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Abstract

To predictthepresenceof oil andnaturalgasin a reservoir it is importantto know thefluid
pressurein the rock formations. A mathematicalmodelfor the predictionof the fluid pressure
historyis givenby atime-dependentdiffusionequation.Applicationof thefinite elementmethod
leadsto systemsof linear equations.A complicationis that the undergroundconsistsof layers
with very largecontrastsin permeability. This impliesthatthesymmetricandpositivedefiniteco-
efficientmatrixhasavery largeconditionnumber. Badconvergencebehavior of the ICCG method
hasbeenobserved,andaclassicalterminationcriterionis notvalid in thisproblem.In thispaperit
is proventhatthenumberof smalleigenvaluesof theIC preconditionedmatrix is equalto thenum-
berof high-permeabilitydomains,whicharenotconnectedto aDirichlet boundary. To annihilate
thebadeffect of thesesmalleigenvalueson theconvergence,theDeflatedICCG methodis used.
An efficient methodis givento constructthedeflationsubspace,which subsequentlyis provento
bea goodapproximationof thespanof the ’small’ eigenvectors.As a resultof this, theconver-
genceof DICCG is independentof thecontrastsin thepermeabilities.A theoreticalinvestigation
andnumericalexperimentsshow thattheDICCG methodis not sensitive to smallperturbationsof
thedeflationvectors.Theefficiency of theDICCG methodis illustratedby numericalexperiments.

Keywords: deflation,IC preconditionedConjugateGradients,Poissonequation,porousmedia,dis-
continuouscoefficientsacrosslayers,sensitivity analysis

AMS Subject Classification: 65F10,65F15,76S05

1 Intr oduction

Knowledgeof thefluid pressurehistory in thesubsurfaceis importantfor anoil company to predict
thepresenceof oil andnaturalgasin reservoirsandakey factorin safetyandenvironmentalaspectsof
drilling a well. A mathematicalmodelfor thepredictionof fluid pressuresin a geologicaltime scale
is basedon conservationof massandDarcy’s law ([1] and[6]). Theresultingtime-dependentthree-
dimensionalnon-lineardiffusionequationis linearizedandintegratedin time by theEulerbackward
method.For thespacediscretizationthefinite elementmethodis applied.As a consequencein each
time-stepa large,sparselinearsystemof equationshasto besolved.
�
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We simplify theproblemconsiderably, taking into accountthat its characteristicpropertiesarekept.
Assumethatwehave to solvethestationarylineardiffusionequation:

� div
�
σ∇p��� 0 onΩ � (1)

with boundaryconditions

p � f on ∂ΩD (Dirichlet) and
∂p
∂n
� g on ∂ΩN (Neumann)�

where∂Ω � ∂ΩD � ∂ΩN. The fluid pressureandpermeabilityaredenotedby p andσ respectively.
The domainΩ consistsof a numberof subdomainsin which σ is constant. Two valuesfor σ are
considered:σh � 1 for high-permeabilitysubdomainsandσl � ε for low-permeabilitysubdomains
(e.g.thepermeabilitiesratiofor shaleandsandstone:ε is of theorder10	 7 see[16]). Thesubdomains
aredenotedby the disjoint setsΩi � i 
�� 1 ������ k � , which aresuchthat: � k

i � 1Ω̄i � Ω̄ andwhenΩ̄i �
Ω̄ j �� /0 thenσi �� σ j . Note that in real life applications,thepermeabilityσ is slightly varying in the
subdomains.It is straightforwardto adaptour methodto constructtheprojectionvectorsfor sucha
problem.

After afinite elementdiscretizationof (1) thelinearsystem

Ax � b � (2)

with A 
�� n � n hasto besolved. In practicalapplicationswe arefacedwith largeregionsin a three-
dimensionalspaceandasa consequencea large numberof finite elementsis necessary. Thematrix
itself is sparse,but dueto fill-in a directmethodrequirestoo muchmemoryto fit in core. Therefore
only iterative methodsareacceptablecandidatesfor the solutionof the linearsystemsof equations.
Sincethecoefficient matrix of this systemis symmetricandpositivedefinite,a preconditionedCon-
jugateGradientmethod(ICCG) [12] seemsto beasuitableiterativemethod.Unfortunatelytheearth’s
crustconsistsof layerswith largecontrastsin permeability. Hencea largedifferenceof theextreme
eigenvaluesis commonin the systemof equationsto be solved. This leadsto slow convergenceof
ICCG andconventionalterminationcriteria[9] areno longerreliable(see[16] for details).

In [8], [16] it hasbeenproven that thenumberof smalleigenvaluesof thediagonallyscaledmatrix
is equalto thenumber(ks) of high-permeabilitydomains,which boundariesdo not containa partof
theDirichlet boundary. A comparablespectrumhasbeenobservedfor the IC preconditionedmatrix.
Thebadeffect of theseeigenvalueson theconvergenceof ICCG canbeannihilatedby usingthecor-
responding’small’ eigenvectorsasprojectionvectorsin DeflatedICCG [16]. For a literaturesurvey of
iterative methodsandapplicationswheredeflationis usedwe refer to [16]. The DICCG methodhas
alreadysuccessfullybeenusedfor complicatedmagneticfield simulations[5]. A relatedmethodis
recentlypresentedin [14]. Finally in [11, 3] a preconditioneris analyzedfor problemswhich large
jumps in the permeabilitiesarising from reservoir simulation. The preconditioneris the inverseof
M, whereM is the matrix correspondingto a finite elementdiscretizationof (1) with σ � 1. This
preconditioneris only applicablewhena fast solutionmethodis availableto solve x from Mx � b.
Anotherapplication,wherelargedifferencesin thecoefficientsoccur, is thefictitiousdomainmethod
appliedto metalcasting[13].

To definetheDeflatedICCG methodwe needa setof projectionvectorsv1 ������ vm that form an inde-
pendentset.Theprojectionon thespaceA-perpendicularto span� v1 ������ vm � is definedas

P � I � VE 	 1 � AV � T with E � � AV � TV andV ��� v1 �� vm� 
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Thesolutionvectorx canbesplittedinto two partsx � � I � P� x � Px  Thefirst partcanbecalculated
asfollows

�
I � P� x � VE 	 1VAx � VE 	 1VTb  For thesecondpartweprojectthesolutionx j obtained

from DICCG to Pxj .

