit in the optical far field is to 
localize single stochastically activated fluorescent molecules. These molecules are 
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410 Cell Membrane Nanodomains

switched between a fluorescent on-state and a nonfluorescent off-state. The on-state 
molecules form a sparse subset of all molecules such that only one is active in a 
region the size on the order of the diffraction limit. The positions of these emitting 
molecules are estimated, after which they return to the off-state and other molecules 
are activated and localized until all molecules have been imaged. Essential to this 
process is the localization of single fluorescent molecules, hence the common name 
for the techniques. The high-resolution capability of these techniques follows from 
the precision with which the positions of the molecules can be estimated, which is 
much better than the diffraction limit.4,5 This precision is on the order of σpsf / n  , 
where n is the number of recorded emission photons and σpsf is the width of the 
point spread function (PSF).6,7 Typically, hundreds or thousands of photons can be 
recorded and with σpsf ≈ 250 nm, this results in commonly achieved localization 
precisions on the order of tens of nanometers, although smaller values in the range of 
nanometers have been reported.8–10 In comparison, Abbe’s diffraction limit is given 
by λ/(2NA) ≈ 200 nm, where λ is the wavelength of light and NA is the numeri-
cal aperture of the imaging system. This superior precision is what makes localiza-
tion microscopy images crisper and sharper than widefield images and explains the 
widespread use of the technique nowadays. Even now, more and more flavors of 
localization-based microscopy techniques are introduced; we give by no means an 
exhaustive list.11–18

18.2 � RESOLUTION

As the family of localization microscopy techniques came of age and sharper and 
sharper images were recorded, the question “what is the resolution for these types 
of images?” arose. In other techniques for super-resolution imaging, such as stimu-
lated emission depletion (STED) microscopy,19,20 structured illumination microscopy 
(SIM),21,22 or image scanning microscopy (ISM),23,24 the system can be identified as 
having a smaller effective PSF. Once the width of this PSF is measured or calculated, 
the resolution in the Abbe sense can be given. Where Abbe and Nyquist defined reso-
lution as the inverse of the spatial bandwidth of the imaging system,25,26 Rayleigh and 
Sparrow captured resolution empirically. Rayleigh found a limit of 0.61λ/NA and 
Sparrow found a limit of 0.47λ/NA, which is very similar to Abbe’s diffraction limit 
of 0.5λ/NA for incoherent light. For localization microscopy, there is no natural 
extension of the PSF methodology as the position estimation of a single emitter from 
a PSF image is the key concept.

18.2.1 � Resolution Measures

Which factors then play a role in the resolution of a localization-based image and 
how can the resolution easily be assessed for experimental data? Already in one 
of the first key publications by Betzig et al.,1 it was noted that “both parameters, 
localization precision and the density of rendered molecules, are key to defining 
performance.” However, it took a few years before this realization was developed 
further. Initially, researchers simply equated resolution with the average localization 
uncertainty of the recordings or the average density of localizations. Others showed 
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411Visualization and Resolution in Localization Microscopy

full width at half maximum (FWHM) values of cross sections of line-like structures. 
These concepts will be discussed in the following.

18.2.1.1 � Localization Uncertainty
The localization uncertainty indicates the expected standard deviation of the error 
that was made in estimating a single emitter’s position. The localization uncertainty 
of a single fit to a PSF is only returned by some localization algorithms, mostly those 
based on maximum-likelihood estimation (MLE) fitting. The uncertainty is then 
computed using the inverse Fisher matrix,5,27–31 which gives the theoretically best 
localization precision that could be achieved. It was shown that fitting with a simple 
Gaussian PSF model to the data is actually sufficient to achieve the best possible fit 
in 2D.32,33 As MLE fitting is in many cases slower than nonlinear least mean squares 
(LMS) fitting, the latter is very popular and actually quite accurate for a few hundred 
signal photon counts.

As many algorithms lack the explicit computation of the uncertainty, a very con-
cise and practical formula by Thompson et al. is often used for computing the aver-
age localization uncertainty Δx for LMS fitting34
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with σ σa a2 2 2 12= +psf / . Here, σpsf is the width of the Gaussian that is used to fit the 
PSF, a is the pixel size, n is the number of signal photons, and b is the number of 
background photons per pixel. This formula is very widely used in the field as only 
easily accessible experimental parameters are required to evaluate it. It turned out, 
however, that it is also unduly optimistic for all cases where the background intensity 
b is nonzero.6,7,28 Mortensen et al. presented a formula for the localization uncer-
tainty for MLE fitting:6
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where τ is a normalized dimensionless back ground parameter, τ πσ= 2 2 2
ab na/( ). 

