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INTRODUCTION

The demand for safe, sustainable and cost-efficient engineering solutions, the need to tackle new complex
technological challenges or simply the desire for daring new designs motivate extensive efforts worldwide in
research and development of numerical methods for engineering applications such as the widely-used finite
element method (FEM). Inversely, progress in numerical methods opens new possibilities for engineers to
explore innovative approaches in problem-solving or product design.

One may think of numerical simulations of oil drilling on the ocean floor or analyses related to construction
works such as the Eastern Scheldt storm surge barrier [1] or the Amsterdam Metro North-South Line [2], both
in the Netherlands. Such works are of high relevance for society or, at least, generally involve considerable
investments. High importance may therefore be attributed to the ability to accurately predict the mechanical
behaviour of soil under various circumstances by means of numerical methods. This is certainly a demanding
task and requires the accurate physical modeling of soil.

Soil is a porous medium, a more or less dense agglomeration of grains of different shapes and sizes. Its pore
volume is filled with a liquid and/or gas as illustrated in Figure 1. Its mechanical behaviour is certainly no
less complex than that of biological tissues or modern high-tech materials used in aircrafts that are likewise
the subject of extensive research.

Figure 1: Constituents of soil: solid, liquid and gas phase [3]

Consider for example the common situation of water-saturated soil with a low permeability, e.g. clay. Upon
loading pore water slowly dissipates out of the soil. As the pore water flows out of the soil the load is trans-
ferred gradually from the pore water to the compacting 'skeleton’ of soil grains. In geotechnical engineer-
ing this phenomenon is called consolidation. A physical model which describes this phenomenon was first
developed by Terzaghi [4] and Biot [5]. Here, water-saturated soil is considered as a 2-phase material, i.e.
a material consisting of a solid and liquid constituent. The gas phase is neglected as commonly done in
geotechnical engineering.

Subject of this thesis is to improve the stability of finite element analyses of three dimensional dynamic con-
solidation processes. In this study a velocity-based 2-phase formulation developed by Van Esch, Stolle and
Jassim [6] based on Verruijt [7] is considered. In this formulation, the porous medium is modeled as a homo-
geneous and isotropic continuum. A continuum implies that the medium is continuously distributed across
the domain it covers. Homogeneous and isotropic mean that the continuum has the same material properties
at any material point and in any direction.
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The 2-phase formulation has been implemented by the above-mentioned authors using the Euler-Cromer
time integration scheme. This semi-implicit scheme is conditionally stable which means that the time step
size in which numerical integration is performed is limited.

Currently the critical time step is estimated by the well-known stability criterion for 1-phase computations.
However, when Ceccato performed numerical analyses with the 2-phase formulation considering soil with
a low permeability, she encountered a numerical instability [8] as the 1-phase criterion does not apply to
partially drained conditions. Results indicated a dependence of the time step on the permeability. The aim
of this thesis is to find the missing stability criterion.

Obtaining such a criterion will increase the efficiency of numerical analyses with the considered 2-phase
formulation, by replacing rough estimates of the time step size. In case of computations with more than
100,000 time steps the difference in computation time might be significant.

At Deltares, which supported this thesis, a material point method is being developed for large deformation
analyses of geotechnical problems. Due to its similarity with FEM, results are expected to be directly trans-
ferable to this method.

Since the velocity-based 2-phase formulation is valid for saturated porous media in general, the benefit of this
work is not limited to geotechnical problems, but is also of use in solving problems involving other porous
materials e.g. biological tissues, ceramics and sponges.

In order to tackle this challenging task a step by step approach is taken. This preliminary study considers
only the discretization of a one dimensional small deformation problem involving a linear-elastic material.
At first, a 1-phase formulation considering drained conditions is treated. Afterwards, the study is extended
to a simplified 2-phase formulation proposed by Stolle (personal communication, 2014). The full 2-phase
formulation in both one and three dimensions will be addressed later.

The content of this report follows the approach taken. In Chapter 1 the physical model is described for 1-
phase materials. Then the space and time discretization are treated in Chapters 2 and 3, respectively. The
stability analysis is presented in Chapter 4 considering the Von Neumann and matrix method. To confirm the
correctness of the study, validation of the criterion is presented in Chapter 5.

In the second part of the study the liquid phase is introduced. A simplified 2-phase formulation is given in
Chapter 6, followed by its space and time discretization in Chapter 7 and 8, respectively. Chapter 9 treats the
stability analyses and presents the obtained stability criteria. The stability criteria are validated in Chapter 10.
Finally, some concluding remarks on this study are presented, as well as recommendations for future work.
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CONSIDERATION OF SOIL
AS A 1-PHASE CONTINUUM






PHYSICAL MODEL

This chapter introduces a three dimensional physical model for small deformations of a 1-phase continuum.
First the relevant differential equations are introduced in Section 1.1 including the definitions of variables
and parameters. Initial and boundary conditions are explained in detail in Section 1.2. A stability analysis
of a three dimensional formulation is however very complex. For that reason the physical model is applied
to a one dimensional problem in Section 1.3. It introduces the oedometer test as the leading problem of the
following chapters. It is proposed to address the stability analysis of the three dimensional case at a later stage
of this thesis.

1.1. EQUATIONS

The original shape of a solid at time t, is in the following called the initial configuration Qg € R3 with boundary
0Qy. After a certain deformation it has changed into a configuration Q € R® with boundary Q at time ¢ > f,
(see Figure 1.1). This relation can be stated pointwise. For this we consider the initial position xy and the
updated position x of a particle, which are related by some function

X = x(Xg,0). (1.1

5
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Figure 1.1: Initial and deformed configuration

The positive Cartesian coordinate system is chosen as a frame of reference since it is used for the problems
considered in this thesis. This means that each vector consists of three components

X0 = [xo1 X0z xos]T and x = [x1 x xs]T, (1.2)

where the x;-x, plane is said to be horizontal and the x3-axis represents the vertical direction.



6 1. PHYSICAL MODEL

When dealing with deformations it is more convenient to look at the displacement of the material

N .. T

o, 1) = [ dp 03] (1.3)
which is the difference between the updated position x and the initial position xg

a(xp, 1) = x(Xo,7) — Xo. (1.4

The velocity of the solid is related to the displacement by differentiation. In the Eulerian description the
total derivative is considered, while in the Lagrangian description the partial derivative is considered. The
reason for this difference is the fact that in the Lagrangian description the convective term of the total deriva-
tive vanishes [9]. Since in this study the Lagrangian description is considered, the velocity is related to the
displacement by

V(xp, 1) = aﬁ( 1) (1.5)
XO! - a t XO ’ . .
Without further notice we present partial derivatives wherever necessary in this study.

From the velocity the strain rate and rotation rate tensors are derived. The strain rate tensor describes the
'rate of deformation’ with respect to the initial configuration and equals the symmetric part of the velocity
gradient tensor

0¢ij _ %(‘”i +%)' (1.6)

or 0xp;  0xp;
The rotation rate tensor on the other hand describes the 'rate of rotation’ with respect to the initial configu-
ration and equals the antisymmetric part of the velocity gradient tensor
00 j : 1(6171‘ 017]') .7
or  2\0xo; Oxoi) '
The nine components of the stress tensor represent the forces that neighboring particles of the continuum
exert on each other in an average sense and can be assembled in a (symmetrical) 3-by-3 matrix

6n G612 013
Gij = |61 02 O2f. (1.8)
G311 b3z 033
The diagonal entries represent the normal stress and the off-diagonal entries the shear stress, see Figure 1.2.
A positive value is consistent with tension.

Xs

d

X 1
Figure 1.2: Visualization of the stress tensor §;j in the Cartesian coordinate system

Stress and strain are related to each other by a constitutive relation. Taking into account the generally non-
linear behaviour of soil this constitutive relation can be very complex and can depend on a large number of
material parameters. Geometric non-linearity might require consideration as well in the stress-strain relation
when deformations become large, i.e. exceeding a length change of about 5 per cent.
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In this study small deformations are considered which render the following constitutive relation

6@,‘]‘ aékl
— = Dijip—. 1.9
ot ijkl ot (1.9)

For an isotropic linear elastic material the constants D; j; are defined to be
2
Dijr; = |K - gG 6ij6kl + G(6ik6jl +6i16jk)r (1.10)

with §;; the Kronecker delta. The parameters K and G refer to the bulk modulus and the shear modulus

E E
K = —— and G = ——, (1.11)
3(1 - 2v) 20 +v)
that depend on Young’s modulus E and Poisson’s ratio v. They are measures for the stiffness and the absolute
ratio between lateral and axial deformation, respectively.

With the constitutive relation we have a relation between the velocity profile and the change of stress. How-
ever, the inverse is also possible. The momentum equation describes the change of momentum due to both
internal and external forces. The internal forces are described by the stress profile, while we consider gravita-
tional forces as external forces

o0; 0Gj

— = — — pgbdis. (1.12)

p ot 3 Xoj P8Oi3

This thesis is not meant to go deeply into the theory of continuum mechanics. For further information the
reader is referred to e.g. Malvern [10].

In conclusion, the linear deformation of an isotropic continuum can be described in a closed coupled system
of the velocity ¥ and stress tensor ¢, depending on the density p, gravitational acceleration g, Young’s mod-
ulus E and Poisson’s ratio v. Since we are interested in the displacement 1 the relation between velocity and
displacement is added to the set of equations, rendering

a0; 06 j

= = =Y 5e6y,

ot axoj pP8Oi3

aéij 6ékl

— = Djixj—, 1.13
ot ijkl ot ( )
0w _

or "

1.2. INITIAL AND BOUNDARY CONDITIONS

Every partial differential equation needs extra conditions to become uniquely solvable. The kind and number
of conditions depend on the order of the various derivatives.

The first order time derivatives in the 1-phase formulation in Equation 1.13 has the consequence that one
initial condition for the displacement, velocity and stress is needed:

« Initial displacement 1;(x0,0) = o;(Xo)
* Initial velocity 0i(%0,0) = Doi(Xo)
o Initial stress 0ij(X0,0) = Goij(Xo)

Owing to the spatial dependency we also need boundary conditions. Since the system contains two first order
space derivatives, the spatial dependency of the system is of order two. Therefore, exactly one condition at
each boundary point is needed for the problem to have a unique solution.
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In this thesis we consider the following two types of boundary conditions:

 Displacement (or Dirichlet) boundary conditions 0 (xo, 1) = Ui(D) forxg € 0Q,,
e Traction (or Neumann) boundary conditions 0ijxo, ); = 1;(1) for xy € 0Q;
where 11 is the unit vector normal to the prescribed traction boundary 6Q2; and pointing outward. It should

be noted that the velocity profile at the prescribed displacement boudary 0Q,, is automatically determined
by the displacement boundary conditions.