TheDeflatedICCG algorithmreads(seeReference[16]):

DICCG
j � 0 � r̂0 � PTr0 � p1 � z1 � L 	 TL 	 1r̂0;
while � r̂ j � 2 � accuracy do

j � j � 1; α j � � r̂ j ! 1 " zj ! 1 #
� p j " PT Ap j # ;

x j � x j 	 1 � α j p j ;
r̂ j � r̂ j 	 1 � α j PTAp j ;

zj � L 	 TL 	 1r̂ j ; β j � � r̂ j " zj #
� r̂ j ! 1 " zj ! 1 # ;

p j $ 1 � zj � β j p j ;
end while

Summary of the paper
In Section2 it is proventhatnot only thediagonallyscaledmatrix hasks smalleigenvalues,but that
this is alsotruefor the IC preconditionedmatrix. Thereafteranefficient constructionof theprojection
vectorsin generalconfigurationsis givenin Section3. Furthermoreit is proventhatthespanof these
vectorsis agoodapproximationof the’small’ eigenspace.A corollaryof this is thattheconvergence
of DICCG doesnot dependon the permeabilitiesratio ε. Thesensitivity of the methodwith respect
to perturbationsof the projectionvectorsis investigatedin Section4. Finally in Section5 some
numericalexperimentsaregiven.

2 Analysis of the IC preconditionediteration matrix

First we repeatthe definitionof the IncompleteCholeski(IC) preconditioner. After that it is shown
that the preconditionedmatrix is scalinginvariant. Thereafterthe resultsof [16] with respectto a
diagonalpreconditioneraregeneralizedto the IC preconditioner. Finally aremarkis givenconcerning
anestimateof theconditionof thematrix.

The IC preconditioneris definedasfollows[12]:

Definition 2.1
DeterminethelowertriangularmatrixL with thefollowing properties:

% l i j � 0 � whenai j � 0,

% � LLT � i j � ai j � whenai j �� 0.

Let us defineÂ � D 	 1
2 AD 	 1

2 whereD is an arbitrarydiagonalmatrix with positive elementson the
diagonal.The IC factorof Â is denotedby L̂. In thenext theoremwe prove that thepreconditioned
matrix is scalinginvariant.

Theorem 2.1
ThematricesL 	 1AL 	 T andL̂ 	 1ÂL̂ 	 T areidentical.
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Proof
Thenonzeropatternof L andL̂ arethesame.SupposêL � D 	 1

2 L andcheckthesecondstatementof
Definition 2.1:

�
L̂L̂T � i j � � D 	 1

2 LLTD 	 1
2 � i j � 1&

dii

�
LLT � i j

1'
d j j
� 1&

dii
ai j

1'
d j j
� � D 	 1

2 AD 	 1
2 � i j 

Theseidentitiesimply thatL̂ is equalto D 	 1
2 L. Fromthis thetheoremfollowssince

L̂ 	 1ÂL̂ 	 T � L 	 1D
1
2
�
D 	 1

2 AD 	 1
2 � D 1

2 L 	 T � L 	 1AL 	 T 
(

As a consequenceof this theoremICCG hasthesameconvergencebehavior for the original system
Ax � b andthediagonallyscaledsystemD 	 1

2 AD 	 1
2 y � b with x � D 	 1

2 y. Thereforewe considerthe
diagonallyscaledmatrix Â � D 	 1

2 AD 	 1
2 with D � diag

�
A� in theremainderof this section.In [16] it

is shown thatÂ hasks smalleigenvalues.Below we generalizethis resultto theIncompleteCholeski
preconditionedmatrix.

We considerthe following characteristicconfiguration: Ω is a rectangulardomain,which consists
of 2ks � 1 plain layersof equalthicknesswith a high-permeabilitylayer at the top andalternating
low- andhigh-permeabilitylayersfurther down (seeFigure1). In orderto simplify the proofsthat

high−permeabilityΩ
2k

s
 + 1

low−permeabilityΩ
2k

s
 

low−permeabilityΩ
2 

high−permeabilityΩ
1

.

.

.

.

.

.

Figure1: A problemwith 2ks � 1 plain layersof equalthickness

will begivenlateron, theunknownsarerenumberedin thefollowing way: first all high-permeability
unknownsarenumberedper layer from top to bottomandnext all low-permeabilityunknowns. Un-
knownsontheinterfaceof alow- andhigh-permeabilitylayerwill beconsideredashigh-permeability
unknowns. Let ∆N

h , ∆DT
h and∆D

h be the Finite Elementmatricesof the Laplacianon a single layer
with respectively homogeneousNeumannboundaryconditionsonall boundaries,Dirichlet boundary
conditionson thetop boundaryandDirichlet boundaryconditionson top andbottomboundaries.In
∆DT

h and∆D
h ahomogeneousNeumannboundaryconditionis posedon all otherboundaries.

Theorem 2.2
For ε smallenoughthe IC preconditionedmatrix L̂ 	 1ÂL̂ 	 T hasonly ks eigenvaluesof O

�
ε � .
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Proof
UsingtheFiniteElementdiscretizationasgivenin [16] thematrixÂcanbesplittedintoanε dependent
andanε independentpart:

Â � ∆̂ �*)+� (3)

where∆̂ is the block-diagonalmatrix with asfirst block ∆̂DT
h , the diagonallyscaled∆DT

h , andthen
furtherdown alternating∆̂D

h , thescaled∆D
h , and∆̂N

h , thescaled∆N
h . From[16] it followsthat �,)-� 2 �

O
� &

ε � .
Considerthe IncompleteCholeskidecompositioñLL̃T of the matrix ∆̂. Due to its block diagonal
structuretheCholeskifactor is alsoblock diagonal.The existenceof thenon-singularIC decompo-
sition of ∆̂DT and∆̂D follows from [12]. Undermild conditions(which arefullfilled in our problem)
Kaasschieter([10] Theorem3.2) hasproven that an IC decompositionexists for the singularmatrix
∆̂N andtheresultingCholeskifactoris non-singular. This impliesthat L̃ existsandλmin

�
L̃L̃T � � 0.

