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Finite element analysis
The mathematician: Given a geometry G, create a computational mesh Mh, define basis
functions {bi}i, and determine the coefficients {ui}i such that uh,p =

∑
i uibi is a ‘good’

approximation to the exact solution u of the (initial) boundary value problem at hand.

G ⇒ Mh ⇒ Sh,p = span{bi}i ⇒ uh,p ∈ Sh,p ⇒ ∥u − uh,p∥ ≤ chp+1

The engineer: Given a use case, find an optimal design D (geometry, materials, etc.) that
maximizes/minimizes one or more key performance indicators (weight, drag/lift, etc.)

D ⇒ Mh ⇒ Sh,p = span{bi}i ⇒ uh,p ∈ Sh,p ⇒ α, β, γ = KPI(uh,p)
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Design optimization: topology
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Design optimization: shape
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Design optimization: meso-/micro-structure and materials
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Isogeometric analysis demo applet by J. Lee, TU Vienna
pip install feigen; python3 -c "import feigen; feigen.CustomPoisson2D().start()"

xh(ξ) =
∑

i∈Iall

xibi(ξ) uD(ξ) =
∑

i∈Ibdr

uibi(ξ) uh(ξ) = uD(ξ) +
∑
i∈Iin

uibi(ξ)
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Outline

1 Introduction into basis splines

2 Introduction to isogeometric analysis

3 Some technicalities

4 Parametrization techniques
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Univariate B-splines

Knot vector

Ξ = {ξ1, ξ2, . . . , ξn+d+1}, ξi ≤ ξi+1, ∀i = 1, . . . , n + d

with ξi being a knot, n the number and d the degree of the B-spline basis functions

Recurrence formula [de Boor, 1971]

b0
i;Ξ(ξ) =

{
1 if ξi ≤ ξ < ξi+1

0 otherwise

bd
i;Ξ(ξ) = ξ − ξi

ξi+d − ξi
bd−1

i;Ξ (ξ) + ξi+d+1 − ξ

ξi+d+1 − ξi+1
bd−1

i+1;Ξ(ξ) “0
0” := 0
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Univariate B-spline properties

Local support and non-negativity

bd
i;Ξ(ξ)

 > 0 ∀ξ ∈ supp
(
bd

i;Ξ

)
:= [ξi, ξi+d+1),

= 0 otherwise

Partition of unity
n∑

i=1
bd

i;Ξ(ξ) ≡ 1, ∀ξ ∈ ÎΞ := [ξ1, . . . ξn+d+1)
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Knot vectors

Open knot vector (i.e. d + 1 repetition of the first and last knot)

Ξ = [ξ1 = · · · = ξd+1, ξd+2, . . . , ξn+1 = · · · = ξn+d+1]

First and last basis functions are interpolatory at the left and right endpoint, respectively.

Repeated knots reduce the continuity of the basis functions that are non-zero at the
respective knot from Cd−1 to Cd−mi locally with mi being the multiplicity of the i-th knot.
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The power of knot repetition

0 1 2 3 4
0

0.5

1

Ξ = {0, 0, 0, 1, 2, 3, 3, 4, 4, 4}, ÎΞ = (0, 4), n = 7, d = 2
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The spline space Sd,s
Ξ

Sd,s
Ξ = span

{
bd

1;Ξ, . . . , bd
n;Ξ

}
=
{

n∑
i=1

bd
i;Ξ(ξ) ci : ci ∈ Rs, for 1 ≤ i ≤ n, ξ ∈ ÎΞ

}

Define spline function f ∈ Sd,s
Ξ , i.e. mapping from ÎΞ to Rs through

f(ξ) =
[
bd

1;Ξ(ξ) . . . bd
n;Ξ(ξ)

]
·
[
c1 . . . cn

]
= b · c

and fix the B-spline coefficients ci ∈ Rs relative to the given B-spline basis
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Greville abscissae and control polygon

Greville abscissae (i.e. parameter values where basis functions attain maximum values)

ξ̄i = ξi+1 + · · · + ξi+d

d

have a special geometric interpretation; the pairs (ξ̄i, ci) form the control polygon

Example: n = 7, d = 2

Ξ = {0, 0, 0, 1, 2, 3, 3, 4, 4, 4}

c =
[
0 2 1 1 3 1 2

]
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Multi-variate B-splines
Tensor-product basis functions

bd
i;Ξ(ξ) =

p∏
k=1

bdk
ik;Ξk

(ξk)

with i = (i1, . . . , ip), d = (d1, . . . , dp),
ξ = (ξ1, . . . , ξp), Ξ = (Ξ1, . . . , Ξp),
and parametric domain