Since each boundary point needs exactly one boundary condition, we find that the prescribed displacement
boundary 9Q,, and the prescribed traction boundary 6Q2; do not overlap and together form the complete
boundary, see Figure 1.3.

30,

3>

Figure 1.3: Prescribed displacement boundary 6Q);, and prescribed traction boundary 0Q;

1.3. ONE DIMENSIONAL PROBLEM

Consider a soil sample of height H that is deformed through loading py on the top with the bottom being
fixed. Lateral deformation is prohibited along its sides, so that this problem becomes one dimensional. The
case illustrated in Figure 1.4 refers to an oedometer test, a laboratory test used to determine stiffness param-
eters of soil samples.

Vb

1

Figure 1.4: Schematic overview of an oedometer test

X,=0
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When a soil sample is considered to be a 1-phase continuum, the 1-phase formulation can be applied. Since
the deformation is one dimensional, Equation 1.13 reduces to

o0 36
PE = a—xo—ng

0_6 = Eﬁ, (1.14)

ot 0xp

on .

E = V.

Note that in Equation 1.14 the subscripts are omitted. The coordinate x now refers to the vertical direction.

For the special case of oedometer deformation we find a displacement boundary condition at the bottom
u0,1) = 0 (1.15)
and a traction boundary condition at the top
6(H,t) = po (1.16)
where py is the load applied on the top surface and pg < 0 corresponds to a load pointing downward.

When we consider the initial state of the sample as the reference state, we find

0(xp,0) = 0, (1.17)
Since the sample is initially at rest, we also have

D(x0,0) = 0, (1.18)
Finally, we assume

0(x,0) = 0. (1.19)

Note that the system of partial differential equations with these initial and boundary conditions is equivalent
to the non-homogeneous wave equation

i EFh 0<xo<H, t>0 (1.20)
.0 = — Y 5 = ) X ) » .
or? p Ox; § 0
with initial conditions and boundary conditions
1(x0,0) = 0 aa(x 0)=0 1(0,1) = 0 Eaa (H, 1) (1.21)
ulxop, =Y A, ) =y, u(v, =y P » = . .
0 o1 0 o Po
This system has an analytical solution
1 - pgH & E (@2n - nt 2n -1
(xp, 1) = —%x(z) + Mxo + ) dpcos E@n - ln sin( n )on, (1.22)
2 E E =1 p 2H 2H

with coefficients

8(2npon(-1)" + 20gH — npo(-1)")H
(4n? — 4n + 1)2n — DA3E

A~

iy (1.23)

The derivation of this solution can be found in Appendix A.
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1. PHYSICAL MODEL

In Figure 1.5 the oedometric deformation x(xy, t) of a 1-phase continuum is plotted for 4 different values of xj
considering the given exemplary parameters. Only the first four terms of the infinite sum are used, since the

coefficients i, are less than 1% of the first coefficient #i; for n = 5.

2o = 1.00
I():0.75
.’L‘():0.50
I():0.25
£
S p = 1 kg/m?
E = 100 Pa
g = 10 m/s?
H = 1 m
Po = —20 Pa

Figure 1.5: Analytical solution for the one dimensional oedometer problem with exemplary parameters



FINITE ELEMENT SPACE DISCRETIZATION

This chapter introduces the finite element method (FEM) for the solution of the one dimensional deformation
problem of Section 1.3, repeated here

0D o6
Par T ax %o — P8
% = E 6_11' (2.1)
ot 0x9
on
rrie D.
with initial conditions
D(xp,0) = 0, 6(x0,0) =0, 1(x,0) =0, (2.2)
and boundary conditions
000,6) =0, 6(H, 1) = po. (2.3)

With FEM a spatial domain is divided into a finite number of elements. The method is a result of the com-
bination of matrix structural analysis, variational approximation theory and the introduction of digital com-
puters. Turner first introduced FEM to structural problems in aerospace engineering in the early 1950s, while
Zienkiewicz introduced the method to non-structural problems such as heat conduction in the mid 1960s
[11].

In this study the engineering-oriented approach to FEM is followed, which focuses on its practical application
and the analogy to the virtual work equation [12]. In Section 2.1 the momentum equation is transformed into
the virtual work equation. In order to discretize the virtual work equation 2-noded line elements with linear
interpolation functions are introduced in Section 2.2, which are the one dimensional equivalent of 4-noded
tetrahedral elements used later when considering stability of the 2-phase formulation in three dimensions.
Then the global matrices belonging to the virtual work equation are expressed in Section 2.3 by assembling
them from element matrices. Finally the resulting system of ordinary differential equations is presented in
Section 2.4.

2.1. VIRTUAL WORK EQUATION
The virtual work equation is the weak form of the momentum equation, which in one dimension equals
= — - pg. (2.4)
0

The virtual work equation is obtained by multiplying the momentum equation by a virtual velocity 6 ¥ and
integrating over the domain0 < x < H

H 9D
f 5UPdeo f 6v—dxo—f 60pgdxy. (2.5)
0

The virtual velocity § ¥ may take arbitrary values complying with applied boundary conditions.

11
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Next, integration by parts is applied to the first term on the right hand side of Equation 2.5, and after applying
the boundary conditions for the stress, o(H, t) = py, and the virtual velocity, 60(0, ) = 0, the virtual work
equation becomes

H oD Ha S50 H
f 500 dxy = -f O s dxy + 80H, Opo —f sDpgdxo. 2.6)
0 ot o Oxp 0

2.2. LINE ELEMENTS WITH LINEAR INTERPOLATION FUNCTIONS
The initial domain Qy is divided into a finite number of 2-noded line elements Q, as illustrated in Figure 2.1.

All elements are numbered from 1 to n,, as well as all nodes from 1 to n,. When we consider a uniform grid,
as in the following, all elements have the same initial length Axo = H/ n,.

XO=H i=nn
e=n,
X
I e=1
X0=0 i=1
Domain Q, Elements Q.

Figure 2.1: Space discretization of domain Q¢ with finite elements Q.

In this particular problem it is easy to see that we have n, = n,+ 1. However, this equality does not hold in
general. Consider e.g. a 3-noded line element in one dimension, or a 4-noded tetrahedral element in three
dimensions.

Based on this space discretization the displacement, velocity and virtual velocity fields are approximated with
linear interpolation functions, also commonly called shape functions

i(xo, 1) = N(xo)u(?),
0(x0,0) = N(xo)v(1), 2.7
00(x0,2) = N(xp)ov(r).

where vectors u(t), v(#) and 6v(#) are nodal values

un = [w@ w@ - u,®],
vi) = [m@ w@ - v,0], 2.8)
Sv() = [bui(t) Sva(t) - buy, (0]
The interpolation function vector N(xp) is
N(xog) = [Ni(xo) Na(x0) -+ Nuyxol» (2.9

with linear interpolation functions N;(x;) = 0; j (see Figure 2.2).
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i-1 i i+1

Figure 2.2: Linear interpolation function N;(x) of node i

The stress field has to be discretized too. We use a different interpolation function vector K(xp) for this pur-
pose

6(xp,8) = K(xpo(1). (2.10)

Throughout this thesis step functions K.(xy) are chosen such that K.(xo € Qf) = 8., which means that the
stress field is assumed to be constant within each element, see Figure 2.3.

Ke (o)

e-1 e e+l

Figure 2.3: Step function K, (x) for element e

The interpolation function vector K(xp) then becomes
K(xo) = [Ki(xo) Ka(xg) -+ Kp,(x0)], (2.11)
and the vector o () is ordered per element

o) = |01 ox(t) - on0]". 2.12)

2.3. GLOBAL AND ELEMENT MATRICES OF THE VIRTUAL WORK EQUATION

When all terms of the virtual work equation are replaced by their discretized variants, it becomes

H av Hogn \T H
f N6V pN—dx, = - f (—6v) Kodxy + N(H)6V) py - f WNov)  pgdxy.  (2.13)
0 dat 0o \dxp 0

The expression simplifies when brackets are expanded

r [(Pr dv r[(aN\" T T r (M
ov f N pNdxp— = -6v f (—) Kdxpo + 6v'N(H)' pg — ov f N- pgdxy. (2.14)
0 dat 0o \dxo 0
Since the virtual velocity is arbitrarily chosen, Equation 2.14 may be written as
H d H dN T H
f N7 pNdxo Y = —f (—) Kdxoo + N(H) po — f NT pgdxo, 2.15)
0 dt o \dxg 0

which yields in matrix notation

d
Md—‘t' = _K° + F'ec 4 pgrav, 2.16)
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The matrix M is called the global mass matrix. On the right hand side, vector K? o represents the internal
forces and global external force vectors F/"%¢ and F&" " are assembled from the traction forces and the gravi-
tational forces respectively.

The global matrices are assembled from element matrices of elements 1, ..., n,. These element matrices are
constructed by elementwise integration of the virtual work equation over elements e with nodes i and i + 1

Xi+1 d Xi+1 ( dN T Xi+1
f NeTpNedxo% = _f ( 3) Kedxoo. + Ne(H) po —f Nl pgdxo, (2.17)
X r X dxo X;

whereNe = [N;  Nis1],ve=[vi vin]' Ke=[Ke] and o, =[0,]"
matter in element e.

since by definition only nodes i and i +1

In matrix notation Equation 2.17 becomes
dv,
dr
The matrix M, is called the element mass matrix and the vectors KSa ., F2"%¢ and F§'“" store the correspond-
ing nodal forces of element e.

e -Kfo, + F% + 8", (2.18)

In order to be able to solve the ordinary differential equations, the integrals of Equation 2.17 need to be
computed. Therefore we firstly transform the integrals from the global coordinate to a local coordinate, given
by

Xo = X+ X1 —x)& = x;+Axp ¢ (2.19)

with ¢ being the local coordinate (see Figure 2.4).

T Xo=Xis1 T £=1
X §
I = Xo=Xi I - E=0
Global Local

Figure 2.4: Global and local coordinate within element e

For the local coordinate the considered linear interpolation functions N, become

N, = [1-¢ ¢] (2.20)
The result of the transformation is
1 dv 1dN,\T 1
f NIpNAxgdéE =% = —f (—e) K.déo, + No(H) ! py —/ Nl pgAxydé. (2.21)
0 dt o \ dé 0

Since in most cases it is not possible to apply closed form integration, it is necessary to approximate the
integrals numerically. In this thesis, Gaussian quadrature with a single Gauss point is used, see Appendix C.1,
corresponding to the Deltares MPM code. It should be noted that this reduced integration method is equal to
the midpoint rule in one dimension.
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The application of Gaussian quadrature to Equation 2.21 results in

1 1 1
7PAxy  7pAXp v, -1 ; —3P8AXo

o= - oo + No(H) po + . (2.22)
1pAxy  1pAxg 1 ~308gAX0

We are now able to assemble the global matrices from the element matrices by using the assemblage proce-
dure from Appendix C.2, which renders

[10Ax0  pAX 0 [—1 0]
1pAxg 3pAxo . 1 -1
M = K’ = (2.23)
Loaxy LpAxo oo
0 TPAX0  §pAX [0 iy
When the same procedure is applied to the external force vectors, we find
0] [—3080%0]
0 —p8Axo
Firac = | F&T4Y = : (2.24)
0 —p8Axo
[ o [ ~3080%0]

Of course the assemblage procedure can be performed easily on a computer.