In orderto prove L̂L̂T � L̃L̃T � ˆ)+� with � ˆ).� 2 � O
� &

ε � , wefirst show that

L̂ � L̃ � O
� &

ε �/ (4)

Theelementsof L̂ aredeterminedby thefollowing formula’s:

l̂ i j � 0 � whenâi j � 0 � elsel̂ i j � � âi j
� j 	 1

∑
k � 1

l̂ ik l̂ jk ��0 l̂ j j for j 1 i � (5)

l̂ ii � âii
� i 	 1∑

k � 1
l̂2
ik  (6)

Equation(4) is provenby induction.TheInductionHypothesisis:

l̂ i j � l̃ i j � O
� &

ε �/� 1 2 j 2 i  (7)

Thestartof theinductionis possiblebecausethefirst blockof Â and∆̂ areidentical.

For l̂ i $ 1 " j � 1 2 j 2 i wedistinguishtwo cases:

(i) âi $ 1 " j � O
�
1�

Using(5), (3), and(7) weobtainl̂ i $ 1 " j � l̃ i $ 1 " j � O
� &

ε �3
(ii) âi $ 1 " j � O

� &
ε �

In this casel̃ i $ 1 " j � 0 andonehasto show that l̂ i $ 1 " j � O
� &

ε � . Due to our orderingof the
unknowns âi $ 1 " k � O

� &
ε � for k 1 j and thus l̂ i $ 1 " k � O

� &
ε � for k 1 j . Furthermorel̂ j j �

l̃ j j � O
� &

ε � , togetherwith l̃ j j � 0 implies that l̂ j j � 0 for ε small enough. Theseestimates
combinedwith (5) show that l̂ i $ 1 " j � O

� &
ε � .

For l̂ i $ 1 " i $ 1 weobtainfrom (6), (3), and(7) that

l̂ i $ 1 " i $ 1 � ∆̂i $ 1 " i $ 1 �
i

∑
k � 1

l̃2
i $ 1 " k � O

� &
ε �/
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Sincel̃ i $ 1 " i $ 1 �� 0 it followsthat l̂ i $ 1 " i $ 1 � l̃ i $ 1 " i $ 1 � O
� &

ε � .
FromEquation(4) it easilyfollowsthat

L̂L̂T � L̃L̃T � ˆ)+� with � ˆ)+� 2 � O
� &

ε �/
Theminimaxcharacterization([7] Theorem8.1.5)canbeusedto derive theinequalities

λmin
�
L̂L̂T �54 λmin

�
L̃L̃T � � O

� &
ε � andλmax

�
L̂L̂T �62 λmax

�
L̃L̃T �7� O

� &
ε �3

For ε small enoughwe have the boundλmin
�
L̂L̂T �84 1

2λmin
�
L̃L̃T � � 0, which is independentof ε.

TheCourant-FisherMinimax Theorem([7] Theorem8.1.2)canbeusedto show that

1

λmax
�
L̂L̂T � λk

�
Â�62 λk

�
L̂ 	 1ÂL̂ 	 T �52 1

λmin
�
L̂L̂T � λk

�
Â�3

So the numberandsizeof small eigenvaluesof Â and L̂ 	 1ÂL̂ 	 T arethe same.Using Theorem3.1
from [16] thetheoremis proven.

(

This sectionis concludedwith a remarkon estimatingthe condition of Â. Whena linear system
is solved by an iterative methodit is importantto have an estimateof the conditionnumberof the
matrix. This estimatecanbe combinedwith the machineprecisionto derive a lower boundfor the
norm of the residual. It hasno senseto iteratefurther whenthe norm of the residualis below this
bound.We know thatÂ is badconditioned,however, wehavenotestto detectthis,sincetheclassical
methodto estimatethesmallesteigenvaluefails [9, 16]. Anothermethodto estimatetheconditionof
a matrix is to estimatetheconditionof its Choleskifactor[4, 2]. Sucha methodis not usefull in this
problembecauseit follows from the proof of Theorem2.2 that the incompleteCholeskifactor L̂ is
well conditioned.

3 The construction of the projection vectors

In [16] the ’small’ eigenvectorshave beencomputedandanalyzedfor a simple testproblem. This
analysissuggeststhat the eigenvectorsare constantin high-permeabilitylayersand satisfy (1) in
low-permeabilitylayerswith appropriateboundaryconditions. The computationof eigenvectorsis
expensiveandthereforeanefficient wayto constructtheprojectionvectorsfor layeredproblems(see
Figure1) is givenin [16]. In this constructiontheverticalcrosssectionsof theprojectionvectorsvi

aremadesuchthat:

- thevalueof vi is onein the i � 1th high-permeabilitylayer including interfacepointsandzero
in theotherhigh-permeabilitylayers,

- thevalueof vi in low-permeabilitylayersis a linearinterpolationof its valuesontheinterfaces.

Below we give a generalizationof theconstructionof theprojectionvectorsfor generalgeometries.
Furthermorea proof is given that the spacespannedby theseprojectionvectorsis a goodapprox-
imation of the ’small’ eigenspaceof the (diagonalor IC) preconditionedmatrix. To constructthe
projectionvectorsthesubdomainsareorderedasfollows:

Definition 3.1
The high-permeabilitysubdomainsarenumberedfirst: Ωi � i 
9� 1 ������ kh �7 Furthermorethe first ks

high-permeabilitysubdomainsaresuchthatΩ̄i � ∂ΩD � /0 � i 
:� 1 ������ ks�7
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In otherwordsthefirst ks subdomainsarehighly permeableandtheirboundariesdonotcontainapart
of theDirichlet boundary. Thisorderingis a generalizationof theorderingusedin Section2.