Ω̂Ξ =
p⊗

k=1
[ξk,dk+1, ξk,nk

)

Sd,s
Ξ = span

{
bd

1;Ξ, . . . , bd
n;Ξ

}
=
{ n∑

i=1
ci bd

i;Ξ(ξ) : ci ∈ Rs, for 1 ≤ i ≤ n, ξ ∈ Ω̂Ξ

}
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Collocation IgA

PDE problem

Lu = f in Ω

Bu = g on Γ

Weighted residual form
∫

Ω
ϕΩ(Lu − f) dx +

∫
Γ

ϕΓ(Bu − g) ds = 0

Let

ϕΩ =
k∑

i=1
δΩ(x − xi) ci (xi ∈ Ω) and ϕΓ =

n∑
i=k+1

δΓ(x − xi) ci (xi ∈ Γ)

then
k∑

i=1
(Lu(xi) − f(xi)) ci +

n∑
i=1+k

(Bu(xi) − g(xi)) ci = 0
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Collocation IgA cont’d

As the coefficients ci are arbitrary we obtain

Lu(xi) = f(xi) i = 1, . . . , k

Bu(xi) = g(xi) i = k + 1, . . . , n

• basis functions bi need to be at least Cℓ such that L and B can be applied
• regular system matrix requires that #collocation points = #basis functions

and all collocation points must be pairwise distinct
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Comparison between Galerkin and collocation IgA

solution IgA-G abs. error IgA-C abs. error

Results by Mengyun Wang
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Comparison between Galerkin and collocation IgA
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Comparison between Greville and clustered superconvergent points
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Least-squares collocation IgA

Idea: When #collocation points (m) > #unknowns (n) then the system matrix is
over-determined and the system can be solved in least-squares manner

min
uh

1
k

k∑
i=1

∥Luh(xi) − f(xi)∥2 + 1
m − k

m∑
i=k+1

∥Buh(xi) − g(xi)∥2

[Lin et al., 2020] derives rigorous conditions under which least-squares collocation IgA
(IgA-L) is consistent and convergent. In essence, there must be at least one collocation
point per element (e.g., Greville points) but we can use more to increase the resolution.
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Comparison between collocation and least-squares collocation IgA
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Least-squares collocation IgA revisited

Replacing f , and g by their approximations fh, and gh we obtain

min
{uj}j

1
k

k∑
i=1

∥
n∑

j=1
Lbj(xi)uj − bj(xi)fj∥2 + 1

m − k

m∑
i=k+1

∥
n∑

j=1
Bbj(xi)uj − bj(xi)gj∥2

• B-spline basis functions b̂j(ξ) are defined in the reference space Ω̂ = (0, 1)d and are
mapped into physical space Ω through the push-forward mapping

xh(ξ) =
n∑

j=1
b̂j(ξ)xj ,

• problem is fully parameterized through fj ’s, gj ’s, and xj ’s relative to a fixed basis b̂j
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IgANet architecture

x1

xn

f1

fn

g1

gn

σ

σ

σ

σ

σ

σ

σ

σ

σ

u1

un

loss = lossPDE + lossBC

loss < ε end training

∂loss
∂w → update w

and continue training

ge
om

et
ry

r.h
.s.

ve
ct

or
bd

r.
co

nd
.

coll. pts. (ξi)m
i=1

Can be interpreted as an alternative way to solve the least-squares problem (IgA-L)
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Training and evaluation

Training
For [f1, . . . , fn] ∈ Srhs, [g1, . . . , gn] ∈ Sbcond, [x1, . . . , xn] ∈ Sgeo do

For a batch of collocation points ξi ∈ [0, 1]2 (e.g., Greville points + more) do

Train IgANet ([f1, . . . , fn], [g1, . . . , gn], [x1, . . . , xn]) 7→ [u1, . . . , un]
EndFor

EndFor

Evaluation
For [f1, . . . , fn] ∈ Srhs, [g1, . . . , gn] ∈ Sbcond, [x1, . . . , xn] ∈ Sgeo do

Evaluate IgANet ([f1, . . . , fn], [g1, . . . , gn], [x1, . . . , xn]) 7→ [u1, . . . , un]

Use basis representation uh(x) =
n∑

j=1
bj(x)uj for all further purposes

EndFor
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Test case: Poisson’s equation on a variable annulus

g ≡ 0
g

≡
0,

1,
. .

