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e Electromagnetic field: Maxwell equations
e Fluid dynamics: Navier-Stokes equations
e Coupling through dependent terms:

Induced currents and constitutive relations
depend on velocity field;

External force and source term depend on
EM fields.
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Maxwell equations in matter:
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Fields:
« E(x,1), electric field;
« H(x,1)
 D(x,t)
« B(x, 1), magnetic flux field.

, magnetic field,
, electric flux field,

Other quantities:

. Jf(x, t), free current density,
* ps(x, 1), free charge density.
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We need relations between the different fields,
constitutive relations.

For non-dispersive linear conductive media:

e D =C¢cE,
 H=uB.
* P =Y,

. JT—E.
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Up until now no flow. Assume velocity field v,
then using Lorentz invariance:

|
D = cE+evxB—-—5vxH,
C
|
B = puH—-—pvxD+ v xE.
C
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Linearized and solved for E and H:

D = ¢cE+ (,LL€—/L060)V X I‘I7
B ~ pH — (ue — ppeg)v x E.
Note:
1 1
E — o€y = :
He — HoEo 2 o
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For electric charge and current:

1
’}/—QO'E CV,
C

Pf
J/ = ~oE +~yov x B.

If v < cand o <« 1:

pr =~ 0,
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In terms of £ and H, with external sources:

E .
—V X H | an — _J'ﬂd_JeXt7
ot
H .
V x E + “O%—t — _k/nd _ gext

e Induced currents are functions of the fields,

e External currents are independent of the field
(e.g. the lab laser).
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Oty = -V -S—E-J—H K,

EM energy density

(ol B[l + pol H[JF) .

uem

DO | —

Poynting vector

S=E x H.
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Reqgular form for point charges:

F =q|E+ uov x Hj.

Continuous form

f:p€E+MOJ X H7
with electric charge density

Pe — 80V°E.

March 12, 2012 11

Applied Mathematics 'i';U Delft




Generalization with magnetic currents:

f =p.E+ p,H+ pod x H— K X E.
with magnetic charge density

Pm = oV - H.
From Maxwell equations we can derive:

0S
f—=V.T - =~
v ot

March 12, 2012 12

3
Applied Mathematics TUDelft




Stress tensor in components:

Lij = poiHj+eobily —
|

In general we need 12 quantities.
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For linear conducting media:

Ind OE
= — - | D
J (e — &p) > + oE,
: OH
K|nd .

o External magnetic currents zero.
e External electric current depend on situation.
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Optter, = =V - S — o||E|]* = E - J*,

EM energy density

1
tem = 5 (= EI + ol HIP)

Poynting vector

S=E x H.
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For linear conducting media:

j OE 0
gind — (€ — 50)@ + (pe — poo) It (v x H)
+o (E+ puv x H) ,
' OH 0
Kkind _ _ 9 .
(= po) — - — (ne — poo) . (v < E)
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0S

5’tu€m — —VS—O'E(E + oV X H) \'% Ot

]E).Je:z:t7

EM energy density

1
Uem = 5 <5HEH2 T NOHHHQ) +2v -5,

Poynting vector

S=FE x H.
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For periodic sources, the fields are periodic. We
have

Ei(x,t) = Re {Eg(x)ei“t} :

angular time frequency w.
Time averaging:

GO = 7 [, fot
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For fields:

but:

(fi) = 0 :uoRe {ﬁlﬁj} + goRe {EZE]-}

L (il — ol
S0 (ol Ehf? = 2ol E1) |
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e Open source program, developed at MIT;
e Time domain simulations;
 Ability for frequency domain;

* Relatively easy C++ Interface, easy to couple
with other programs.

e Uses dimensionless Maxwell equations.
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Classical EM has four basic units:

e Electric current: I, in ampere,

e Distance: a In meter,

e Velocity: ¢ In meter per second,
o Permittivity: ¢ In farad per meter.
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Dimensionless guantities:

E = 2F, D = 2D

aec ) ac )

H = 2H, B = 4B

b ot

J o= %, K = GLK,

o = 0, op = ‘fop,

Furthermore:

a
r=azr, t=—-1
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Dimensionless equations:

—€; 40y H) + OB = _J;,lnd ~ J;,ext7
eijkc?j/E,; + 5’1;/[{,2 — —K,;’md — K,;’eXt.

Meep uses this form.
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Conservation laws:

e Continuity equation: mass,
* Navier-Stokes: (linear) momentum,
* Energy equation: energy.
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atp+v ' (IOV) — 07

e p(x,t) is the mass density,
e v(x,t) is the fluid velocity.
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P (Otvi + vj(?jvi) — —@-p + OJTZ’] + fzb

e p(x,t) is the pressure,
. TZJ IS the deviatoric stress tensor,

. f,ib are the body forces.
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For Newtonian fluids we can write:

1
CFZ/] — 2,u (62']' — §A523> .
where

* 11 IS the viscosity,
* e;j = 5 (Ojui + Ouy),

o A — €Ll — 8;4%
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When flow Is incompressible:

V. .-v=0.

Navier-Stokes simplifies:

p (Ow; + v;0;v;) = —0;p + ,u(")’]zvi + fib.
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Conservation of energy:
OE + 0(Evy) = fPvi + 0,(Tiju) + k&2T + g,
with

e [/ energy density,
e k thermal conductivity,
* ¢ heat source density.
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For the energy density we have:
1
E=p (6 + viu&) ,
2
with e the specific internal energy,

e:cpT.

c, IS the specific heat (by constant pressure).
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If AT small,
T ="1Ty+ AT, p=py+ Ap.
Using linearisation we have:

, (@ﬂo
o1

> T, — _/005T,7
p
So for the density:

p=rpo(l—=0B(T-"1Tp)).
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div; = 0,
p (Ow; +v;0;v;) = —0ip+ ,Ua]%z' + f¢b7
pcp (T +v:0,T) = T;0pv; + kO;T + g,
p = p(l-06(T—-T)).

Six equations, in six unknowns.
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TODO, first approach:

e Using OpenFoam for fluid simulations,
e Using Meep for EM simulations,
e Couple both programs.

Second approach:
Investigate if COMSOL can be of use.
Any suggestions?
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Once everything runs:

* Are the effects of the EM field significant?

 Which effect dominates, Lorentz force or heat
convection?

e See If the model can be validated by
experimental data.

 Investigate different materials.
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