Definition 3.2
Theprojectionvectorsvi for i 
:� 1 ������ ks� aredefinedas:

% vi � 1 on Ω̄i andvi � 0 on Ω̄ j � j �� i � j 
;� 1 ������ kh � ,
% vi satisfiesthefinite elementdiscretizationof theequation:

� div
�
σ j∇vi ��� 0 onΩ j � j 
<� kh � 1 ������ k �=�

whereDirichlet boundaryconditionsareusedat the interfaces( ∂Ω j � Ω) andhomogeneous
Dirichlet andNeumannboundaryconditionsareusedat outerboundaries(vi � 0 on Ω̄ j � ∂ΩD

and ∂vi
∂n � 0 on Ω̄ j � ∂ΩN).

Notethattheprojectionvectorsvi areindependentof ε. In thehigh-permeabilitydomainsthevectors
vi canalsobe interpretedasa solutionof (1) with Dirichlet boundaryconditionsequalto 1 for ∂Ωi

andequalto 0 for ∂Ω j � j �� i � j 
<� 1 ������ kh � .
We first show that � D 	 1Avi � ∞ � O

�
ε � , whereD = diag(A). Thereafterweprove thatthevectorsvi are

independent,sospan� v1 ������ vks � approximatesthe’small’ eigenspaceof thediagonallyscaledmatrix.

Assumption 3.3
We assumethat the finite elementdiscretizationis consistent,which meansthat the discretization
error is zero for a constantfunction. The subdomainsΩi areapproximatedby polygonsandeach
elementis containedin only onepolygon.Finally we assumethattheoff-diagonalelementsof A are
non-positive.

This lastassumptionmeansthatthefinite elementgrid mustsatisfycertainrequirementswith respect
to theanglesof theelements.This is a sufficient conditionfor our proofs,however, themethodhasa
wider rangeof applicability. Let thevectorxm containthespacecoordinatesof grid point m. The j th

componentof vectorvi is denotedby
�
vi � j . A consequenceof Assumption3.3 (consistency) is:

Σn
j � 1amj � 0 for xm 
 Ω̄ > ∂ΩD  (8)

For every projectionvectorvi we defineanindex set ? i @ � 1 �A���� n � , which containstheindicesof all
pointson theinterfacesof thelow-permeabilitydomainswhich areneighborsof Ωi .

Theorem 3.1
WhenAssumption3.3 is fulfilled thevectorsvi asdefinedin Definition3.2aresuchthat

� D 	 1Avi � ∞ � O
�
ε �/� i 
<� 1 ������ ks�=

Proof
We first prove

�
Avi � m � 0 for m 
<� 1 ������ n �B>5? i  (9)
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For xm 
 Ω j
� � Ω̄ j � ∂Ω �/� j 
9� 1 ������ ks� component

�
vi � m is equal to the componentsof vi in the

neighboringpoints. So(9) follows from equation(8). FromDefinition 3.2 we seethat (9) holdsfor
xm 
 Ω j

� � Ω̄ j � ∂Ω �/� j 
+� ks � 1 ������ kh � . Onalow-permeabilitysubdomain(xm 
 Ω j
� � Ω̄ j � ∂Ω �/� j 


� kh � 1 ������ k � ) equation(9) also follows from Definition 3.2. Finally when xm is on an interface
wherevi haszerocomponentson thelow-permeabilitysubdomainthenall componentsof vi arezero
in the high-permeabilitysubdomainand thusequation(9) holds. This implies

�
D 	 1Avi � m � 0 for

m 
:� 1 ������ n ��>C? i.
For anm 
+? i wesplit its neighborsinto two setsD hm andD l

m. ThesetsD h
m, D l

m containtheindicesof the
neighboringpointsin thehigh-, low-permeabilitysubdomainrespectively. The set D hm alsocontains
theindicesof theneighboringpointsat theinterface.This implies:

amj � O
�
1�/� for j 
ED h

m�
amj � O

�
ε �/� for j 
FD l

m
(10)

Assumption3.3(amj 2 0 � j �� m) togetherwith (8), and(10) imply

Dmm � amm � � Σ j GIH hmJ H lmamj � O
�
1�/ (11)

Equation(8) combinedwith
�
vi � j � � vi � m for j 
FD h

m yields

�
Avi � m � Σ j GIH lmamj

���
vi � j � � vi � m�/ (12)

Fromthemaximumprincipleweknow that
�
vi � j 
<� 0 � 1� so

�
Avi � m � O

�
ε � . Togetherwith Dmm � O

�
1�

theresultis proven.
(

Corollary
For m 
-? i anO

�
1� perturbationof

�
vi � j � j 
FD h

m leadsto � D 	 1Avi � ∞ � O
�
1� , whereasanO

�
1� pertur-

bationof
�
vi � j � j 
FD l

m leadsto � D 	 1Avi � ∞ � O
�
ε � .

This meansthata largeperturbationof vi in the low-permeabilitylayer leadsto a smallperturbation
in thematrix vectorproductD 	 1Avi.

Definition 3.4
Thenormalizedeigenvectorsof D 	 1A aredenotedby ui:

D 	 1Aui � λiui � i � 1 ������ n;

wheretheeigenvaluesareordered:λ1 2 λ2 2K��L2 λn.

In the following theoremwe show that the spacespannedby � v1 �A���� vks � is ’nearly’ a subspaceof
the ’small’ eigenspacespan� u1 ������ uks � . With ’nearly’ a subspacewe meanthat the norm of the
componentof a vectorv 
;� v1 ������ vks � outsidethesubspacespan� u1 ������ uks � is small.