In order to solve the ordinary differential Equation 2.16 it is necessary to compute the inverse of the mass ma-
trix M. Inverting it repeatedly requires considerable computation time in case of large systems of equations
as encountered with geomechanical problems. Alternatively, we can use the lumped mass matrix M* which
is a diagonal matrix. Appendix C.3 explains how the lumped mass matrix is constructed from the mass matrix
using the lumping procedure.

[ %prO 0
pAxo
Ml = (2.25)

pAXo

0 30X ]

Using the lumped mass matrix renders slightly less accurate results, but saves computation time and storage
space.
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2.4. RESULTING SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

To conclude this Chapter we summarize the system of the ordinary differential equations

v
dt

do
dt
@
dt

= v,

with initial conditions

vi0) =0, o(0) =0, u@ =0.

= K,

t
— _K00.+Fruc+Fgrav’

(2.26)

(2.27)

The global matrix K” and element matrices K} follow from the rather trivial discretization of the considered

constitutive relation

£ _E
Axp Axp
K’ =
E
O - Axo

The matrix K = KKV is referred to as the stiffness matrix.

Axo |

(2.28)




EULER-CROMER TIME DISCRETIZATION

For the time discretization of the system of ordinary differential Equations 2.26 we use the Euler-Cromer
method [13]. Preference was given to this scheme above other one-step schemes as it is energy conserving,
conditionally stable, first order accurate and most important it avoids iteration procedures within a time
step [3].

The Euler-Cromer method can be applied to Hamiltonian equations, differential equations of the form

dx

= (Vt))
dt oy (3.1)
dy
ar - 8D

The explicit Euler method is applied to the first equation and the implicit Euler method to the second

n+1 n n (n
= At , ),
X x"+Atf(y ) (3.2)
yn+1 — yn+Atg(xn+1,tn).
where At denotes the chosen interval of a time step.
Recall the system of ordinary differential equations from Section 2.4
Ld_V = —K°¢g + thc + Fgrav’
dat
do K’ (3.3)
— = v, .
dat
du
— =y,
dat
with initial conditions
vi0) =0, o0 =0, u =0. (3.4)

Let v, 0" and u” denote the velocity, stress and displacement respectively at time level ¢ = nAt. The initial
conditions are now given by
vV=0 o¢"=0 u’ =0 (3.5)

Since the first two equations of Equation 3.3 form a pair of differential equations to which the Euler-Cromer
method can be applied, the velocity and stress, on the nodes and Gauss points respectively, can be computed
on the next time level with

vt — gt AI(ML)_I [_ K°o" + FTac 4 Fgmv], 56

0_n+1 — o'n+AtKVVn+1,

assuming constant loads and constant mass and stiffness matrices.

17



18 3. EULER-CROMER TIME DISCRETIZATION

Since the velocity at the next time level is now computed, we add an implicit equation for the displacement
utl o= u" 4+ A" 3.7)

For each time step this procedure is repeated as summarized in the flowchart in Figure 3.1.

Initial conditions

v =0 ¢ =090 u =0

Update velocity
vl =y o4 AI(ML)_I [_ K°g" + Fi'ec 4 Fgruv]

Update stress
o™l = g" + ArKVv'H]

Update displacement

utl = u" + Arv*t!
Update time level
n#N n = n+1

n=N

Final result

N N

vV, oV, ul

Figure 3.1: Time step procedure for time interval [0, NAt]



STABILITY ANALYSIS

Numerical methods transform differential equations into discretized equations. However, this does not mean
that performing the numerical method on a computer will necessarily lead to the exact solution of the dis-
cretized equation. Errors between the computed solution and the exact solution might accumulate for a
certain time due to e.g. round-off errors.

A numerical method is called stable if these errors stay bounded, and is otherwise called unstable. However,
it is possible that the stability of a numerical method depends on the time step size. Therefore all numerical
methods are classified to be unconditionally stable, conditionally stable or unconditionally unstable. Which
class a method belongs to can be found with the help of a stability analysis.

In the previous chapters a numerical scheme has been introduced for a one dimensional small deformation
problem for 1-phase materials using the finite element method for the space discretization and the Euler-
Cromer method for the time discretization. This chapter is devoted to the stability analysis of this numerical
scheme considering two different methods for stability analysis. Section 4.1 introduces the Von Neumann
method and Section 4.2 the matrix method.

4.1. VON NEUMANN METHOD

At present, one of the most popular methods for stability analysis is the Von Neumann method, sometimes
referred to as the Fourier stability analysis, which is extensively described by Hirsch [14].

The starting point of the Von Neumann method is the system of discrete equations derived in Chapter 3

-1
Vn+1 = v+ AI(ML) [_ K°o" + Firac 4 Fgrav],
o™ = 0"+ MKWV, 4.1)
un+1 = u"+ Atvn+l.

The method assumes periodic boundary conditions, i.e. boundary conditions are not taken into account.
Therefore, we are now able to consider only the change of velocity and displacement of internal node i and
the change of stress within element i.

The change of velocity of internal node i is retrieved from row i of the corresponding matrix equation

n+l n

i = v+

G

v -ol,) - Atg. 4.2)

PAxp
We now introduce the displacement operator D defined by DF( - )7 = ()}, and Equation 4.2 becomes

At
pA)Co

n+1 — vn+

v ! (1 - D Yol - Atg. (4.3)

19



20 4. STABILITY ANALYSIS

In the same way we find

EAt
ol = o'+ — (D -V,

Axo 4.4)
u™ = ul + Are!t!

i i

Equations 4.3 and 4.4 can be written in operator form as

AD X! = BMD)X! +q (4.5)
where
1 0 0 1 A=(1-D7") 0 ~Atg vl
AD) = [§3A-D) 1 0|, BMD) = |0 1 of, a=| o |, x'=|o}]|. 46
—At 0 1 0 0 1 0 ur

Assume that the computed solution x} equals the sum of the exact solution X} and an error 7}. Since X' is
the exact solution of Equation 4.5, the error must satisfy the so-called error equation

At = Byl 4.7)
The error can be decomposed into a discrete Fourier series over a finite number of harmonics
N N
o= ) a;‘elkfm"0 = X a?e”"’f, (4.8)
j==N j==N

where I is the unit complex number, a;’ the amplitude of the jth harmonic at time level n, and k; the wave
number of the jth harmonic. k;Axy is often denoted as the phase angle ¢;.

Since A(D) and B(D) are linear operators, all harmonics should satisfy Equation 4.7. When a single harmonic
is inserted into the error equation, the error equation is given by

AD)ajt'e! i = B(D)ale!i. 4.9)
When the definition of the displacement operator is applied and the subscript j is dropped, we find
A(el‘/’) a"tleli? = B(eI‘P) ael® (4.10)
from which we deduce
a"!l = G(pa”" (4.11)

with amplification matrix G(¢) = A (el¢)_1 B(e!?).

Let p(G) = max|A(G)| be the spectral radius of the amplification matrix G(¢). Richtmyer and Morton [15]
show that the Von Neumann necessary criterion for stability is given by

p(G) < 1+ Ot Ve (-m,m). (4.12)
However, for practical reasons it is more convenient to use the strict stability condition by Hirsch [14]
pG) < 1 Ve (-mmn). (4.13)
The spectral radius of the amplification matrix is determined by the eigenvalue problem
G(p)a = Aa, (4.14)
which is by definition equivalent to the eigenvalue problem
B(e/?)a = 2AA(e!?)a. (4.15)
To compute the eigenvalues A we solve the characteristic equation

det(B(e'?) - AA(e?)) = 0. (4.16)
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Let us first consider the matrix B (e/?) — 1A (e!?).

1-1 ﬁ(l—e""’) 0
B(e/?)-2A(e'?) = —A%;(f(l—e"”) 1-1 0 (4.17)
AAT 0 1-2

After writing out the determinant, the characteristic equation becomes

2
A-D(1+@d-24+1%) = 0 d= EAtz sinz(f), (4.18)
PAx; 2

which has the following roots
A =1, Az =1-2d + /(1 -2d) - 1. (4.19)
The Von Neumann necessary stability criterion of Hirsch results in

(1 ~2d + V(1 - 2d)? - 1) < 1, Vee(mn. (4.20)

This expression can be simplified using the following lemma.

Lemma4.1. Let a, b be real numbers that satisfy the inequality
latva-b < 1 (4.21)
Then a, b satisfy
-b-1<2a < b+1 and b =< 1. (4.22)

The proof can be found in Appendix D.

Applying Lemma 4.1 to Equation 4.20 renders

EAFP (¢
-2 <2-4d =2 -4 5sin”|~| = 2, V¢ e (—m,m), (4.23)
pAX; 2
which is satisfied when
EAt? (4.24)
pAx2 '
That is, the numerical method is stable when the applied time step size satisfies
A.X,'o
0 = Ar = (4.25)

VEIp

and unstable otherwise.

4.2. MATRIX METHOD

The matrix method uses another approach. It starts with the ordinary differential equations of Section 2.4,
repeated here

Ld_V — _K%g + F'"ec 4 Fgrav,
dat
do v
= = Ky, (4.26)
du
= V’

dr



22 4. STABILITY ANALYSIS

Owing to the semi-implicit character of the Euler-Cromer method, it is necessary to transform the system of
first order ordinary differential equations into the second order ordinary differential equation

Ld2u OV trac rav
Mﬁ = —-K'K'u+F + F87%V, (4.27)

with corresponding error equation

dZ
MLd_tg - _KK'n (4.28)

Now the problem is uncoupled by solving the eigenvalue problem
K°K'v = AM'v. (4.29)

This is a large eigenvalue problem when considering a larger mesh, but according to Irons [16] we may esti-
mate the eigenvalues by the eigenvalues of the corresponding element matrices

A < ) < pAmax (4.30)
which follow from the smaller eigenvalue problem
KIKJv = A.Mlv. (4.31)

Let us first consider the matrix KIK? — 1,MZ%

E _1 E
i Axg ~ 21ePAXo A
KIK! - A ML = i o (4.32)
~Ax Az~ 2AePAXo
which results in the following characteristic equation
1
TheP (AepAxs — 4E) = 0. (4.33)
The roots of the characteristic equation equal
4E
Aei1 = 0, Aep = —. (4.34)
pAxg
For the eigenvalues of the large eigenvalue problem we thus know
4F
0= = 5 (4.35)
pAxg
We are now able to reconsider the ordinary differential Equation 4.28 as
d*n
— - 4.36
a2 7 (4.36)
or componentwise
dzT]j
a2 - -An;, (4.37)

when 7 is the eigenvector corresponding to eigenvalue A.