This formula can be approximated within a few percent by an analytical expression 
derived by us earlier:7
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None of these equations consider the excess noise of the electron multiplication 
process that is present in the EMCCD (electron-multiplying charge-coupled device) 
cameras that are normally used for single-molecule imaging.30 Theoretically, this 
deteriorates the performance by a factor of 2  compared to Equations 18.2 and 
18.3.30 Recently, Huang et al.35 showed that for this reason, sCMOS (scientific com-
plementary metal oxide semiconductor) cameras outperform EMCCD cameras for 
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412 Cell Membrane Nanodomains

localization microscopy, except in cases with fewer than ∼100–200 signal photons 
per emitter and little background. If only a few photons are detected per pixel on 
average, EMCCD cameras can be used to achieve the best localization precision.36

Even though the Thompson formula is too optimistic for nonzero background 
intensities, it is still used because of its simplicity. We would recommend using 
Equation 18.3 instead, as it requires the same input parameters, is simple, and is cor-
rect for all cases to within a few percent.

18.2.1.2 � Full Width at Half Maximum
Directly related to the localization uncertainty is the FWHM. For a line-like struc-
ture with a Gaussian cross section, the relation between its standard deviation σ 
and the FWHM is 2 2 2 2 35ln .σ σ≈ . For a Gaussian distribution of localization 
errors, the FWHM represents the effective width of the system’s PSF. In that sense, 
stating the FWHM instead of the localization uncertainty provides a fairer com-
parison to the widefield resolution. A related approach used in all publications by 
Hell et al. is to indicate the performance of the imaging by extracting line profiles 
across narrow line-like structures such as tubulin filaments. Also, in localization 
microscopy, this is a useful measure as it incorporates experimental effects such as 
the wider appearance of structures owing to the size of the linker plus fluorescent 
label.16 The downside of this experimental procedure is that the user must handpick 
one or more cross sections. This is susceptible to bias toward selecting the best lines 
instead of representative lines.

18.2.1.3 � Two-Point Resolution
The so-called two-point resolution has been defined in the context of localization 
microscopy by Ram et al.,37 thus extending the Rayleigh criterion to this imaging 
modality. Their definition of two-point resolution was the minimal standard devia-
tion with which the distance between two emitters can be estimated. This measure, 
however, was not used by practitioners in the field as it is not easy to assess this 
resolution measure by experimentally accessible parameters.

18.2.1.4 � Density of Localizations
Another commonly stated quantity intended to indicate the resolution is the density 
of localizations ρ, which is easily computed directly from the data. It can also be 
used to compute the two-dimensional (2D) Nyquist random sampling resolution as 
2/ ρ in 2D or 2ρ−1/3 in 3D. The Nyquist sampling theorem, however, does not strictly 
apply since localizations do not constitute samples of a bandwidth-limited function. 
In addition, a problem that has not received much attention is that individual fluoro-
phores are typically activated and localized several times during an acquisition. The 
number of times an emitter is reactivated can be quite substantial depending on the 
imaging and buffer conditions (∼5–50 times). Even for imaging with fluorescent pro-
teins, repeated activations have been reported where emitters should have become 
permanently disabled because of photobleaching.38,39 If this is the case, then the 
sampling density is artificially overestimated and, in turn, also the resolution based 
on the Nyquist density. Nevertheless, the density of localizations is used in the field 
and describes an additional quality besides the localization uncertainty.
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413Visualization and Resolution in Localization Microscopy

As mentioned above, it has been already realized in 2006 that localization density 
and uncertainty must both play a role in the resolution;1 these effects have since been 
investigated experimentally.40,41 In the following, we review methods that combine 
both quantities into one resolution assessment.

18.2.1.5 � Kernel Density Estimation
One approach for quantifying the resolution in localization microscopy that takes 
into account both localization precision and labeling density was proposed by Rees 
et al.42 These authors draw on the literature on density estimation and consider filter 
kernels that provide the best estimation of the fluorophore density of the underlying 
imaged object. The authors argue that the filtered images show this object blurred 
first by the localization error and second by the smoothing kernel. The resolution is 
then defined as the minimal distance for which an intensity minimum can still be 
seen between two emitters in the filtered image (i.e., the Sparrow resolution crite-
rion). Unfortunately, the determination of the optimal filter kernel size is rather diffi-
cult in practice. First, this requires knowledge about the stage drift in the acquisition 
and the size of the fluorescent labels. Second, the proposed scheme for dealing with 
variations in the density of localizations is based on statistics of the nearest neighbors 
of each localization. Since fluorophores are localized an unknown number of times, 
it is unclear which fluorophores are typically represented by these nearest neighbors. 
Therefore, rules for determining the kernel size will be susceptible to inconsistent 
outcomes depending on the statistics of the localizations per fluorophore.