Theorem 3.2
For Vks ��� v1 �� vks� andUks �M� u1 �� uks� thefollowing expressionholds:

Vks � UksZ � E � (13)

where � E � 2 � O
� &

ε � .
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Proof
Thevectorv1 canbewrittenasa linearcombinationof theeigenvectors:

v1 � Σn
j � 1α ju j  (14)

Theorem3.1implies � D 	 1Av1 � 22 2 O
�
ε2 � . Substitutionof (14)gives:

� D 	 1Av1 � 22 �M� Σn
j � 1λ jα ju j � 22 

TheeigenvectorsD
1
2 u j of D 	 1

2 AD 	 1
2 areorthogonal.Thispropertyisusedin thefollowingderivation:

� D 	 1Av1 � 22 4 λmin
�
D 	 1 �L� Σn

j � 1λ jα jD
1
2 u j � 22

� λmax
�
D � Σn

j � 1λ2
j α

2
j � D 1

2 u j � 22 4 λmax
�
D � λmin

�
D � Σn

j � 1λ2
j α

2
j 

Sinceλmax
�
D �N� O

�
1� andλmin

�
D �N� O

�
ε � weobtain:

Σks

j � 1λ2
j α

2
j � Σn

j � ks $ 1λ2
j α

2
j 2 O
�
ε �/

Rearrangingthetermsshowsthat

λ2
ks $ 1Σn

j � ks $ 1α2
j 2 Σn

j � ks $ 1λ2
j α

2
j 2 O
�
ε �/�

becauseΣks

j � 1α2
j is bounded.Sinceλks $ 1 � O

�
1� it followsthatΣn

j � ks $ 1α2
j � O
�
ε � . Thiscanbeshown

for everyvi � i 
:� 1 �A���� ks� sothetheoremis proven.
(

Notethattheprojectionvectorsv1 ������ vks arelinearly independent,becausefor xm 
 Ωi �
i 
O� 1 ������ ks�7� � vi � m � 1, and

�
v j � m � 0 for j �� i. As a consequenceof this thematrixVT

ksVks is non-
singular. Thiscanbeusedto show thatthe’small’ eigenspacespan� u1 ������ uks � is ’nearly’ a subspace
of thespacespannedby � v1 ������ vks � .
Theorem 3.3
For Vks ��� v1 �� vks� andUks �M� u1 �� uks� thefollowing expressionholds:

Uks � VksZ 	 1 � Ê � (15)

where � Ê � 2 � O
� &

ε � .
Proof
FromTheorem3.2it followsthat

VT
ksVks � ZTUT

ksUksZ � Ẽ � ZTZ � Ẽ �
where � Ẽ � 2 � O

� &
ε � . Fromtheminimaxcharacterization([7], Theorem8.1.5)we obtainthebound

λmin
�
ZTZ �64 λmin

�
VT

ksVks � � O
� &

ε �/
SinceVT

ksVks isnon-singularλmin
�
ZTZ � � 0 for ε smallenoughandZ isnon-singular. Post-multiplying

(13) by Z 	 1 gives:

Uks � VksZ 	 1 � EZ 	 1  (16)

10



Thetheoremnow followsfrom (15)and(16)because

� Ê � 2 �M� EZ 	 1 � 2 2 � λmin
�
ZTZ �A� 	 1

2 � E � 2 � O
� &

ε �/
(

This theoremmotivatesthe useof the vectors � v1 �A���� vks � in theDeflatedCG methodappliedto the
diagonallyscaledmatrix to annihilatetheeffect of thesmalleigenvalues.

In Section2 it hasbeenshown that the IC preconditionedmatrix hasks eigenvaluesof O
�
ε � . Below

we prove thatthevectors� v1 ������ vks � canalsobeusedasprojectionvectorsin theDICCG method.

Theorem 3.4
WhenAssumption3.3 is fulfilled, thevectorsvi asdefinedin Definition 3.2aresuchthat

� L 	 TL 	 1Avi � 2 � O
�
ε �/� i 
<� 1 ������ ks�=

Proof
The proof of this theoremis basedon theresultspresentedin Theorem3.1. To usetheseresultswe
note:

� L 	 TL 	 1Avi � 2 �M� L 	 TL 	 1DD 	 1Avi � 2 2 λmax
�
L 	 TL 	 1D �L� D 	 1Avi � 2 

SinceL 	 TL 	 1D andL̂ 	 T L̂ 	 1 aresimilar, their spectraareidentical. Fromtheproof of Theorem2.2
we have thatλmax

�
L̂ 	 T L̂ 	 1 ��� 10 λmin

�
L̂L̂T � is bounded.This combinedwith Theorem3.1leadsto

theinequality:

� L 	 TL 	 1Avi � 2 2 λmax
�
L̂ 	 T L̂ 	 1 � & n � D 	 1Avi � ∞ � O

�
ε �/

(

Analogousto Theorem3.3 onecanprove that the ’small’ eigenspaceof L 	 TL 	 1A is ’nearly’ a sub-
spaceof thespan� v1 ������ vks � . Thissuggeststhattheconvergenceof DICCG is independentof theratio
of thehighandlow permeability. This is confirmedby numericalexperimentsin Section5.1.

We concludethissectionwith someremarksaboutanefficient implementationof theDICCG method.
It follows from Definition 3.2, thateachprojectionvectorvi is sparsebecauseit is zeroeverywhere
excepton Ω̄i andits neighboringsubdomains.Theapplicationof theprojectionP to avectorconsists
of innerproductsandvectorupdateswith vi andAvi. ThematrixvectorproductAvi is lesssparsethan
vi . The fill-in occursat the grid pointsconnectedto the domainwherevi is non-zero.The number
of grid pointswhereAvi is non-zerois definedasNi. It is easyto seethat theapplicationof P costs
approximately3∑ks

i � 1 Ni floating point operations.To storevi andAvi, 2∑ks

i � 1 Ni memorypositions
arenecessary. In many applications∑ks

i � 1 Ni is lessthan2n. However onecanhave problemswhere
Ni P n, which makesDICCG unattractive. An exampleof this: assumethat thedomainΩ consistsof
a low-permeabilitysubdomainwhich containsks subdomainswith ahigh-permeability. Inspectionof
thecomputedprojectionvectorsshows that large partsof themarecloseto zero. Ignoring thesmall
componentsin theprojectionvectors,makesDICCG feasibleagain.In Section5.2sucha problemis
investigatedby numericalexperiments.

Anotherimportantpoint is thecostto computetheprojectionvectorson thelow-permeabilitysubdo-
mains.Theconstructionimpliesthata numberof diffusionproblemshave to besolved. Theamount
of work to solve thesesub-problemsis smallwith respectto the total amountof work. The reasons
for thisare:
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% thesizeof thesub-problemsis small,

% thesub-matricesareobtainedby copyingtherelevantpartof theoriginal matrix,

% thepreconditionedsub-matricesarewell conditioned,

% it is sufficient to haveanapproximationof thesub-solutionwith a low accuracy.