The next step is to transform the second order differential Equation 4.37 back into a system of first order
differential equations

dat - /177]2)
(4.38)

ar  — i
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and apply Euler-Cromer method to it
it o=l - ArAng, (4.39)
nt o= + Ami (4.40)
In matrix notation this becomes
1
1 o] [ 1 -AAf] [7%
= (4.41)
-At 1] 073! o 1 ]|n%
We get the eigenvalues p from the corresponding eigenvalue problem
1., 1L
ma = 1= A4 [|1- 2AA] -1 (4.42)
In order for the method to be stable |u| < 1 must hold and according to Lemma 4.1 this equals
-2 = 2- A =2 (4.43)
which is satisfied when
0 < AP < 4. (4.44)
Taking into account the estimate for A in Equation 4.35,we find
EAP 1 (4.45)
T opAx2 T ’
or equivalently
AXQ
0 < Af = (4.46)

As expected, the matrix method gives the same stability criterion as the Von Neumann method.






VALIDATION OF OBTAINED
STABILITY CRITERION

After performing the finite element space discretization in Chapter 2 and the Euler-Cromer time discretiza-
tion in Chapter 3 the one dimensional oedometric deformation of a 1-phase continuum presented in Sec-
tion 1.3 equals

vt = vy Ar(MY) T [ KO0 + FITOC 4 F8TAY]
g™l = " + AtKWVTY, (5.1)
un+1 — un + AZ‘V"+1,
with initial conditions
vVv=0 ¢"=0 u’=o0 (5.2)

The numerical solution has been computed using Matlab. Since the analytical solution of the differential
equation is available it is possible to validate the stability criterion that followed from the Von Neumann
method in Section 4.1 and the matrix method in Section 4.2

A.X,'o

0 = At = . (5.3)
VElp
The exemplary parameters in Table 5.1 give us the following critical time step
A.X()
Aterir = = 0.001 s. (5.4)
VEIp
o = 2 kgim® g = 10 m/s®
E = 100 Pa po = =20 Pa
H = 1 m Axg = 0.01 m

Table 5.1: List of exemplary parameters

In Figure 5.1 the numerical solution is compared to the analytical solution for 4 different values of xj. For the
considered parameters and a time step of At = 0.99At1.,;; the numerical method is indeed stable.

However, when considering a time step At = 1.01At.,;; that does not satisfy the stability criterion, the nu-
merical method is indeed unstable. Figure 5.2 shows that the numerical solution quickly deviates from the
analytical solution.

The correctness of the stability criterion was already expected since the criterion is consistent with the well-
known CFL (Courant, Friedrichs and Lewy) condition [3, 17].
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Figure 5.1: Comparison of numerical and analytical solution for 1D oedometer problem
for At =0.99At.,;s, rendering stable numerical analysis
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for At =1.01At.,;;, rendering unstable numerical analysis

Figure 5.2: Comparison of numerical and analytical solution for 1D oedometer problem




PART I1

CONSIDERATION OF SOIL
AS A 2-PHASE CONTINUUM
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PHYSICAL MODEL

This chapter introduces a physical model for small deformations of porous, saturated media, e.g. soil. Such
a formulation allows us to simulate the time-delayed settlement due to a gradual dissipation of pore water
out of soil upon loading. In Section 6.1 relevant variables and parameters are defined, before presenting
the differential equations that describe the deformation of a 2-phase continuum. Section 6.2 then states the
necessary number of initial conditions and boundary conditions. In Section 6.3 the one dimensional case is
again introduced. The problem is further simplified for the subsequent stability analysis through additional
assumptions.

6.1. EQUATIONS

Similar to the 1-phase formulation we consider the initial configuration Q( € R® and the deformed configu-
ration Q € R? in the Cartesian coordinate system. With a 2-phase continuum the deformation of both phases
is considered separately.

The displacement and velocity of the solid phase have already been defined in Section 1.1. For the velocity of
the liquid phase a new variable is introduced

Wxo,f) = [0 W ws). 6.1)

Distinction is made between stresses in the soil skeleton, the effective stresses a;. I and the pore water pres-
sure p [18]. They add up to the total stress o

oij = U,ij-i-p(sij, (6.2)
where o and p are defined to be positive in tension and suction respectively. This relation is called the prin-
ciple of effective stress by Terzaghi [4].

The constitutive relation describes the relation between the stress and strain at the solid phase

36", a8
kI
6_;] = Dijk ot (6.3)

with coefficients Dj jx; as defined in Equation 1.10 and the strain rate tensor computed from velocity v.

The density and volume of the solid phase are denoted as ps and V; respectively, the density of the water
phase as p,, and the volume of the voids as V,. The porosity n is defined as the ratio of the volume of the
voids and the total volume

Vy

n = —. (6.4)
Vs + V,

29



30 6. PHYSICAL MODEL

Since we consider saturated media, the density of the 2-phase continuum equals
p = npy+ 1A - nps. (6.5)

Using these definitions the conservation of momentum for the solid and liquid phase [3] are given by

00, a7 ap n’pug. .
- mpsgl = G+ U -mz (- npsgdjs + ——=(j — b)) (6.6)
np QY L 0P - PR 6.7)
Pw o 30, Pw80j3 2 b b .

where k denotes the hydraulic conductivity. The last term on the right hand side of the two equations is
referred to as 'drag force’: the relative movement between solid and liquid phase induces a damping force.

Combining Equations 6.6 and 6.7 yields the conservation of momentum for the 2-phase continuum

aﬁj 611}]' 66’” op
1- — 4 — = 24— pgbis. 6.8
( nps 5; T Pw o | ox; Pg0;3 (6.8)

In order to complete the physical model the conservation of mass is introduced for both phases for both
phases [3]

0 0 .
3 (1 - nps] + FP (A - mpsdj] = 0, (6.9)
J

|
e

0 0 .
E[”PW] + a_xj[”waj] (6.10)

The liquid phase is assumed to be significantly more compressible than the solid phase. Thus it is assumed
that the solid phase is incompressible

op:
ot

The liquid phase is assumed to be linearly compressible, expressed by

0. (6.11)

Bw _ _Puw

= , 6.12
op Ky (6.12)
where K, represents the bulk modulus of the liquid phase.
Isolation of the term % renders in the so-called storage equation
op K 0D ow;
N [C U e At (6.13)
ot n 0xg; 0xg;

In conclusion the deformation of porous, saturated media can be described in a closed coupled system of
the velocities ¥ and W, the effective stress tensor §' and the pore water pressure p. With the considered
formulation, the displacement of the solid phase is traced but not the motion of the liquid phase. The relation
between the velocity and the displacement of the solid phase is therefore added

0w, op n’powg
i A S — Vi — ),
w5 "oxg; | MPw8%s T T Wim b))
00 ow; 9% op
1- —_— + —_— = + — pgbis,
(L= mps—gr + now=—7, dxo; | oxg; 1807
op K ov; o0w;
P Zwlg gL, (6.14)
ot n 0xj 0xg;
ot ijkl dt y
ol
= —

ar
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6.2. INITIAL AND BOUNDARY CONDITIONS

Similar to the 1-phase formulation, the 2-phase formulation is only a well defined problem if the right number
of initial and boundary conditions are added, depending on the order of the problem.

Owing to the first order time derivatives in the 2-phase formulation 6.14 we need one initial condition for
both velocities, the effective stress, pore pressure and displacement:

¢ Initial displacement of the solid phase i (X0,0) = {o;(xp)
* Initial velocity of the solid phase Di(%0,0) = Do;(x0)
* Initial velocity of the liquid phase W;(x9,0) = to;(xp)
e Initial pore pressure P(X0,0) = PoXo)

« Initial effective stress 0ij(%0,0) = 60ijx0)

Owing to the spatial dependency of order two for each phase, we need exactly one condition for each phase
at each boundary point in order to have a well defined problem. Therefore the boundary 0Q is split into
a prescribed displacement boundary 9Q2,, and a prescribed traction boundary 6Q; for the solid phase (see
Figure 6.1a), and into a prescribed displacement boundary 0Q2,, and a prescribed pressure boundary 6Q,, for
the liquid phase (see Figure 6.1b).

3>

GloM

3Q;

=]

(a) (b)

Figure 6.1: (a) Prescribed displacement boundary 0Q;, and prescribed traction boundary 6Q; for the solid phase
(b) Prescribed displacement boundary 0Q,, and prescribed pressure boundary 0Q, for the liquid phase

The two boundary conditions for the solid phase are:

 Displacement (or Dirichlet) boundary conditions 0 (xo, ) = Ui(D) forxg € 0Q,,

¢ Traction (or Neumann) boundary conditions 6’1- j (o, )Aj = 1;(1) for xg € 0Q);
The two boundary conditions for the liquid phase are:

¢ Displacement (or Dirichlet) boundary conditions Wixo, 1) = W;(1) forxg € 0Q,

* Pressure (or Neumann) boundary conditions pXo, 1) = 1216)) forxg € 6Qp

The vector fi represents the unit vector normal to the corresponding boundary and pointing outward.
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6.3. ONE DIMENSIONAL PROBLEM

In this section we consider the small deformation problem of an oedometer test as described in Section 1.3,
but the soil sample is now modeled as a porous, saturated medium. Equations 6.14 thus reduce to

pw(‘;_bf = g_z) - Pw§ — npkwg(w - D),
a- n)ps@ + npwa—w = 95 + 9% _ [of 8
ot ot 0xp 0xy
g—lz = % a - n)aa—;; + ng—;l; , (6.15)
ot (‘jXQ’
oo .
E = V.

The equations are further simplified by adopting some of the assumptions proposed by D. Stolle (personal
communication, 2014) in order to simplify the subsequent preliminary stability analysis. Stolle introduces
the strong assumption that the liquid phase is incompressible and that the influence of variations in density
and porosity in space and time are negligible. Thereby the third equation becomes

1-nmd+nw = 0, (6.16)
and Equations 6.15 reduce to
00 puwg o'
— 4+ —= = - - .
Por "k U T ax P8
dé’ B ov 6.17)
dt  0xo’ '
di 5
ac

wherep = p+ (% —2)pwand p = p—py. Thus, the liquid velocity and pore pressure are no longer relevant
variables in the simplified formulation.