18.2.1.6 � Information Transfer Function
The information transfer function43,44 is a conceptual approach for quantifying reso-
lution that considers the filtering of localization microscopy images in the spatial 
frequency domain. It describes the theoretically minimal error that can be attained 
by any linear or nonlinear filtering procedure in estimating the spatial frequency 
content of the underlying imaged object. The maximum spatial frequency at which 
this relative error is larger than a certain threshold then defines the resolution of 
the image. Unfortunately, determining the resolution using this framework requires 
knowledge of the spatial frequency content of the underlying image structure. It has 
been suggested that such knowledge may be obtained by using a databank of elec-
tron microscopy (EM) images or that the spatial frequency content of the underlying 
structure can be iteratively estimated.43 Nevertheless, this requirement severely hin-
ders the practical application of this resolution concept on experimental data.

The above approaches consider the localization uncertainty and density but are 
not usable in practice and omit the fact that, additionally, the resolution depends on 
many more factors such as the link between the label and the structure, the under-
lying spatial structure of the sample itself, and the extensive data processing and 
visualization required to produce a final super-resolution image. Moreover, these 
approaches neglect the problems that arise owing to repeated localizations of the 
same emitter from different activation cycles. This will bias the resolution estima-
tion substantially if not properly taken into account. Therefore, only an integral, 
image-based resolution measure not depending on a priori information is suitable for 
determining what level of detail can be reliably discerned in a specific image.
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414 Cell Membrane Nanodomains

18.2.2 � Fourier Ring Correlation

We proposed Fourier ring correlation (FRC) or, equivalently, the spectral signal-to-
noise ratio as a practical approach for defining and quantifying resolution in localiza-
tion microscopy.45 The FRC is the standard for resolution assessment in the field of 
cryo-EM single-particle reconstructions of macromolecular complexes.46–49 In cryo-
EM, the resolution is much worse than the diffraction limit given by the electron 
wavelength and the opening angle, attributed to aberrations in the optical systems. 
Furthermore, the signal-to-noise ratio is so low (≤1) that the actual image content has 
to be considered. FRC provides an image-resolution measure that does not require 
any prior knowledge and is sensitive to the effects of both localization precision and 
labeling density. Moreover, it is also sensitive to the other factors that influence the 
resolution mentioned above.

To compute the FRC resolution, the full set of estimated fluorophore positions is 
divided into two independent subsets. This yields two subimages f r1( )

�
 and f r2( )

�
, 

where 
�
r  denotes the spatial coordinates. Statistical correlation of their Fourier trans-

forms ˆ ( )f q1

�
 and ˆ ( )f q2

�
 over the pixels on the perimeter of circles of constant spatial 

frequency magnitude q q=
�

 then gives the FRC:47
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The Fourier transformation of f r( )
�

 is given by ˆ( ) ( )f q drf r e i q r� � � � �
= − ⋅∫ 2π . For low 

spatial frequencies, the FRC curve is close to unity, and for high spatial frequen-
cies, noise dominates the data and the FRC decays to zero. The image resolution 
is defined as the inverse of the spatial frequency R = 1/qR for which the FRC curve 
drops below a given threshold. See Figure 18.1 for an illustration of the steps needed 
to compute the FRC resolution. Currently, there is no consensus on what threshold 
should be used in the field of single-particle EM. Lately, the field does appear to 
converge on the use of a fixed threshold of 1/7 though.49,50 We investigated the 
various threshold criteria empirically46,50–52 and concluded that the fixed threshold 
of 1/7 ≈ 0.143 is also the most appropriate one for localization microscopy; that is, 
FRC(qR) = 1/7.

The expectation of the FRC is given by45
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415Visualization and Resolution in Localization Microscopy

where N is the total number of localized emitters, σ is the average localization uncer-
tainty, and ˆ ( )ψ

�
q  is the Fourier spectrum of the object. The parameter Q takes into 

account the repeated activation of the same emitter. Each emitter contributing to 
the image is localized once for Q = 0 and in general Q/(1 − e−Q) times on average, 
provided the emitter activation follows Poisson statistics. The term with Q in the 
numerator of Equation 18.5 is a measure for spurious correlations at high frequencies 
and can result in overestimation of the resolution. However, this can be corrected for 
by estimating the parameter Q from the data as explained in Ref. 45. If done so, we 
have shown that more frequent localization of the same emitter is always beneficial 
to the final resolution.53

For a sample consisting of two parallel lines with a sinusoidal cross section, 
Equation 18.5 can be solved analytically for Q = 0. This results in a resolution 

R W= 2 6 2πσ πρσ( ),45 where W(x) is the Lambert W-function.54 This also shows 
that the localization precision σ and the density of localizations ρ are combined into 
the FRC resolution estimation in a natural way. More generally, Equation 18.5 shows 
that the FRC resolution also takes into account the frequency contents of the under-
lying object without it being known explicitly.