. ,
11

0rad

1rad2rad

3rad

4rad

f ≡ 0, 1, . . . , 11

Master thesis work by Frank van Ruiten, TU Delft
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Validation results
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Validation results
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Computing derivatives

Derivatives occurring in the loss function can be computed in the traditional way, i.e.

lossPDE = 1
k

k∑
i=1

|∆ [uh ◦ xh (ξi)] − fh ◦ xh (ξi)|
2

Implementation: bspline.ilaplace(Geo, Xi)

Derivatives of the loss function w.r.t. the weights and biases of the neural network – only
needed during training – are computed using reverse-mode algorithmic differentiation

Implementation: nn.zero_grad(); out = nn.forward(Geo, Xi);
loss = L(out, ...); loss.backward();
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Reverse-mode AD example

6 C�������� D���������� 245

reverse chain rule requires the information on all the dependencies to determine
which partial derivatives are nonzero. The forward pass and dependencies are
represented by the computational graph shown in Fig. 6.19.

G1 E1 = G1 E4 = sin E1 E5 = E3 + E4 51 = E5

G2 E2 = G2 E6 = E2
2 E7 = E3 + E6 52 = E7

E3 = E1E2

51

52

Fig. 6.19 Computational graph for the
function.

Using the chain rule (Eq. 6.26) and setting the seed for the desired variable
Ē7 = 1, we get

Ē7 = 1

Ē6 =
%E7
%E6

Ē7 = Ē7 = 1

Ē5 = = = 0

Ē4 =
%E5
%E4

Ē5 = Ē5 = 0

Ē3 =
%E7
%E3

Ē7 + %E5
%E3

Ē5 = Ē7 + Ē5 = 1

Ē2 =
%E6
%E2

Ē6 + %E3
%E2

Ē3 = 2E2Ē6 + E1Ē3 = 4.785 =
% 52
%G2

Ē1 =
%E4
%E1

Ē4 + %E3
%E1

Ē3 = (cos E1)Ē4 + E2Ē3 = 2 =
% 52
%G1

.

(6.30)

After running the forward evaluation and storing the elements of E, we can run
the reverse pass shown in Fig. 6.20. This reverse pass is illustrated in matrix
form in Fig. 6.21. The procedure is equivalent to performing back substitution
in this linear system.

51Ē5 = 0Ē4 = Ē5
Ē1 = Ē4 cos E1

+ E2Ē3

% 52
%G1

= Ē1
% 52
%G1

52Ē7 = 1Ē6 = Ē7
Ē2 = 2E2Ē6

+ E1Ē3

% 52
%G2

= Ē2
% 52
%G2

Ē3 = Ē7 + Ē5

Fig. 6.20 Computational graph for the
reverse mode, showing the backward
propagation of the derivative of 52.

Although we set out to evaluate d 52/dG1, we also computed d 52/dG2 as a
by-product. For each output, the derivatives of all inputs come at the cost of

Reverse-mode AD requires two passes. The forward pass cre-
ates the computational graph.

The backward pass computes
the gradients from the values stored on the ‘tape’.

All operations must be of the form out = f(in);

v̄7 = 1

v̄6 = ∂v7

∂v6
v̄7 = v̄7 = 1

v̄5 = 0

v̄4 = ∂v5

∂v4
= v̄5 = 0

v̄3 = ∂v7

∂v3
v̄7 + ∂v5

∂v3
v̄5

= v̄7 + v̄5 = 1

v̄2 = ∂v6

∂v2
v̄6 + ∂v3

∂v2
v̄3

= 2v2v̄6 + v1v̄3 = 4.785 = ∂f2

∂x2

v̄1 = ∂v4

∂v1
v̄4 + ∂v3

∂v1
v̄3

= (cos v1)v̄4 + v2v̄3 = 2 = ∂f2

∂x1

Source: Fig 6.17 from Martins and Ning [2021].
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Ē7 = 1, we get
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Ē7 = Ē7 = 1
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Ē5 = Ē5 = 0
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%E7
%E3
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%E3

Ē5 = Ē7 + Ē5 = 1

Ē2 =
%E6
%E2

Ē6 + %E3
%E2

Ē3 = 2E2Ē6 + E1Ē3 = 4.785 =
% 52
%G2

Ē1 =
%E4
%E1

Ē4 + %E3
%E1

Ē3 = (cos E1)Ē4 + E2Ē3 = 2 =
% 52
%G1

.