As in Section 1.3 a prescribed displacement boundary condition at the bottom and a prescribed traction
boundary condition at the top are considered

7(0,1) 0, (6.18)

6'(H,t) = po.

The initial conditions are also inherited from the 1-phase formulation

0(x0,0) = 0O,
6'(x%9,0) = 0, (6.19)
a(XO)O) =

It should be noted that this system of partial differential equations is equivalent to the non-homogeneous
damped wave equation

Oa , pugon _ EFA . psg (6.20)
o2 " kot~ pox © oS '
with § = gg. The initial and boundary conditions are
. o
u(x())o) = 0) E(x())o) = 0) (621)
. o
u0,n = 0, E (H,t) = po. (6.22)

axo
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As derived in Appendix B, the non-homogeneous damped wave equation has the analytical solution

158 -pgH
ulx,t) = —%x2+ux
2 E E
00 / / w _
+ZID,,>0un 1 (_pu:g"' D")e_@_ : (_pujg_ Dn)e@[]e_pzﬁit Sin—(zn Vax
n=1 vD, \ 2pk 2 VD, \ 2pk 2 2H
& t] _pwst 2n-1
+ZIDn=0un 1+—pw~g e 20k sin—( n-lnx
=1 2pk 2H

\/—DntJr 1 pwg _n\/—Dnt

1

S
2 v=D, pk 2

_Pwgt  (2n—-1)nx
n—

e 20k gj (6.23)
2H

+
18

Ip,<oun | cOS

S
Il
—

with coefficients

W - 8(2mpon(-1)"+2pgH —npo(-1)") H 6.24)
o (4n2 —4n+1)2n-1)n3E '

and discriminants

(6.25)

pwg)2_4((2n— 1)n)2§
2H o

In Figure 6.2 the analytical solution of the oedometric deformation x(¢) of a porous, saturated medium is
plotted for 4 different values of xjy. The used exemplary parameters are listed in the same figure. Only the first
5 terms of the infinite sums are taken into account. Other terms are negligibly small.

xo = 1.00
i xo = 0.75
] zo = 0.50
0.7 B zo = 0.25
0.6 b
\E/ 0.5 b
)
04t 1les = 2 kg/m’
E = 100 Pa
0.3F 1ln = 045
k= 01 m/s
021 - Pw = 1 kg/Tn3
g = 10 m/s?
0.1r 11 H = 1 m
Po = —-20 Pa
0 Il Il Il Il Il
0 0.5 1 15 2 25 3

Figure 6.2: Analytical solution for the one dimensional oedometer problem with exemplary parameters






FINITE ELEMENT SPACE DISCRETIZATION

This chapter introduces the finite element method for the one dimensional simplified deformation problem
given in Section 6.3. The equations are repeated here for convenience

00 pyg. 00
T kT am P®
o¢’ _ pdv a1
ar dxo’ )
w _
or
with initial conditions
D(x0,0) = 0, 6(x0,0) =0, (x0,0) =0, (7.2)
and boundary conditions
ﬁ(or t) = 0) 6(H7 t) = p()- (7.3)

The same procedure as in Chapter 2 is followed. This means that we start with deriving the virtual work
equation in Section 7.1. In Section 7.2 this equation is discretized and the corresponding global and element
matrices can be found. The chapter ends with an overview of the resulting system of ordinary differential
equations in Section 7.3.

7.1. VIRTUAL WORK EQUATION

Let us first recall the momentum equation for the soil-water mixture, after applying all assumptions

K
Par *

D>

P w8 A 06
Z° = — — 7.4
k v axo pg 74

~

We multiply the momentum equation by a virtual velocity 6 0 and integrate over the domain 0 < xy < H in
order to obtain the virtual work equation

86"
fﬁvp dx0+f 6v—vdx0 f(‘)‘v—dxo—f o0pgdxy. (7.5)

When applying integration by parts and the boundary conditions ¢'(H, t) = py and §9(0, £) = 0, the virtual
work equation becomes

Ha ) H
f 6vp—dxo +f Sﬁ%vdxo = —f (xy)é"dxo + 60(H, ) po —f S0pgdxy.  (7.6)
0 0 0
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7.2. GLOBAL AND ELEMENT MATRICES OF THE VIRTUAL WORK EQUATION

In Section 2.2 two different shape functions are introduced. In the simplified 2-phase formulation the linear
interpolation functions are again used for the velocity and the displacement. The step functions are now used
for the effective stress. When all variables in Equation 7.6 are replaced by their discretized variants, the virtual
work equation becomes in matrix notation

d
Md—‘t’ +Cv = —K%g + Fl79c | p&rav, 7.7)

Taking the water phase into account has rendered a new velocity-dependent term involving matrix C. It can

be considered as a damping force, and the matrix C is therefore referred to as the damping matrix.

The corresponding element matrices and vectors are approximated using Gaussian quadrature with a single
Gauss point, see Appendix C.1, after applying the coordinate transformation given by Equation 2.19

, 1pAxg  1pAx,
M, = [J*N{pNedxy =
1pAxg  1pAXg
1Pw8gAx 1 pw8Axo
Cc = [iNIP%N.dxy = e
e - Xi e k e 0 =
1pw8AXy 1 pwgAxo
ik ik 7.8)
T -1
iv1 [ ANe _
KS = fii“(d—xo) Kedx, =
!
- 1 =
grav Xit1 \T = _ngAxo
F, = _fx,'H N, pgdxo = .
| —508A%0

We assume that the reader is now familiar to the assemblage procedure described in Appendix C.2 and im-
mediately give the global matrices and vectors

[ 1pAxo  1PAxo 0

pAXy  3pAXo

IS

M = (7.9)

1~ 1
| 0 7PAXx0 i ZA%Y)
(1PwgAXo 1 pwgAxo 0
1k 1k
1pwgAXo 1 PpwgAxo
ik 27k
C = (7.10)
1Ppw8Axy 1 pw8Axo
2k 4k
0 1Pw8Axo 1 pwgAxo
4k 4 kA
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—pgAxy

—p8gAxo

~3P8gAx0]

(7.11)

(7.12)

-1 0 0
1 -1 0
KU — .. .. Ftrac — Fgrav —
1 -1 0
L 0 1 | o]
The lumped mass matrix is again constructed from the mass matrix confirm the lumping procedure in Ap-
pendix C.3
-1 GA
I ZA 0
pAXxo
Y
pAxo
0 % PAx0 ]

Whether it is necessary to lump the damping matrix C, depends on the time integration scheme. With an
implicit method lumping is recommended, while it is better to stick with the more accurate non-lumped

damping matrix when considering an explicit method.

7.3. RESULTING SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

We conclude this chapter with the system of ordinary differential equations

ML% +Cv = —K7¢ +F7% 4+ B,
do’
Frali K",
du
fuo_
dt

with initial conditions
vi0) = 0, ¢'(0) =0, u0 = 0.

In order to be complete we also state the global matrix K” and element matrices K

[__E _E ]
Axp Axy 0
v _ v _ |__E
K - ’ Ke [ Axg
E E
0 3%  Ax

(7.13)

(7.14)

(7.15)






EULER-CROMER TIME DISCRETIZATION

The Euler-Cromer method is a semi-implicit time discretization method for Hamiltonian equations. In the
1-phase formulation we indeed dealt with Hamiltonian equations, but the damping term in the simplified
2-phase formulation necessitates an extension. The Euler-Cromer time discretization becomes

n+1 n oy gn
X = X +Atf(x Yy ), 8.1)

n+1

y

n+l’tn)‘

Yy +Arg(x

where the explicit Euler method is still applied to the first equation and the implicit Euler method to the
second equation. This extension can be found under the name modified Sielecki method [19].

Recall the system of ordinary differential equations from Section 7.3

MLd—V +Cv = —K%¢' + F4¢ 4 p&Tav

dt ’

do’ v 8.2)
= Vv, .
dt
du
JE— = v,
dt
with initial conditions
vi0) = 0, ¢'(0) =0, u0 = 0. (8.3)

Let v", ¢" and u” denote the velocity, effective stress and displacement respectively at time level ¢ = nAt.
The initial conditions are now given by

vw=0 ¢"=0 u=o0. (8.4)

Applying the extended Euler-Cromer time discretization to the first two equations of Equation 8.2 the velocity
and effective stress on the next time level can be computed with

vt o= vy Ar(ME) T - oV - K¢ + BUAC 4 pETar] @5
o,n+1 = o+ AtvanJrl ‘
It should be noted that in the explicit expression the consistent damping matrix C is used.
For the displacement an implicit expression is used
ut o= "+ A (8.6)

The flowchart in Figure 8.1 summarizes the complete solution procedure.
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8. EULER-CROMER TIME DISCRETIZATION

n#ZN

Initial conditions
vV =0 0" =0 u =0

Update velocity
vl = gt At(ML)_l [- Cv" — K96" + Firac 4 psrav]

Update effective stress
o™l = " + ArKUv't!

Update displacement
un+1 = u' + Atv”“

Update time level
n = n+1

n=N

Final result

VN, O'N, uN

Figure 8.1: Time step procedure for time interval [0, NA]



STABILITY ANALYSIS

This chapter contains a detailed stability analysis for the simplified 2-phase formulation of Equation 6.18. The
stability analysis considers the finite element space discretization presented in Chapter 7 and the modified
Euler-Cromer time discretization presented in Chapter 8.

Similar to the stability analysis of the 1-phase formulation, the analysis is performed using both the Von
Neumann method and the matrix method, in Section 9.1 and 9.2, respectively.

9.1. VON NEUMANN METHOD

The Von Neumann method starts with the set of discrete equations derived in Chapter 8, repeated here

-1
vn+1 = v+ At(ML) [_ Cv" — K°g" + F'"4c + Fgmv]’
o= g+ AIKYY'H! 9.1)
un+1 = u"+ Al’V”+1.