The FRC resolution measure reduces to common resolution measures in limiting 
cases. In the limit of perfect localization precision, that is, σ → 0, the resolution for 
the two-line sample becomes R R R= ≈π / Nyquist Nyquist6 . When the FRC is applied 
to widefield acquisitions, the resolution reduces to the Abbe resolution in the limit 
of infinite SNR.45

In Section 18.3, the FRC-based resolution approach will be used to evaluate 
the image resolution attained with various visualization methods for localization 
microscopy data.

split

FT

Correlation between two rings
1.2

FRC

reshold

0.8
0.6
0.4
0.2

–0.2
0

0 0.05 0.15 0.250.1 0.2
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1

FT
100 nm

q

FIGURE 18.1  Schematic illustration of FRC resolution computation. All localizations are 
divided into two halves, and the correlation of their Fourier transforms over the perimeter 
of circles in Fourier space of radius q is calculated. This results in an FRC curve indicating 
the decay of the correlation with spatial frequency. The image resolution is the inverse of the 
spatial frequency qR or which the FRC curve drops below the threshold 1/7 ≈ 0.143; thus, for 
example, qR = 0.04 nm−1 is equivalent to 25 nm resolution.
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416 Cell Membrane Nanodomains

18.2.3 �L ocal and Anisotropic (2D and 3D) Resolution

For experimental images, the apparent resolution is often not homogeneous across 
the sample, for example, owing to differences in labeling density. In such cases, the 
FRC resolution and most of the other resolution measures listed above only provide a 
single number to indicate the smallest details that can be reliably interpreted on aver-
age. However, by computing the FRC resolution locally for smaller image patches, 
it is possible to obtain an indication of the local resolution across the image. This 
local resolution can be visualized using a false color overlay on the super-resolution 
image, where the color indicates the local resolution.

Experimental images also often exhibit anisotropy owing to inherent anisotropy in 
the imaged structure or imaging method. In 2D imaging, this can occur for example 
if the underlying imaged structure consists of filaments with the same orientation. 
In three-dimensional imaging, resolution anisotropy often results from anisotropy 
in the localization precision, which is typically two to three times worse in the axial 
direction than in the lateral direction.55–57 For these situations, one would expect that 
the resolution is also anisotropic, that is, not the same for all directions. Anisotropic 
image resolution can be described similar to FRC by correlating two images of half 
the data set in Fourier space over a line in 2D (Fourier line correlation [FLC]) or 
a plane in 3D (Fourier plane correlation [FPC]) perpendicular to spatial frequency 
vectors 

�
q. This results in an image with a value for the FLC or FPC for all directions 

and every spatial frequency magnitude 
�
q . The resolution can then be assessed by 

identifying the spatial frequencies where the FLC/FPC is above the threshold.

18.3 � VISUALIZATION

Localization microscopy has no natural way to display the recordings. It does not 
sample the image at pixel locations as in standard widefield microscopy. In widefield 
microscopy, images are typically recorded on a CCD (charge-coupled device) cam-
era. The pixels of the camera together with the magnification of the objective lens 
naturally define the way how an image is sampled. The back-projected pixel size is 
chosen such that it fulfills Nyquist sampling, that is, a pixel should be smaller than 
half the diffraction limit d ≤ λ/(4NA), where λ is the wavelength of light and NA 
is the numerical aperture of the imaging system. The emission photons recorded 
per CCD pixel bin are translated into analog-to-digital units (ADU) with a linear 
amplification factor (gain). These ADU are typically discretized into 8-, 12-, or 
16-bit integers and they represent the intensity or count values. The recorded sample 
is therefore visualized as a pixelated image where the discrete intensity scale is 
about linearly proportional to the recorded number of photons and thus the den-
sity of fluorescent molecules. The same natural visualization is shared by confocal 
microscopy, where the CCD pixel is replaced by a point detection device such as 
a photomultiplier tube or an avalanche photodiode. The stepping of the scan mir-
ror naturally defines the pixel size. Please note that it is common to have a regular 
(square) sampling grid of pixels or scan positions, but that is not strictly necessary. 
To avoid phototoxicity, adaptive schemes of illuminating and recording have been 
proposed.58,59
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417Visualization and Resolution in Localization Microscopy

As localization microscopy lacks any of the above natural ways of visualization, 
it is an important issue how data should be visualized. Basically, the positions of 
single fluorescent emitters are estimated from the asynchronous recordings of blink-
ing emitters. To this end, different localization schemes are employed that estimate 
the positions (i.e., a list of 2D or 3D coordinates), as well as the estimated fluoro-
phore intensities, background intensities, localization precisions, and possibly other 
parameters depending on the localization method.5,28,29,31 Thus, localization micros-
copy produces data sets but no images initially. To make these data comprehensible, 
these localization data need to be translated into a visual representation in the form 
of an image. Subsequently, this image needs to be translated into brightness values 
of the pixels in the display device. Reconstruction (in the Nyquist sense) of the fluo-
rophore distribution of the underlying imaged object from the set of localizations is 
not considered to be a part of the visualization process.