Thefinal reasonis investigatedin moredetail in thefollowing section.

4 Sensitivity investigationof DICCG

In Section3 a methodis given to constructprojectionvectors,which spanis closeto the ’small’
eigenspace.An importantquestionis how sensitiveis DICCG to perturbationsin theseapproximations.
In Section4.1 we analyzethe dependenceof DICCG to perturbationsof the projectionvectorsin a
simplecase.Somenumericalexperimentsto validateouranalysisaregivenin Section4.2.Finally in
Section4.3we investigatenumericallytheoccurrenceof smalleigenvalueswhenahigh-permeability
domainis only weaklyconnectedto a Dirichlet boundary.

4.1 Analysisof a perturbed projection vector

WeconsideraproblemwherethematrixAIC � L 	 1AL 	 T hasonesmalleigenvalueλ1. Thenormalized
eigenvectorsof AIC aredenotedby wi. For simplicity we assumethatλ2 � 1, andthat theperturbed
projectionvectoris givenby

v1 � w1 � αw2  (17)

SinceAIC is symmetrictheeigenvectorswi areorthonormal.Theperturbedprojectionoperatoris

P � I � v1E 	 1 � AICv1 � T �
whereE � � AICv1 � Tv1 � λ1 � α2. Considerthe eigenvectorsof PTAIC. From the definition of P it
follows thatPTAICv1 � 0. Furthermore(17) impliesthatPTAICwi � λiwi , for i � 3 ������ n. Finally the

vectorαw1
� w2 is alsoan eigenvectorof PTAIC andits eigenvalueis λper � λ1 � 1 $ α2 #

λ1 $ α2 . For α small

λper P 1 � λ2. In Table1 we give λper for λ1 � 10	 9 andsomevaluesof α. This analysisteaches

α 0 10	 4 10	 3 10	 2 10	 1 1
λper 1 0.0909 10	 4 10	 5 10	 7 2 Q 10	 9

Table1: Valueof λper for variousvaluesof α

us the following: whentheprojectionvectorsareperturbedthesmallesteigenvalueremainsexactly
zero,however the smallestbut oneeigenvaluecanchangeconsiderably. So if the perturbationof a
projectionvectoris too largedeflationwith thisperturbedvectordoesnot help.

In orderto useDICCG we approximatetheeigenvectorsui of L 	 TL 	 1A. Theeigenvectorsui andwi

arerelated:wi � LTui � L̂TD
1
2 ui. FromSection2 we know that theelementsof L̂ areO(1), whereas

theelementsof D
1
2 areO(1) in high-permeabilitydomainsandO

� &
ε � in low-permeabilitydomains.

Soperturbationsof ui in a low-permeabilitydomainleadto smallperturbationsof wi andλper. In the
following sectionwecomparetheresultsobtainedfrom thisanalysiswith numericalexperiments.
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4.2 Validation of the perturbation analysis

As a testproblemwe considerthestraightlayerproblemasgiven in [16]. This problemconsistsof
7 horizontallayerswith a sandstonelayer (σ � 1) at the top andalternatelyshale(σ � 10	 7) and
sandstonelayersfurtherdown.

Two experimentsaredone. In thefirst experimenta randomvectoris addedto theprojectionvector
in theshalelayers.The amplitudeof this vectoris α

2 andit is zeroat the interfaces.Theresultsare
givenin Table2. Thenumberof iterationsincreasefor increasingα, however evenfor α � 1 DICCG

is much fasterthan ICCG. We observe that the smallesteigenvalueonly changesconsiderablyfor
α � 1. For this choiceλper is of thesameorderasthe squareroot of the smallesteigenvalueof the
original matrix. This agreeswell with our analysis.Moreover it appearsthat thedifferencebetween
theestimatedandexacterroris relatively smallcomparedto thecaseof no deflation.

α 0 10	 2 10	 1 1 ICCG

λper 0.164 0.164 0.164 8  2 Q 10	 3 1  6 Q 10	 9
n 14 14 15 24 54

Table2: Newly introducedsmalleigenvalue(λper) andnumberof iterations(n) neededbeforeDICCG

(or ICCG) reachestherequiredaccuracy (perturbationα is restrictedto theshalelayers)

In thesecondexamplewe perturbthenonzeropartsof theprojectionvectorsvi alsoin thesandstone
layerΩi. In Table3 thesmallestnonzeroeigenvalueλper andthenumberof iterationsaregiven.Note
thatqualitatively thereis agoodcorrespondencebetweentheresultsgivenin Table1 andTable3.

α 0 10	 4 10	 3 10	 2 10	 1 ICCG

λper 0.164 0.0825 9 Q 10	 4 9 Q 10	 6 9 Q 10	 8 1  6 Q 10	 9
n 14 18 27 38 56 54

Table3: Newly introducedsmalleigenvalue(λper) andnumberof iterations(n) neededbeforeDICCG

(or ICCG) reachestherequiredaccuracy (perturbationα in thewholedomain)

4.3 The influenceof the geometryon small eigenvalues

Initially wehaveassumedthatahigh-permeabilitydomain,whichisconnectedtoaDirichletboundary
doesnot leadto a smalleigenvalue.In this sectionthisassumptionis investigatedin moredetail.