Since the method does not take boundary conditions into account, we consider only the change of velocity
and displacement of internal node i and the change of stress within element i

e N pujﬁ;g]ft L—iD_l + % + iD vl + hxn (1-D Yol - pi%,
ol = ol 4+ %:OI(D vt 9.2)
u?“ = ul + Atv{”l,
where D is the displacement operator introduced in Section 4.1.
In operator form Equations 9.2 become
AMD)x"! = BD)x! +q 9.3)
with on the left hand side
1 00 pitt
AD) = |§20-D) 1 0| and x!"' = [0, 9.4)
—At 0 1 ultt!
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42 9. STABILITY ANALYSIS

and on the right hand side

Pw8AL (1 -1 1 1 At -1 pAtg
1- 25 GD + 3 +3D) sz (1-D7) 0 vy -5
B(D) = 0 1 0|, x; = ol and q = 0 . (9.5)
0 0 1 ul 0

We know that performing the Von Neumann method is equivalent to solving the eigenvalue problem in Equa-
tion 4.15, given by

B(e!’)v = 2AA(e)v. (9.6)

The characteristic equation corresponding to Equation 9.6 is

A-MN[A2+(c+4d-2A+(1-0)] = 0 9.7)
with )
A EA
c = Mcosz(g) and d = ~—tsin2(?). 9.8)
ok 2 pAXS 2

The eigenvalues are then computed as the roots of the characteristic equation

1 1
A =1, /lgygzl—EC—Zdi\/(I—EC—Zd)Z—(l—C), 9.9)

The Von Neumann stability criterion then renders

1 1 '
1- EC - 2d + \/(1 - EC -2d?2 -(1-2¢| = 1, forall ¢ € [-m, 7]. (9.10)
which can be simplified using Lemma 4.1
-24+4c<2-c¢c-4d = 2-c¢c and 1-¢ = 1, forall ¢ € [-m, 7], (9.11)
or equivalently
¢c=20 d=0 and c+2d < 2, forall ¢ € [—m, 7]. (9.12)

Replacing c and d by Equations 9.8 results in the final expression

At EAF
05%52and05~2 (9.13)
ok PAXg
and gives critical time step
At . 2p~k Axy 9.14)
¢ = min|—01,—— .
crit Pwg ,—E/p,,

Compared to the stability criterion of the 1-phase formulation, we see that there is an extra criterion that
needs to be satisfied in the simplified 2-phase formulation. This extra criterion does not depend on the mesh
but is purely based on material properties, specifically the hydraulic conductivity k.

9.2. MATRIX METHOD

For the matrix method we start with the set of ordinary differential equations from Section 7.3 given by

MLZ—‘; +Cv = —K%0¢ + Frac 4 p8rav,
d
d_‘: = K, (9.15)
du
= V.

dr
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We transform these equations into one second order ordinary differential equation

d? d
M2+ €0 = —KTKu+ T+ B 9.16)
with error equation
Y i B _ KK’y 9.17)
dt? dt ' '

First note that the damping matrix C is a linear combination of the lumped mass matrix M’ and the stiffness
matrix KK

C = aM'+ aK°KY (9.18)
with )
Pwg Pw8AXy
a = — and ay = ———. 9.19
1 ok 2 AFk (9.19)
Equation 9.17 then becomes
d%e de de
Mf— + aMf— = - @K°K’— - K°K’e. 9.20
arr U dr 2 dt 920

Now the problem can be uncoupled by solving the eigenvalue problem
K°K'v = AM'v. 9.21)

Since a similar eigenvalue problem is solved in Section 4.2, we may copy the result with a slight adaptation of
the parameters

4E
0= 1= —. (9.22)
PAxg
We are now able to reconsider Equation 9.20 as
L L Y 9.23)
dr? P T - '
or componentwise
2
nj dnj
+ (g + mA)— = -An;, 9.24
iz et el nj 9.24)
when 7 expresses the eigenvector corresponding to eigenvalue A.
This second order differential equation is equivalent to the system of first order differential equations
dn jl
—— = —(a1 + anji— Anj2,
dt ! ! (9.25)
dn j2 )
d t T]]l ’
to which we apply the modified Euler-Cromer method as described in Chapter 8
n;_l;—l = 0 — Atlar + a0} - Atdel,, 9.26)
npt o=, Ami
In matrix notation this becomes
1 o] [7h! 1-At(a +ad)  —AAe] [0
= (9.27)
-At 1] 07! 0 1] (0%,
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The eigenvalues u belonging to its corresponding eigenvalue problem equal

1 1 1
= 1- ZAAP2 — Za1At — —asAAL
,LLL2 2 2 1 2 2

1 1 1 2
+ \/(1 - EAAIZ - EalAt - EazlAt — (1—aiAt—axAAY)

Lemma 4.1 replaces the criterion |u; 2| < 1 by
—2 + @At + ;AAL < 2 — AAE? — @At — @At < 2 — a)At — apAAt
and
1-aAt—apAAt < 1.

These equation are equivalent to

AAE? = 0,  aAt+apAAt = 0  and  AAF + 2a1At+2a,AAr < 4.

Replacing a; and a, by Equations 9.19 gives

Pw8AXSAT
2Ek

4E
PAXS

0 <A< and (Atz— A+ ZPE‘?C’M < 4.

Taking into account the estimate for A in Equation 9.22, this is satisfied when

At EAf?
0<PwE2 5 and o< <1
ok pAXE
The critical time step equals
. Zﬁk AX()
Aterir = min|——,
crit ( 0w8 —E/ﬁ

Both the Von Neumann and matrix method give the same stability criterion.

(9.28)

(9.29)

(9.30)

(9.31)

(9.32)

(9.33)

(9.34)
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VALIDATION OF OBTAINED
STABILITY CRITERIA

For the validation of the time step criteria of the simplified 2-phase formulation, the formulation is imple-
mented in Matlab regarding the finite element space discretization of Chapter 7 and the Euler-Cromer time
discretization of Chapter 8. Chapter 9 shows that the corresponding time step criteria lead to a critical time
step

At EAF? 2pk Ax
0< P82 <5 and 0= 2= <1 —  Agy = min|[ 225, 220 (10.1)
ok PAX; w8 /EIp
The validation of the time step criterion will therefore consist of two steps.
ps = 2 kglmd g = 10 m/s?
E = 100 Pa po = -20 Pa
n = 0.45 H = 1 m
Pw = 1 kg/m? Axg = 0.01 m

Table 10.1: List of examplary parameters

Let us first consider the parameters given in Table 10.1. Some investigation tells us that with a high hydraulic
conductivity k = 0.1 m/s the mesh-dependent criterion determines the critical time step

Zﬁk AXO
k=01mls — == =0.035445s, _ =0.00133s — Afi; = 0.00133 5. (10.2)
Pw8 VEIp

In Figure 10.1 both the numerical solutions and analytical solutions are plotted with a time step that is slightly
smaller than the critical time step. The numerical method is clearly stable, since the numerical solutions co-
incide with the corresponding analytical solutions. Figure 10.2 shows that the numerical method is unstable
with a time step slightly larger than the critical time step. These two figures therefore confirm the correctness
of the mesh-dependent criterion.

The other inequality can be checked considering the parameters in Table 10.1 in combination with a low
hydraulic conductivity

25k A
k=000l mlis — <PX _ 00003545 ——20

Pwg VEIp
Now Figure 10.3 and 10.4 show respectively the stable and unstable numerical method with time steps that
lie around the critical time step, which means that also the mesh-independent criterion is validated.

= 0.00133s — Atferir = 0.000354 s. (10.3)
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46 10. VALIDATION OF OBTAINED STABILITY CRITERIA

1
9 = 1.00
09F 1 o 29 =0.75
0.8r 7 o = 0.50
0.7+ i xy = 0.25
0.6+ 1
= ps = 2 kg/m?
— 05 11 E = 100 Pa
= n = 0.45
04r 11k = 0.1 m/s
Puw = 1 kg/m:‘
03 T1lg = 10 m/s?
\ H = 1 m
02 = Do = —20 Pa
01r 11 At = 000132 s
Azy = 0.01 m
0 ‘ ‘ ‘ ‘ ‘
0 0.5 1 15 2 25 3

t(s)

Figure 10.1: Comparison of numerical and analytical solution for 1D oedometer problem for k =0,1 m/s
and At =0,99A¢.,;;, rendering stable numerical analysis

1
09> i o 3o =0.75
1 - zp=0.50
i Ty = 0.25
T | ps = 2 kg/m?*
= 051 1lE = 100 Pa
= n = 0.45
04y 11k = 0.1 m/s
; pu = 1 kg/m?
0.3r ; q g — 10 m/52
02 3l py = —20 Pa
01 1l ar = 000134 s
AI[) = 0.01 m
0 L L L L L
0 05 1 15 2 25 3

Figure 10.2: Comparison of numerical and analytical solution for 1D oedometer problem for k=0,1 m/s
and At =1,01A¢.,;; rendering unstable numerical analysis
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1
zo = 1.00
091 il ° o = 075
0.8 J zo = 0.50
07k i Ty = 0.25
0.6+ 1
— 05 E = 100 Pa
= n = 0.45
04r Tk = 0.001 m/s
Puw = 1 kg/m:’
03t Tlg = 10 m/s®
H = 1 m
0.2r 1 Do = —20 Pa
0.1F 1 1At = 0.00035 s
Axy = 0.01 m
0 ‘ ‘ ‘ ‘ ‘
0 0.5 1 15 2 25 3

Figure 10.3: Comparison of numerical and analytical solution for 1D oedometer problem for k = 0,001 m/s
and At =0,99A¢.,;;, rendering stable numerical analysis

1
09F &= ) o 1 =0.75
08l |: A 2o = 0.50
07+ ¥ 1 o = 0.25
06 & 1
= 0.5—{% E = 100 Pa
= n = 0.45
04y Tk = 0.001 m/s
pu = 1 kg/m?
03r T1g = 10 m/s?
H = 1 m
0.2+ 1 Do = —20 Pa
01r T At = 0.00036 s
3 Azg = 0.01 m
0 - L L L L L
0 05 1 15 2 25 3

t(s)

Figure 10.4: Comparison of numerical and analytical solution for 1D oedometer problem for k = 0,001 m/s
and At =1,01A¢.,;; rendering stable numerical analysis






CONCLUDING REMARKS

The goal of this thesis is to determine a stability criterion for the Euler-Cromer method applied to analyses
of consolidation with the finite element method as well as the material point method. Three dimensional
dynamic problems are considered involving, in case of analyses with the material point method, large defor-
mations of soil. A velocity-based 2-phase formulation is used to describe the time-dependent deformation
of water-saturated soil upon loading. The complexity of the underlying physical model is further increased
when taking into consideration the highly non-linear deformation behaviour of soil.

In this thesis, the complexity of the physical model is increased in steps. In this preliminary study soil was
first considered as a 1-phase continuum of a linear-elastic material. Finite Element space discretization and
Euler-Cromer time discretization were applied to a one dimensional case, an oedometer test.

Subsequent stability analyses with both the Von Neumann and matrix method require solving challenging
eigenvalue problems. With the help of Lemma 4.1 the analyses could be greatly simplified. The analyses
rendered the well-known critical time step

AXx

VEIp

Aterir =

thus proving the validity of the approach.

In the second part of this preliminary study the liquid phase was taken into account. Since a stability analysis
for the full 2-phase formulation still poses a challenging problem for the one dimensional case, the assump-
tion of an incompressible liquid phase was introduced to obtain a simplified formulation.