This section is concerned with the choice of the visualization method for translating 
localization data into an image. Several methods have been proposed in the literature 
that will be discussed here: scattergram plots,3 histogram binning,13 Gaussian rendering,1 
jittered histogram binning,60 Delaunay triangulation,61 and quad-tree visualization.61

18.3.1 �D escription of Visualization Methods

In this subsection, the various visualization methods are first illustrated and 
described, before moving on to discussing the merits and implications of using the 
methods in Section 18.3.2. See Figure 18.2 for an illustration of the different visual-
ization methods, except the scattergram method.

(a)

(d) (e) (f )

(b) (c)

FIGURE 18.2  Illustration of different visualization methods. The images show the differ-
ent visualization methods applied to simulated localization data of filaments for a density of 
localizations ρ = 2.0 × 103 μm−2 and localization precision σ = 10 nm. (a) The ground truth 
structure, (b) histogram binning, (c) Gaussian rendering, (d) jittering, (e) Delaunay triangula-
tion, and (f) quad-tree visualization. Images are individually 95th percentile stretched for 
better visibility on paper.
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418 Cell Membrane Nanodomains

Scattergram: Each coordinate is plotted as a symbol, typically a cross or plus, in 
a Cartesian coordinate system.3

Histogram binning: The field of view is divided into a complete set of square 
pixel bins and the number of localizations that fall in each bin is counted and used 
to assign intensity values to bins.13 The size of the pixel bins should generally not 
exceed one quarter of the image resolution in order not to deteriorate the resolution.45 
Histogram images often appear rather noisy because of the low signal-to-noise ratio 
per pixel, which can be resolved by postblurring the histogram images. This blurring 
also prevents problems with aliasing if the sampling density of the display device is 
too low. If a radially symmetric kernel is used for blurring, then the image resolution 
remains unchanged for reasonably isotropic structures.45

Gaussian rendering: An image is rendered where localizations are represented 
with Gaussian blobs with a width proportional to the estimated localization precision 
in the respective axial and lateral dimensions.1 Thus, the resulting image conveys 
information on the localization precision of each localization. It should be noted 
that effects such as imperfect correction for stage drift effectively lead to an addi-
tional localization error that is not taken into account in the estimated localization 
precision. Therefore, the rendered Gaussian blobs cannot always be interpreted to be 
likelihood functions for the positions of the fluorophores.

Jittered histogram binning: Each localization gives rise to a fixed number of off-
spring points (typically 10 or 20) that are randomly displaced (i.e., jittered) with a 
zero-mean normal distribution whose standard deviation is equal to the estimated 
localization precision.60 Thus, for very large numbers of offspring points, this visu-
alization method gives the same result as Gaussian rendering.

Delaunay triangulation: A tiling is created in the image plane using triangles 
whose vertices correspond to the estimated emitter locations.61 The triangles are 
rendered with a grayscale intensity inversely proportional to the area of the triangle 
such that higher local densities of emitters result in higher intensities. The size of the 
triangles emphasizes the local density of localizations.

Quad-tree visualization: An image is formed using square pixels whose size 
depends on the local density of localizations.61 Initially, the image plane is divided 
into four pixels. Each pixel that contains more than a fixed threshold number of 
localizations is subsequently split into four subpixels. This process is repeated for 
the subpixels, until each pixel contains fewer localizations than the threshold value.

18.3.2 � Comparison of Visualization Methods

With the multitude of available visualization methods, the question as to which method 
is best for representing experimental data arises. A number of relevant considerations 
in choosing a visualization method were discussed by Baddeley et al.61 Here, we will 
focus on the most important of those: the extent to which images produced with a 
visualization method can be intuitively interpreted and the resolution of these images.

Intuitive interpretation of localization microscopy images requires that the images 
conform to users’ expectations based on other fluorescence microscopy methods, 
such as widefield or confocal imaging. In these microscopy techniques, the local 
intensity in the image can be described by a convolution of the fluorophore density 
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419Visualization and Resolution in Localization Microscopy

in the sample with the effective PSF. Hence, the image intensity values are linear in 
the density of imaged molecules and typically vary smoothly owing to the effective 
blurring by the PSF. This linearity is also inherent in super-resolution imaging tech-
niques such as STED,19,20 SIM,21,22 and ISM.23,24

The expected linearity of intensity values argues against the use of the scatter-
gram visualization method: at a high localization density, the symbols in the scat-
tergram overlap and lead to a saturated image. The Delaunay triangulation and 
quad-tree methods are also not linear in the density of localized molecules, but these 
do not provide saturated images.

