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Statement of the problem

Motivation

Knowledge of the 
uid pressure in ro
k layers is impor-

tant for an oil 
ompany to predi
t the presen
e of oil

and gas in reservoirs.

Mathemati
al model

The 
uid pressures are des
ribed by a time-dependent

3 dimensional di�usion equation, based on 
onservation

of mass and Dar
y's law.

Numeri
al method

The Finite Element Method and the Euler Ba
kward

method are used. In ea
h time-step a large, sparse lin-

ear system has to be solved.

Iterative solution method

A pre
onditioned Conjugate Gradient method is used.

Due to large 
ontrasts in permeability the extreme eigen-

values di�er orders of magnitude. This leads to slow 
on-

vergen
e of i

g and 
onventional termination 
riteria

are no longer reliable.
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De
ated i

g

The proje
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Results of i

g
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Constru
tion of the proje
tion ve
tors (1)

�div(�rp) = 0 in 
; (1)
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Constru
tion of the proje
tion ve
tors (2)

Example with k

s

= 4; k

h

= 5, and k = 7
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Constru
tion of the proje
tion ve
tors (3)

Number of small eigenvalues

The spe
trum of the IC pre
onditioned matrix 
ontains

k

s

small eigenvalues (O(10

�7

) for shale/sandstone lay-

ers).

The proje
tion ve
tors

The 'small' eigenspa
e is approximated by the span of

the ve
tors v

i

:
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h
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� v

i

satis�es (1) in the low permeable layers.

Properties

� The ve
tors v

i

and Av

i

are sparse (N

i

non-zero ele-

ments).

� Extra work per iteration: 3

P

k

s

i=1

N

i

� Extra memory: 2

P

k

s
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N

i
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Constru
tion of the proje
tion ve
tors (4)

Example with k

s

= 2; k

h

= 3, and k = 5
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Sensitivity of di

g (1)

High permeable layers

di

g is sensitive with respe
t to perturbations of the

proje
tion ve
tors in the high permeable layers.

Low permeable layers

The sensitivity is investigated by numeri
al experiments.

As a test example we 
onsider a two-dimensional prob-

lem with 4 horizontal sandstone layers separated by 3

horizontal shale layers. We add a random ve
tor with


omponents less than Æ=2, to the non-
onstant parts of

the proje
tion ve
tors.

Æ 0 10

�3

10

�2

10

�1

1 i

g

n 15 15 15 19 28 58

Number of iterations (n) before (d)i

g rea
hes the

required a

ura
y (10

�4

)
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Sensitivity of di

g (2)
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An oil 
ow problem (1)
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An oil 
ow problem (2)

A 3D problem proposed by Shell 
onsists of four layers.

The permeabilities in ea
h layer are 
hosen 
onstant.

There is only one free sand layer, hen
e there is only

one 'small' eigenvalue. The 
onvergen
e of i

g and

di

g is given below.
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A groundwater 
ow problem (1)

The pressure in groundwater satis�es the equation:

�r � (Aru) = F; (2)

where the 
oeÆ
ients and geometry of the problem are:
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A groundwater 
ow problem (2)

The low permeable layer (A = 10

�5

) and the jump in

permeabilities between the two sand se
tions lead to a

'small' eigenvalue. Therefore we apply di

g where the

proje
tion ve
tor is 1 in the 
entral se
tion and 0 on the

outer boundary and satis�es (2) in the other se
tions.

The 
onvergen
e of i

g and di

g is given below.
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Con
lusions

di

g

The presented 
onstru
tion of the proje
tion ve
tors lead

to a very eÆ
ient di

gmethod for the solution of 
om-

pli
ated three-dimensional problems with large jumps in

the 
oeÆ
ients.

Stability

di

g is stable with respe
t to perturbations of the non-


onstant parts of the proje
tion ve
tors.
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