We considerfive testproblems.Thegeometryof theproblemsis presentedin Figure2. All problems

1

100

1

100 100 100

1 1

1e-51e-51

A B C D E

Figure2: Thetestconfigurationswith thepermeabilityconstants
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aresolvedonanequidistantgrid. Thefirst problemis only usedfor reference.In thesecondgeometry
anotherhigh-permeabilitydomainis added.In theremainingproblems,theconnectionbetweenboth
high-permeabilitydomainsis decreaseddueto a low-permeabilitylayer. Thesmallesteigenvalueof
the diagonallyscaledmatricesaregiven in Table4. The resultsshow clearly that addinganother

configuration A B C D E
connectionwidth [%] - 100 90 10 1

50 R 45 grid 2  7 R 10	 4 4  9 R 10	 6 4  6 R 10	 6 6  9 R 10	 7 -
100 R 90 grid 6  8 R 10	 5 1  2 R 10	 6 1  1 R 10	 6 1  7 R 10	 7 2  3 R 10	 8

Table4: The smallesteigenvaluesfor varioustestproblems,including variationsof the connection
width

high-permeabilitydomainwith no Dirichlet boundaryconditionsdecreasesthe smallesteigenvalue
by a factor55. This is of thesameorderasthecontrastin thepermeabilityconstantsin bothdomains.
On topof thatthesmallesteigenvaluedecreasesproportionallyto a decreaseof theconnectionwidth.
Botheffectsenhanceeachother. Sincetheratiobetweentheeigenvaluesof thevariousconfigurations
is independentof thegrid-size,we expectthatthesmallesteigenvalueof thecontinuousproblemhas
thesamebehavior.

Basedon theseresultswemakethefollowing observations:

% Whena problemis consideredwith high, mediumandlow-permeabilitydomainsthena small
eigenvalueoccurswhena high-permeabilitydomainis only connectedto a Dirichlet boundary
via a mediumor a low-permeabilitydomain.

% A high-permeabilitydomainwhich is ’weakly connected’(which meansthat the connection
width is small)to a Dirichlet boundaryleadsto a smalleigenvalue.

Theseobservationsimply that themethodto constructtheprojectionvectors(Definition 3.2) should
berefinedin moregeneralproblems.In Section5.3agroundwaterflow problemis solved,whichcon-
tainshigh,medium,andlow-permeabilitydomains,togetherwith ’weaklyconnected’high-permeability
domains.

5 Numerical experiments

In this sectionwe considerthreetest problems. The first problemis a three-dimensionallayered
problemmotivatedby transportof oil in a reservoir. Secondlya testproblemis consideredwith many
high-permeabilityinclusionsin a low-permeabilitylayer. Finally thethird problemis thesimulation
of a two-dimensionalgroundwaterflow.

5.1 An oil flow problem

For theflow simulationof oil andnaturalgasin areservoir it is necessaryto predictfluid pressuresin
rock layers.Thereforethediffusionequation(1) hasto besolvedin large three-dimensionalgeome-
trieswith a layeredstructure.

As afirst problemweconsidertwo sandstonelayers(σ � 10	 4 andσ � 10)separatedby shalelayers

14
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(σ � 10	 7). The layersvary in thicknessandorientation(seeFigure3 and4). At thetop of thefirst
sandstonelayer a Dirichlet boundaryconditionis posed,so thereis only onesmalleigenvalue. The
numberof iterationsandthetotal CPUtime for (D)ICCG areshown in Table5 for variousgrid sizes.
The CPU time to constructthe projectionvector is given too. We seethat the constructiontime is

nodal ICCG DICCG

points iterations CPU iterations CPU CPUconstruction
2760 21 0.57 10 0.36 0.08

19665 38 9.01 20 5.80 0.60
148185 86 163 43 99.6 5.4

Table5: Numberof iterationsandCPUtime for variousgrid sizes

relatively small.

Next we considerthesamegeometry, but now thedomainconsistsof 9 layers.Five sandstonelayers
areseparatedby 4 shalelayers.Thematrix of thisproblemhas4 smalleigenvalues.Only 1  5n mem-
ory positionsarerequiredto storethe4 projectionvectors.The(D)ICCG resultsaregivenin Table6.
Thereis a largegainin numberof iterationsandCPUtime. Theconvergencehistoryof bothmethods
is shown in Figure5 and6. Thenormof the ICCG residualhas4 bumps(correspondingto thenum-
berof smalleigenvalues)beforethetrueerrordecreases.In this examplethesecondandthird bump
nearlycoincide.Theobservedpropertiesof (D)ICCG correspondwell with theobservationsmadein
[16] for simpletwo-dimensionaltestproblems.

For the9 layer problemwe alsoinvestigatetheeffect of the jump in thepermeabilities.We usethe
grid with 19665nodalpoints,takethe permeabilityin the sandstonelayersequalto 1 andvary the
permeabilityin theshalelayers.Theresultsin Table7 confirmthatDICCG is independentof thevalue
of σshale. In ourexperimentsarelativehigh accuracy (10	 5) is used.In Table8 theresultsaregiven
for otheraccuracies.We concludethatthegainin CPUtime is very largefor accuracies(10	 1 � 10	 2)
which aresufficient in many applications.
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nodal ICCG DICCG

points iterations CPU iterations CPU CPUconstruction
2760 47 1.19 10 0.37 0.12

19665 83 19.1 20 6.22 1.29
148185 189 350 44 108 12.7

Table6: Numberof iterationsandCPUtime for the9 layerproblem
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Figure5: Theconvergencebehavior for ICCG
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Figure6: Theconvergencebehavior for DICCG

σshale ICCG DICCG

λmin iterations λmin iterations
10	 3 1  5 Q 10	 2 26 6  9 Q 10	 2 20
10	 4 2  0 Q 10	 3 39 8  7 Q 10	 2 19
10	 5 2  2 Q 10	 4 59 7  7 Q 10	 2 20
10	 6 2  2 Q 10	 5 73 7  8 Q 10	 2 20
10	 7 2  3 Q 10	 6 82 7  7 Q 10	 2 20

Table7: Thesmallestnonzeroeigenvalueandthenumberof iterationsfor the9 layerproblem

accuracy ICCG DICCG

iterations CPU iterations CPU
10	 5 82 18.9 20 6.3
10	 4 80 18.4 16 5.2
10	 3 78 18.0 12 4.1
10	 2 77 17.8 3 1.5
10	 1 75 17.2 2 1.2

Table8: Varyingtheaccuracy for the9 layerproblem

5.2 A problemwith many high-permeability inclusions

At theendof Section3 we have notedthatonecanthink of problemswheretheamountof memory
to storethe projectionvectorsis proportionalto the numberof small eigenvalues. To diminish the
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requiredamountof memorywe have proposedto usea drop tolerance(droptol). The components
of the projectionvectorswhich are lessthan droptol areset equalto zero. In this subsectionwe
investigatetheinfluenceof droptol on thepropertiesof DICCG.