Linearity is more generally an issue for localization microscopy because the 
acquisitions are nonlinear in the density of labeled molecules. Some molecules are 
not localized in an experiment and do not contribute to the final image. Additionally, 
fluorophore activation events are sometimes not recognized or rejected by the local-
ization software. This could happen, for example, if fluorophores are too dim to 
be picked up by the algorithm that selects candidates for fitting or too dim to pass 
the threshold for the allowed localization precision. Also, if nearby fluorophores 
are simultaneously active such that their emissions overlap in the image plane, then 
the localization algorithm results in a position intermediate between the two simul-
taneously active molecules. Although, currently, methods toward multifluorophore 
fitting62–64 are proposed, the application of these methods to nonideal acquisitions 
outside TIRF (total internal reflection fluorescence) imaging remains a challenge. In 
the worst case, overlapping emissions may result in unnoticed missing structures. 
Hence, the final images are always nonlinear in the density of labeled molecules. 
None of the above visualization methods, however, shows activation events missed 
by the preprocessing software for candidate selection.

The smooth, blurry appearance of images produced with conventional fluores-
cence microscopy methods normally conveys a sense of the resolution of the imag-
ing system. Therefore, the Gaussian rendering and jittered binning methods vary the 
apparent width of localizations in images to indicate how well the corresponding 
fluorophores can be distinguished from nearby molecules. The ability, however, to 
resolve structures in localization microscopy depends not only on the localization 
precision but also, for example, on the labeling density.45 Therefore, the apparent size 
of localizations in Gaussian rendering and jittered binning methods does not indi-
cate the actual image resolution. Delaunay triangulation and quad-tree visualization 
emphasize local variations in the image resolution by adjusting the triangle sizes or 
subpixel sizes to the labeling density. Unfortunately, these sizes do not correspond to 
the image resolution that would be determined with the FRC method.

18.3.2.1 � Simulations
The second consideration for choosing a visualization method that merits attention, 
next to intuitive interpretation, is the actual image resolution in the image that is pro-
duced. This issue will be addressed by studying the resolution of images produced 
with different visualization methods for simulation data. By using simulation data 
where the underlying imaged structure is known, it is possible to identify if the FRC 
between images of two halves of the simulated data is biased. Such a bias could 
result in inaccurate resolution determination for experimental data.
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420 Cell Membrane Nanodomains

18.3.2.2 � Setup
Localization microscopy acquisitions of filaments were simulated where both the cho-
sen average localization precision σ and density of localizations ρ were varied. For 
these simulations, the ground truth structure consisted of 100 filaments generated with 
a worm-like chain model65–67 for a persistence length of 15 μm (i.e., approximately 
the persistence length of F-actin68). Each filament had a random starting position and 
starting orientation inside the field of view of 5.12 μm by 5.12 μm. All filaments were 
then Gaussian blurred with a standard deviation of 5 nm to provide the filaments with a 
finite width. Subsequently, they were rendered in an image with a pixel size of 2.5 nm.

For this ground truth structure, 100 acquisitions were simulated for each combi-
nation of densities ρ and localization uncertainties σ. For each acquisition, a Poisson-
distributed number of points was generated with a density proportional to the ground 
truth structure and average density equal to ρ. These points were then randomly dis-
placed with a Gaussian probability density with variance d n2

0
2+ σ photons  to simulate 

the finite label size and localization error. Here, d represents the finite size of fluorescent 
labels and had a value d = 5 nm. For each point, σ0 was randomly drawn from a normal 
distribution with a mean specified by <σ0> = 450 nm and standard deviation of 0.1 <σ0>. 
The parameter nphotons was randomly drawn from a geometric distribution, which is the 
distribution for the photon counts of a photon source whose duration has an exponential 
distribution. These values give a localization uncertainty of 10 nm at 2000 photons.

The simulated localization data were used to compute the resolutions of the images 
generated by the various visualization methods. For each acquisition, the localiza-
tions were split into two half sets to obtain two images per visualization methods. 
All images had pixel sizes of 5 nm, except the images obtained with Delaunay trian-
gulation, which were rendered using the PALM-siever software69 with a pixel size of 
2.5 nm. For the quad-tree visualization, the threshold number of localization per pixel 
for splitting into subpixels was 6. Subsequently, the resolution was obtained with these 
images by computing the FRC and finding the spatial frequency for which the FRC 
dropped below the threshold of 1/7. To investigate potential biases in the computed 
FRC curves, additional images were made with all localizations of each acquisition. 
These were then used to compute the FRC between those images and the ground truth 
structure. The spatial frequency at which this full data FRC crosses a threshold of 1/2 
should give the same result as before for unbiased resolution estimation.50