The Von Neumann method and matrix method now showed that the presence of a damping term in the
equation of motion renders a second time step criterion. The two obtained criteria read

EAf? A
— =1 and pw+gt < 2,
pAX? ok
rendering the critical time step
. Ax 2pk
Aterir = min ,— .
VEIp Pwg

It has been validated for the one dimensional case.

It can be concluded from this preliminary study that the liquid phase, the hydraulic conductivity respectively,
influence the numerical stability of the Euler-Cromer scheme applied to the simplified 2-phase formulation.

In the course of this thesis, the study will be extended to the full 2-phase formulation and to the three dimen-
sional case. Here, the effects of mesh boundary and artificial local damping will be investigated. It is expected
that results can be applied to analyses involving geometric and material non-linearity too, when the critical
time step size is recomputed after each time step. This would allow to apply the formulation enhanced by
a stability criterion to three dimensional geotechnical problems such as cone penetration testing or slope
failure.

49






ANALYTICAL SOLUTION TO
NON-HOMOGENEOUS WAVE EQUATION

Consider the following non-homogeneous wave equation with initial and boundary conditions

2 2
37’2‘ = %g%—g, 0<x<H, t>0
(A.1)
u(x,0) =0, %—‘;(x, 0)=0,
u(0,) =0, ESL(H, 1) = po.
Let us first find the equilibrium solution ug(x), that satisfies
aZ
0 = %FL‘ZE—g, O<x<H
(A.2)
ug(0) =0, E%E (H) = po.
Integrating the differential equation twice results in
ug(x) = l%xz+alx+az. (A.3)
2 E
The two boundary conditions then determine the two integration constants
uE(O) = day = 0 — ay = 0 (A.4)
Oug Po—-pgH
E—(H) = H+Ea; = — a4 = —, A.5
ox (H) = pg 1 = Po 1 I3 (A.5)
which yields the following equilibrium solution
1 -pgH
uplx) = -£8,2 POTPER, (A.6)

2 E E

Assume now that the solution to the wave equation is a superposition of the equilibrium solution ug and an
unknown function v

ulx,t) = uglx)+vx,i). (A7)

Then we can deduce that the unknown function v should satisfy:

v

E @
Era = Ea—xg, O0<x<H, t>0

A.8
v(x,0) = —up(x), %(x,0)=0, (A.8)
v(0,1) =0, %(H,t):().
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52 A. ANALYTICAL SOLUTION TO NON-HOMOGENEOUS WAVE EQUATION

This partial differential equation can be solved using the method of seperation of variables, where v(x, t) =
¢(x)G(2). The partial differential equation can then be rearranged and set equal to a separation constant, that
Haberman [20] proved to be real

da’G Ed*¢ p d%G 1 d%
P0Gz = S gEWen  — enuE T pwaxn

T = -\ (A.9)

This results in two ordinary differential equations, from which we first consider the spatial differential equa-
tion
a*¢
dx?

Boundary conditions for ¢(x) follow from the boundary conditions for v(x, t)

0)G() =0 @(H)G(t)—o 0)=0 @(H)—O (A.11)
¢ =0 = = $0)=0, ——(H)=0. )

-Ag. (A.10)

Note that G(¢) = 0 is not considered, since we are interested in a non-trivial solution.
When A > 0 the solution is the sum of a cosinus and a sinus
¢(x) = bicos VaAx+ by sin Vax (A.12)
In order to satisfy the boundary condition ¢(0) = 0, we find b; = 0. The other boundary condition then yields
byVAcosVAH = 0 (A.13)

The coefficient b, should be nonzero in order to imply a non-trivial solution, so the only possibilities are

2n-1m\?
) (M) . forn=1,23,... (A.14)
2H
with associated functions
2n—1
¢d(x) = bysin M, forn=1,2,3,... (A.15)
When A = 0 the solution is a linear polynomial
dx) = cx+e (A.16)

but the boundary conditions imply the trivial solution.

When A < 0 the solution is the sum of a cosinus hyperbolicus and sinus hyperbolicus:
¢(x) = dyjcoshv—-Ax+drsinhv-21x A.17)
but the boundary conditions again imply the trivial solution.

In conclusion the boundary value problem has only positive eigenvalues

2n-1)m)?
) (u) . forn=1,23,... (A.18)
2H
with corresponding eigenfunctions
2n—1
ox) = bgsin%, forn=1,2,3,... (A.19)

The time-dependent differential equation equals

d*G

az -

E
—G. (A.20)
0
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and has general solution

E@2n-1)nt : E@n-1)nt
G(t) = ecosy|————— +eysiny/ ——, forn=1,2,3,...
p 2H p 2H

Combining both ¢(x) and G(¢) for all allowable A the solution becomes

e E@2n-1nt . E@n-1Dnt) . @Cn-1)#ux
vix, 1) = ) [facosy/—————+gusiny/— sin ,
= o 2H o 2H 2H

The final step in the derivation is finding the unknowns f;;, and g, with help of the initial conditions

s . @n-Dax
0 E@2n-1n . 2n-1#nx
Y gm/— sin =0
=1 p 2H 2H

By orthogonality of the sines the first initial condition results in

— [ ug(x)sin nolms gy 8(2npon(-1)"+2pgH - npo(-1)") H

fn = = , forn=1,2,3,...

Jolsin? @lmx g (4n2—4n+1)@n-1r3E
The second initial condition implies

g = 0, forn=1,2,3,...

The unknown function v is therewith determined

’

ven) = i8(27117011(—1)"+2,0gH—71p0(—1)n)HCOS E(Zn—l)m‘sin(Zn—l)nx
- (4n2 —4n+1)2n-Dn3E p 2H 2H

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

The solution to the non-homogeneous wave equation with initial and boundary condition then becomes

1 -pgH E@n-Drt . 2n-1
u(x,t) = ‘%x2+Mx+Zuncos E@2n-1)n Sin( n )nx’
2 E E n=1 p 2H 2H

8(2npon(-1)"+2pgH —npo(-1)") H
(4n?-4n+1)2n-1)m3E

U, =

(A.28)

(A.29)






ANALYTICAL SOLUTION TO
NON-HOMOGENEOUS DAMPED WAVE
EQUATION

Consider the following non-homogeneous damped wave equation with initial and boundary conditions

‘;ZT?+%% = %227’2‘—8”*, 0<x<H, t>0
u(x,0) =0, % (x,0) =0, ®-D
u0,1 =0, ES“(H, 1) = po.
Let us first find the equilibrium solution ug(x), that satisfies
0 = %f;’:}—g, 0<x<H 5o
up(0) =0, E%E(H) = p,.

From appendix A we know that the equilibrium equation has the following solution, taking notice of the
slightly different parameters

1ﬁgx2+—po_ngx.

ug(x) = 5 E 7 (B.3)

Assume now that the solution to the wave equation is a superposition of the equilibrium solution ur and an
unknown function v

ulx,t) = uglx)+uvx,io. (B.4)

Then we can deduce that the unknown function v should satisfy

2 2
%+%Lkg% = %273, 0<x<H, t>0
(B.5)
v(x,0) = —up(x), %—ﬁ(x, 0) =0,
(0,0 =0, 9 ([, 1) = 0.

This partial differential equation can be solved using the method of seperation of variables, where v(x, t) =
¢(x)G(1). The partial differential equation can then be rearranged and set equal to a separation constant, that
Haberman [20] proved to be real

d*G dG E d?
_+%¢)_ — _(’b -

E d*G  pwgdG)| _ 1d%¢
dr> = pk " dt 0 dx?

p
— + = ——= = -\ B.6
EG|dr* pk dt ¢ dx? (B.6)
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56 B. ANALYTICAL SOLUTION TO NON-HOMOGENEOUS DAMPED WAVE EQUATION

This results in two ordinary differential equations, from which we first consider the spatial differential equa-
tion
d*¢
dx?
According to appendix A the only non-trivial solutions that satisfy the boundary conditions ¢(0) = 0 and
% (H) =0 are positive eigenvalues

~2. (B.7)

1 - ((Zn—l)n

2
) R forn=1,2,3,... (B.8)
2H

with corresponding eigenfunctions

. @Cn-1nx
ox) = bgsmT, forn=1,2,3,... (B.9)

2
For the eigenvalue A = (%) the time-dependent differential equation equals

2 _ 2
ﬁ _ngﬁ - _(—(Zn 1)”) EG (B.10)

+
dr:2 = pk dt 2H

I

The shape of the solution depends on the discriminant belonging to this problem

,owg)2 _4((2n— 1)7[)2 E
ok 2H [

D, = ( (B.11)

For D, > 0 the solution to the differential equation equals

G() = |eije 2 +exe 2 2pk (B.12)

VDnt VDnt ] _Pwgt
e

For D, = 0 the solution to the differential equation equals

_pwgt

G(t) = [e1+extle %* (B.13)

And finally, for D,, < 0 the solution to the differential equation equals

vV—Dut . \/—Dnt] e_ﬂwgf

G() =

+ ey sin 2pk (B.14)

e1cos

Combining both ¢(x) and G(¢) for all allowable A the solution becomes

_ VDnt VDnt

_Pwgt 2n—-1nx
fne" 2 +gnpez _—

e 2bk gin
2H

(e}
vix, 1) = )Y Ip,>0
n=1

[o¢]
+ Y Ip,=o[fu+8&nt]e 2F sin

n=1
vV=Dut si V=Dt
2 2

o _Pwgt  (2n—-1Dnx
+ Z Ip,<o sin —————
n=1

e 20k
2H

fncos (B.15)

where I4 = 1 if statement A is true and I, = 0 if statement A is false.

The final step in the derivation is finding the unknowns f;, and g, with help of the initial conditions

@2n-1Dnx

(e e}
Z Ip,>0 [ fn + gn]sin
n=1 2H
x 2n-1Dnx
+ Z IDnzofnSin—
n=1 2H

O . @2n-1)mx
+ZIDn<ofnsmT = —ug(x), (B.16)
n=1
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and

Y. 1,0 |[-5u8 - Y00 1,4 [0, X0 g, i BRI

= 2pk 2 2pk 2 2H
(e e}
Pwg . @Cn-1Dnx
+) Ip=o|-——fn+ _
[ee]
Pwg v-Dy . 2n-1Dnx
+ 1 ——fn+ —F = 0. (B.17
nZ‘l D, <0 Zﬁkfn > 8n| SN H ( )
Using a similar approach as in appendix A, the initial conditions result in
8(2npon(-1)"+2pgH-npo(-1)")H
1 + +1Ip, - +1 , B.18
D0 [ fr+ 8n] + Ipy=0fn+ ID,<0 fn (@7 —an+1)@n-Dm°F (B.18)
and
Pw8 \/Dn) ( Pw8 VDn)
I -——— +-——=+
Dp>0 ( 25k 2 In 25k 2 &n
Pw8 Pw8 vV—=Dn
+Ip, =0 |—=—=fu+ +1 ——fyt+— = 0, B.19
D,,O[ Zﬁkfn &n Dn<0[ zp..kfn 2 &n ( )
forn=1,2,3,....