We considera 3 layerproblem,wheretheshalelayercontains8 sandstoneinclusions(seeFigure7).
Thereare12585nodalpointsusedin thefinite elementdiscretizationof thisproblem.For oneof the

sandstone

sandstone

shale

Figure7: A problemwith 8 sandstoneinclusions
in theshalelayer
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     0.765
     0.824
     0.882
     0.941
     1.000

Figure8: Contourplotof oneof theprojectionvec-
tors

projectionvectorsa contourplot is given in Figure8. From this figurewe seethat the valueof the
projectionvectoris very small in the shalelayer except in the vicinity of onesandinclusion. This
observationhasmotivatedusto deletethesmallcomponentsof theprojectionvectors.

In Table9 the relevant resultsaregivenfor ICCG andDICCG for variousvaluesof droptol. We see
againalargedecreasein CPUtimeandnumberof iterationswhendeflation(DICCG) is used.However
in DICCG, 3  9nextramemorypositionsarerequiredto storetheprojectionvectors.Increasingthedrop
toleranceleadsto thesamenumberof iterations,lessCPUtime,asmallincreasein thetrueerror, and
a largedecreaseof theamountof extra memory. Sothecombinationof DICCG with a droptolerance
leadsto anefficient solutionmethodevenwhentheproblemhasmany high-permeabilityinclusions.

ICCG DICCG

droptol 0 10	 2 10	 1
CPU 44 12 8.3 8.1
CPUconstruction 0 3.1 2.9 2.9
iterations 616 76 76 76
λmin 4 R 10	 9 8 R 10	 3 8 R 10	 3 8 R 10	 3
trueerror 7 R 10	 7 1  86 R 10	 5 1  87 R 10	 5 2  28 R 10	 5
extramemory 0 3  9n 1  6n 1  2n

Table9: Resultsof ICCG andDICCG for variousvaluesof droptol
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5.3 A groundwater flow problem

In Section4.3wehaveseenthatasmalleigenvalueoccurswhenahigh-permeabilitylayeris ’weakly
connected’to a Dirichlet boundary. In this sectionwe will examinethevalidity of this assumptionin
moredetail. In [15] a Poisson-likeequationhasbeensolvedon thestructureshown in Figure9. The
solutionsatisfiestheequation:

� ∇ Q � A∇u�=� B
�
x � y� ux � F � whereB

�
x � y�N� 2e2 � x2 $ y2 # 

The coefficient A is definedasshown in Figure9. The function F is everywherezeroexcept in the
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Figure9: Thecoefficientsandgeometryof thegroundwaterproblem

centersectionwhereF � 100.We haveDirichlet conditionsonthecompleteouterboundary. In [15],
BI-CGSTAB and CGS have beenusedto solve the discretizedsystem. In both casesan incomplete
LU-factorizationhasbeenusedaspreconditioner. If we takea look at theconvergencebehavior of
BI-CGSTAB andCGS asreportedin [15], thereis astrongresemblancewith theconvergencebehavior
of ICCG appliedto layeredproblems.

Sinceat this momentwe are only interestedin symmetricproblemswe will analyzethe Poisson
equation: � ∇ Q � A∇u�C� F  Like beforethe smallesteigenvalueof the discretizedsystemhasbeen
calculated.Both thepresenceof theclaysection(A � 10	 5) aswell asthejumpin permeabilitiesbe-
tweenthetwo sandsectionshave an influenceon thesmallesteigenvalue.To annihilatetheeffect of
thesmallesteigenvalueon theconvergence,DICCG hasbeenappliedto this problem.Theprojection
vectorhasbeenconstructedby neglectingthe small gapin the low-permeabilitylayer. The conver-
gencebehavior for ICCG and DICCG (appliedto the original geometry)is plotted in Figure10 and
11. Theconvergencebehavior of DICCG is muchbetterthanthatof ICCG. Thenumberof iterations
decreaseswith a factortwo andaproperterminationcriterioncanbeused.

6 Conclusions

It hasbeenshown thatthe IC preconditionedmatrix is scalinginvariant.Thispropertyis usedto show
that thenumberof smalleigenvaluesof the IC preconditionedmatrix is equalto thenumberof high-
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Figure11: Theconvergenceof DICCG

permeabilitydomains,which arenotconnectedto aDirichlet boundary.

A detaileddescriptionhasbeengivenhow to constructtheprojectionvectorsin acheapway. A proof
is givento show thatthespanof thesevectorsapproximatesthe’small’ eigenspaceof thediagonalor
IC preconditionedmatrix. This impliesthattheconvergencebehavior of DICCG is independentof the
sizeof thejumpin thecoefficients.

It hasbeenshown thatperturbationsof theprojectionvectorsin thelow-permeabilityparthave only
a limited influenceon theconvergencepropertiesof DICCG. This hasimportantconsequencesfor the
efficiency of themethod:

% It is sufficient to computea low-accuracy solutionof thesubdomainproblems,which areused
in theconstructionof theprojectionvectors.

% Smallcomponentsof theprojectionvectorscanbeneglectedto savework andmemoryrequire-
ments.

Theuseof ourprojectionvectorsin combinationwith theDICCG method,makesthesolverrobustfor
elliptic problemswith highly discontinuouscoefficients.For this kind of problemsa robuststopping
criterion is available,which is not the casefor the standardICCG method. For high accuraciesthe
DICCG methodconvergesconsiderablyfasterthanthe ICCG method.However, for practicalaccura-
ciesthegain is enormous.This meansthat in thecontext of non-linearproblemsor time-dependent
problemsDICCG is far superiorabove ICCG.

It hasbeenshown that theconstructionof theprojectionvectorscanbedonefully automaticallyand
thatthemethodcanbeappliedto practicalproblems.

WeconcludethatDICCG with adroptoleranceis averyrobustandextremelyefficientmethodto solve
problemswith extremecontrastsin thecoefficients.
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