18.3.2.3 � Results
The results of the simulations are summarized in Figures 18.3 and 18.4. Figure 18.3 
shows the resolution between the full data images and the ground truth structure 
for the various visualization methods. From this figure, it becomes clear that gener-
ally histogram binning, jittering, and Gaussian rendering result in more or less the 
same resolution. Gaussian rendering provides the best resolution, especially when 
the mean localization error σ is large and strongly affects the image resolution. This 
result will be discussed in more detail in the next paragraph. Delaunay triangulation 
and quad-tree visualization result in substantially deteriorated resolutions when the 
density ρ is not very high. For Delaunay triangulation, this deterioration is attributed 
to the hard edges that are introduced. For the quad-tree method, the deterioration is 
attributed to the lack of shift invariance of the pixel splitting.
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FIGURE 18.3  Resolution for the different visualization methods as a function of the den-
sity of localizations ρ and localization precision σ. The resolution is computed from the FRC 
between images of the full data sets and the ground truth structure. The standard error of the 
mean is smaller than the marker sizes in this plot.
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FIGURE 18.4  Bias in resolution estimation for the different visualization methods as a 
function of the density of localizations ρ and localization precision σ. Rtrue is the resolution 
obtained from the FRC between images of the full data sets and the ground truth structure, 
whereas Rcomputed is the resolution obtained from the FRC between two images of half data 
sets. The standard error of the mean is smaller than the marker sizes in this plot.
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422 Cell Membrane Nanodomains

Figure 18.4 shows that Delaunay triangulation and quad-tree visualization bias the 
resolution estimation with two half data sets for small ρ and small σ. The bias is also 
evident in Figure 18.5 where the FRC curves between two half data sets are compared 
with the expected FRC curves based on the FRC between the full data and the ground 
truth images for these visualization methods. The irregular bias in the quad-tree FRC 
curve for two half data sets also explains the irregularity in the resolution bias as a 
function of ρ and σ for that method. All this implies that these visualization methods 
should not be used to compute and assess the resolution for experimental data.

18.3.2.4 � Theoretical Considerations
This section provides a theoretical explanation for why Gaussian rendering performs 
better than histogram binning. To this end, the expected FRC will be derived for the 
case where the localization precision σ is not constant for both the Gaussian ren-
dering method and the histogram binning method. Consistent with the simulations 
above, it will be assumed for simplicity that all fluorophores on the structure at hand 
are localized exactly once.

Before deriving the expected FRCs, we provide a few definitions. First, the ground 
truth object for this derivation is given by

	

ψ δ( )
� � �
r r rj

j

N

= −( )
=

∑ em

1

,	 (18.6)

where δ is the Dirac delta function. The object depends on the set of positions �
…r j Nj

em | , ,={ }1  of the N fluorophores or labels. These labels are localized at posi-

tions 
�

…r j Nj | ,={ }1  with probability P r r rj j j j j

� � �( ) = ( ) − −( )−
2 22

1 2
2πσ σexp em . In the 
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FIGURE 18.5  FRC curves for (a) Delaunay triangulation and (b) quad-tree visualization. 
The FRC between two images of half data sets is compared here with the curve that would be 
expected based on the FRC between images of the full data sets and the ground truth structure.
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423Visualization and Resolution in Localization Microscopy

following, we assume no specific dimensionality, but typically 
� �
r rj j∈ ∈R R2 3or . For 

the 3D case, the localization uncertainty is typically two to three times worse in the 
axial direction than in the lateral direction,55–57 except for very specific experimental 
setups.70,71 For the sake of compactness, 2D acquisitions with isotropic localization 
uncertainties will be assumed, although the conclusions derived here are also valid 
for anisotropic localization uncertainties.

The set of localizations is split into two subsets of size N1 and N2 to produce 
two images f r1( )

�
 and f r2( )

�
, with N1 + N2 = N and N1 ≈ N2. The FRC between such 

images is defined as given by Equation 18.4. The expected value of the numerator of 
the FRC when emitters are localized is

	

ˆ ( ) ˆ ( )* ˆ ( ) ˆ ( )f q f q f q f q
q q

1 2 1 2

� � � �

� �
∈ ∈
∑ =

circle cir

*
ccle

∑ ,	 (18.7)

where f r r r f r P rN j( ) ( )
� �

…
� � �

≡ { }( )∫ d d1 . For Gaussian rendering, the images are 

denoted by g rm ( )
�

 with m = {1, 2}, and equal to

	

g r em
j

r r

j

N

j j

m

( )
� � �

= − −

=
∑ 1

2 2

2

1

2 2

πσ
σ

,	 (18.8)

with Fourier transformation

	

ˆ ( )g g e em
q i q rj

j

N

j

m� � �
= − − ⋅

=
∑ 2 2

1

2 2 2π σ π .	 (18.9)

For the case of constant σj ≡ σ∀j, this expression simply describes a convolution 
of the found positions rj with a Gaussian kernel of size σ. Assuming that σj is given 
(i.e., not a stochastic variable), the expected value of f qm ( )

�
 becomes

	

ˆ ( )g q r e e P rm j
q i q r

j

j

N

j j

m� � �� �

= { }( )− − ⋅

=
∑d 2 2

1

2 2 2π σ π∫∫ 	 (18.10)
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	 (18.11)
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N

q eq i q r

j
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m
4 2

1

42 2 2 2 21π σ π π σψ
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m

j

N
2
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∑ .	 (18.12)
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424 Cell Membrane Nanodomains