Filtering all f;, and g, gives the unknown function v

x 1 vD VD 1 vD VDut | _pwst 2n—1
vix,t) = ZID,,>OUn (_p,i,g+ ")e_ 2 (_p,i,g_ ")e gt]e 2pk sinM
= VDa\ 26k 2 VD, \ 26k 2 2H
© t] _pwst 2n—-1
+Y Ip,—ovn 1+%]e et i 2T DX
= 2pk 2H
x v—Dyt 1 vV—Dut] _pwst 2n—1
+ Y Ip,<ovn|cos n p~wg sin n7 e 2k sinM (B.20)
= 2 v=D, pk 2 2H
where
8(2npon(-1)"+2pgH—npy(-1)") H
o (2mpon(-1)"+2pgH - po(-1)") B21)

(4n?-4n+1)2n-173E

The solution to the non-homogeneous damped wave equation with initial and boundary condition then be-
comes

158 - pgH
ulx,t) = —%x2+ux
2 E E
o0 / 7/ w —
+ Y Ip,>oln 1 (_plfg + Dn) - \/1 (_pujg - Dn)eﬂ?n’] o~ B gip G- DX
= VD, \ 2pk 2 D, \ 2pk 2 2H
& r] _pwst 2n-1
+Z Ip,=oun 1+—pw~g e 20k sin—( n-zx
X v—=Dy,t 1 V=D,t] _ewst 2n—1)nx
+ ) Ip,<oltn |cCOS n p~wg sin L P T sin¥ (B.22)
= 2 v—D, pk 2 2H
where

- 8(2npon(-1)"+2pgH —npo(-1)") H (B.23)
o (4n2 —4n+1)2n-1)n3E '







MATHEMATICAL TECHNIQUES

This Appendix introduces several mathematical techniques that are used during this thesis: Gaussian quadra-
ture in Section C.1 to integrate numerically, the assemblage procedure in Section C.2 to assemble global
matrices (vectors) from element matrices (vectors) and the lumping procedure in Section C.3 to construct
diagonal matrices from non-diagonal matricess.

C.1. GAUSSIAN QUADRATURE IN ONE DIMENSION

Consider a line segment [a, b] illustrated in Figure C.1 and a function g(x). Gaussian quadrature is an approx-
imation method that uses n Gauss points to approximate the integral of g(x) over the line segment:

n
f gOd0~ Y w,gE,) (C.1)
Q q:l

with weight w, and position ¢, for each Gauss point. Note that Gaussian quadrature with 7 Gauss points is
exact for polynomials up to order n.

Figure C.1: Line element [a, b]

In case of a single Gauss point we calculate its weight w, and coordinate x; by assuming that Gaussian
quadrature is exact for polynomials up to order one

b
fdx:b—azwq — wg=b-a (C.2)
a
b 1 ) 1
f xdx=-b-a)"=wzxy — x4=-b-a) (C.3)
a 2 2

The location of the Gauss point is exactly in the middle of the line element, see Figure C.2.

R . » €1

a %(a+b) b

Figure C.2: Single Gauss point in line element [a, b]
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C.2. ASSEMBLAGE PROCEDURE

For a global matrix A (vector F) and corresponding element matrices A, (vectors F,) the assemblage proce-
dure can be written as

Ne e
A = ) BIAB, F = ) B!E.B,|, (C.4)
e=1 e=1

with matrix B, a boolean matrix that maps a global vector into a vector associated with element e [21].

As an example we consider the three line elements in Figure C.3.

1 (1) 2 (2) 2 (1) 3 (2) 3 (1) 4 (2)
e=1 e=2 e

Il
w

Figure C.3: Three line elements with global and local node numbers

From the global and local node numbers we can derive the boolean matrices B,

Bl_é?gg]’ B2=10 0 1 of B3:88(1)(1)]' (€.5)
When the element matrices A, equal
A AR |
then the global matrix A is contructed with the assemblage procedure
1 1 0 0
e R €7
0 0 3 3

C.3. LUMPING PROCEDURE

With the lumping procedure diagonal matrix is constructed from a non-diagonal matrix. The diagonal and
the non-diagonal matrix are denoted as the lumped matrix A" and the full matrix A respectively. Each diago-
nal entry of the lumped matrix equals the row sum of the full matrix

n
Ay = ) A (C.8)
j=1
Consider for example the following full matrix
[4 0 1 1
2910
A = 01 3 ol (C.9)
11 2 0 5

Applying the lumping procedure results in the following lumped matrix

(6 0 0 O
0 12 0 O

AL = 0 0 4 0 (C.10)
(0 0 0 8



PROOF OF LEMMA 4.1

Lemma4.1. Let a, b be real numbers that satisfy the inequality
|a + Va? - b‘ < 1

Then a, b satisfy

IA
—

-1-b <2a<1+b and b

Proof. The proof of this lemma consists of three steps.

1) Assume a® < b, such that Va2 — b is complex-valued. Then Equation D.1 implies

‘ai\/az—b)z = |aii\/b—a2’2 =a?+b-a®=b < 1

2) Assume a® = b, such that Va2 — b = 0. Then Equation D.1 implies

-1<a+vVa’?-b =a < 1

3) Assume a® > b, such that Va2 — b is real-valued. Then Equation D.1 implies

-1 <a+VvVat-b <1 and -1 <a-Va>-b =< 1.

The sum of these inequalities renders

These are consistent with

-1 <a+Va®-b»b and a-Vat-b <1
This leaves us with
a+vVva:t-b < 1
a2 -b = 1-a
a?-b < 1-2a+ad°
2a < 1+Db
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and
-1 = a-vVva*-b»
a2 -b < l+a
a?-b < 1+2a+ad°
-1-b = 2a (D.9)
Combining the three steps renders
-1-b <2a=<1+b and b < 1 (D.10)
This is illustrated in Figure D.1, where the parabola represents the equality a® = b. O
1598
0.3
a

Figure D.1: Area covered by the inequalities —1-b < 2a < 1+band b < 1.



(1]

(2]

(3]

(4]
(5]

(6]

(7]

(8]

(9]

(10]
(11]

(12]

(13]

(14]

(15]
(16]

(17]

(18]

(19]

(20]

(21]

BIBLIOGRAPHY

C. Kenter and P. Vermeer, Computation by Finite Elements, in Foundation Aspects of Coastal Structures
(1978).

B. Van Dijk and E Kaalberg, 3-D geotechnical model for the North/Southline in Amsterdam, in Application
of Numerical Methods to Geotechnical Problems (1998).

1. AL-Kafaji, Formulation of a Dynamic Material Point Method (MPM) for Geomechanical Problems, Ph.D.
thesis, Institut fiir Geotechnik der Universitét Stuttgart (2013).

K. von Terzaghi, Erdbaumechanik auf bodenphysikalischer Grundlage (Deuticke, 1925).
M. Biot, General Theory of Three-Dimensional Consolidation, Journal of Applied Physics 12, p. 155 (1941).

J. Van Esch, D. Stolle, and I. Jassim, Finite Element Method for Coupled Dynamic Flow-Deformation
Simulation, in 2nd International Symposium on Computational Geomechanics (2011).

A. Verruijt, Soil Dynamics (Delft University of Technology, 2009).

E Ceccato, Study of Large Deformation Geomechanical Problems with the Material Point Method, Ph.D.
thesis, Université degli Studi di Padova DICEA (2015).

J. Donea, A. Huerta, J.-P. Ponthot, and A. Rodriguez-Ferran, Arbitrary Lagrangian—Eulerian Methods,
Encyclopedia of Computational Mechanics 1, p. 413 (2004).

L. Malvern, Introduction to the Mechanics of a Continuous Medium (Prentice Hall, 1969).
C. Felippa, Introduction to Finite Element Methods (University of Colorado, 2004).

0. Zienkiewicz and R. Taylor, The Finite Element Method Volume 1: The Basis (Butterworth-Heinemann,
2000).

A. Cromer, Stable Solutions using the Euler Approximation, American Journal of Physics 49, p. 455 (1981).

C. Hirsch, Numerical Computation of Internal and External Flows: The Fundamentals of Numerical Dis-
cretization (John Wiley & Sons, 1988).

R. Richtmyer and K. Morton, Difference Methods for Initial-Value Problems (John Wiley & Sons, 1967).
B. Irons and S. Ahmad, Techniques of Finite Elements (Ellis Horwood, 1980).

R. Courant, K. Friedrichs, and H. Lewy, Uber die partiellen Differenzengleichungen der mathematischen
Physik, Mathematische Annalen 100, p. 32 (1928).

A. Verruijt, Soil Mechanics (Delft University of Technology, 2004).

R. Diependaal, H. Duithuis, H. Hoogstraten, and M. Viergever, Numerical Methods for Solving One-
Dimensional Cochlear Models in the Time Domain, Journal of the Acoustical Society of America 82, p.
1655 (1987).

R. Haberman, Applied Partial Differential Equations with Fourier Series and Boundary Value Problems
(Prentice Hall, 2004).

D. Loghin, M. van Gijzen, and E. Jonkers, Bounds on the eigenvalue range and on the field of values of
non-Hermitian and indefinite finite element matrices, Journal of Computational and Applied Mathemat-
ics 189, p. 304 (2006).

63



	Introduction
	PART I:    Consideration of soil as a 1-phase continuum
	Physical model
	Equations
	Initial and boundary conditions
	One dimensional problem

	Finite element space discretization
	Virtual work equation
	Line elements with linear interpolation functions
	Global and element matrices of the virtual work equation
	Resulting system of ordinary differential equations

	Euler-Cromer time discretization
	Stability Analysis
	Von Neumann method
	Matrix method

	Validation of obtained stability criterion
	PART II:    Consideration of soil as a 2-phase continuum
	Physical model
	Equations
	Initial and boundary conditions
	One dimensional problem

	Finite element space discretization
	Virtual work equation
	Global and element matrices of the virtual work equation
	Resulting system of ordinary differential equations

	Euler-Cromer time discretization
	Stability analysis
	Von Neumann method
	Matrix method

	Validation of obtained stability criteria
	Concluding remarks
	Analytical solution to non-homogeneous wave equation
	Analytical solution to non-homogeneous damped wave equation
	Mathematical techniques
	Gaussian quadrature in one dimension
	Assemblage procedure
	Lumping procedure

	Proof of Lemma 4.1
	Bibliography