If the effect of low-pass filtering attributed to finite pixel size is neglected, f rm ( )
�

 
for histogram binning is equal to

	

f r r rm j

j

Nm

( )
� � �

= −( )
=

∑δ
1

,	 (18.13)

which leads to

	

ˆ ( ) | ˆ ( )f q
N

q em j
q

j

N

j

m� �
σ ψ π σ≈ −

=
∑1 2

1

2 2 2

.	 (18.14)

The difference between the two visualization methods already becomes appar-
ent here. Comparing Equations 18.12 and 18.14 show that an extra factor, 2, appears 
in the exponent because of the extra blurring of the Gaussian rendering. For the 
expected value of the denominator of the FRC, the expected value of f qm ( )

� 2
 needs 

to be evaluated. For Gaussian rendering, this goes as follows:

	

ˆ ( )g q e e em
q q i q r r

k

j k k j� � � �2 2 2 22 2 2 2 2 2
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Thus, if the average spectrum of the object over rings of constant spatial fre-

quency is defined as S q
N

d q
q q

q
q( ) ˆ ( )= ′

′ −( )
′∫1

22
2 2δ

π
ψ

�
�

, the expected FRC becomes
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=
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+ −( )
NS q q
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( ) exp
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Similarly, for histogram binning, the expected value of f qm ( )
� 2

 is
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which leads to the following expected FRC:
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−( )

+ −( )
NS q q

NS q q

( ) exp

( ) exp
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2 2
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π σ

π σ
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The superiority of the Gaussian rendering over histogram binning now follows 
from comparing Equations 18.20 and 18.22 and observing that

	
e e e eq q q q− − − −− = −( ) ≥4 2

2
2 2

2
2 2 2 2 2 2 2 2 2 2 2 2

0π σ π σ π σ π σ .	 (18.23)

The explanation for this general superiority on the basis of the equations above is 
that Gaussian rendering effectively weights the contribution of localizations to spa-
tial frequency components depending on their localization precision. This weight-
ing was already obvious from the comparison of Equations 18.12 and 18.14, which 
showed that Gaussian rendering introduces an extra factor, 2, in the exponent. This 
causes the exponentials corresponding to imprecise localizations to decrease faster, 
and therefore, those localizations contribute less to high-frequency components. 
This leads to higher correlations at those frequencies. For a constant localization 
uncertainty for all localizations, that is, σj ≡ σ∀j, both visualization methods are 
equivalent as the difference in Equation 18.23 is then equal to zero.

This derivation did not include the effects of finite pixel size and multiple local-
izations per emitter. Low-pass filtering attributed to finite pixel sizes introduces an 
extra damping of S(q), which is the same for histogram binning and Gaussian render-
ing. For very large pixel sizes, the damping owing to finite pixel size will be stronger 
than damping owing to the localization error, thus negating the benefits of Gaussian 
rendering. For multiple localizations per emitter, the impact of Gaussian rendering 
on the FRC is more subtle and dependent on the statistics of the localization uncer-
tainties σj.
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426 Cell Membrane Nanodomains

18.4 � DISCUSSION AND CONCLUSION

The above results lead to the conclusion that the Gaussian rendering method pro-
vides the best resolution of the evaluated visualization methods. Please note that 
this is only true if the Gaussian blobs reflect the localization uncertainty of each 
single fluorophore and not if one applies one global Gaussian kernel to all localiza-
tions. Since this method is also linear in the density of localizations and conveys 
information about the localization precision, it seems to be the visualization method 
of choice. However, the histogram binning method provides a similar resolution in 
a shorter computation time and is therefore a good alternative method. In particular, 
the reduced computation time makes histogram binning the preferred method for 
fast and unbiased resolution determination. When this method is used for visualiza-
tion, it is recommended to postblur the image, for example, with a Gaussian kernel 
with a standard deviation equal to the average localization precision. This reduces 
the noise in the image without reducing the resolution. The jittering method provides 
a compromise between the histogram binning and Gaussian rendering methods, with 
a better resolution than histogram binning and typically a shorter computation time 
than Gaussian rendering. Quad-tree visualization and Delaunay triangulation lead 
to resolution deterioration and biased resolution estimation and are therefore not 
recommended.

A significant limitation of this simulation study is that the ground truth structure 
and the Delaunay triangulation results had to be pixelated to compute their Fourier 
transforms, even though they contain infinitely high spatial frequency components. In 
principle, this could lead to changes in frequency contents caused by aliasing and the 
effective low-pass filtering attributed to the finite pixel size. The resolutions, however, 
in these simulations were typically more than 20 times the pixel size of these images. 
Therefore, these problems should not play a role at the spatial frequencies where the 
FRC drops below the threshold and should not affect the computed resolution.
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