(6.30)

After running the forward evaluation and storing the elements of E, we can run
the reverse pass shown in Fig. 6.20. This reverse pass is illustrated in matrix
form in Fig. 6.21. The procedure is equivalent to performing back substitution
in this linear system.
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% 52
%G1

= Ē1
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% 52
%G2

= Ē2
% 52
%G2

Ē3 = Ē7 + Ē5

Fig. 6.20 Computational graph for the
reverse mode, showing the backward
propagation of the derivative of 52.

Although we set out to evaluate d 52/dG1, we also computed d 52/dG2 as a
by-product. For each output, the derivatives of all inputs come at the cost ofReverse-mode AD requires two passes. The forward pass cre-

ates the computational graph. The backward pass computes
the gradients from the values stored on the ‘tape’.

All operations must be of the form out = f(in);

v̄7 = 1

v̄6 = ∂v7

∂v6
v̄7 = v̄7 = 1

v̄5 = 0

v̄4 = ∂v5

∂v4
= v̄5 = 0

v̄3 = ∂v7

∂v3
v̄7 + ∂v5

∂v3
v̄5

= v̄7 + v̄5 = 1

v̄2 = ∂v6

∂v2
v̄6 + ∂v3

∂v2
v̄3

= 2v2v̄6 + v1v̄3 = 4.785 = ∂f2

∂x2

v̄1 = ∂v4

∂v1
v̄4 + ∂v3

∂v1
v̄3

= (cos v1)v̄4 + v2v̄3 = 2 = ∂f2

∂x1

Source: Fig 6.17 from Martins and Ning [2021].
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Reverse-mode AD example
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% 52
%G2

= Ē2
% 52
%G2

Ē3 = Ē7 + Ē5
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An efficient algorithm for evaluating univariate B-splines
Algorithm 2.22 from [Lyche and Mørken, 2018] with modifications

1 b = 1
2 For k = 1, . . . , d − r

1 t1 = (ξi−k+1, . . . , ξi)
2 t21 = (ξi+1, . . . , ξi+k) − t1
3 mask = (t21 < tol)
4 w = (ξ − t1−mask) ÷ (t21−mask)
5 b = [(1 − w) ⊙ b, 0] + [0, w ⊙ b]

3 For k = d − r + 1, . . . , d

1 t1 = (ξi−k+1, . . . , ξi)
2 t21 = (ξi+1, . . . , ξi+k) − t1
3 mask = (t21 < tol)
4 w = (1−mask) ÷ (t21−mask)
5 b = [−w ⊙ b, 0] + [0, w ⊙ b]

0
2

4
6 2

4
6

0

100

200

r d

flo
ps

where ÷ and ⊙ denote the element-wise division and multiplication of vectors, respectively.
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Memory layout of tensors

Example: n1 = 6, n2 = 5, n3 = 5 and d1 = 3, d2 = 1, d3 = 4

149148147146145144

143142141140139138

137136135134133132

131130129128127126

125124123122121120

119118117116115114

113112111110109108

107106105104103102

10110099989796

959493929190

898887868584

838281807978

777675747372

717069686766

656463626160

595857565554

535251504948

474645444342

414039383736

353433323130

292827262524

232221201918

171615141312

11109876

543210
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Memory layout of tensors

Example: n1 = 6, n2 = 5, n3 = 5 and d1 = 3, d2 = 1, d3 = 4

0 1 2 3 4 5

6 7 8 9 10 11

12 13 14 15 16 17

18 19 20 21 22 23

24 25 26 27 28 29

30 31 32 33 34 35

36 37 38 39 40 41

42 43 44 45 46 47

48 49 50 51 52 53

54 55 56 57 58 59

60 61 62 63 64 65

66 67 68 69 70 71

72 73 74 75 76 77

78 79 80 81 82 83

84 85 86 87 88 89

90 91 92 93 94 95

96 97 98 99 100 101

102 103 104 105 106 107

108 109 110 111 112 113

114 115 116 117 118 119

120 121 122 123 124 125

126 127 128 129 130 131

132 133 134 135 136 137

138 139 140 141 142 143

144 145 146 147 148 149

c = [8 9 10 11 14 15 16 17 38 39 . . . 136 137]
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A brief recap of the Kronecker product

Definition
A ⊗ B =

[
A11B A12B
A21B A22B

]
(nA · mA · nB · mB flops)

Mixed-product property (if matrices are so that AC and BD exists)

(A ⊗ B) (C ⊗ D) = (AC) ⊗ (BD)

Multiplicative decomposition (extendable to arbitrary number of matrices)

(A1 ⊗ I2) (I1 ⊗ A2) = (A1I1) ⊗ (A2I2) = A1 ⊗ A2
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Efficient evaluation of multi-variate B-splines

It follows form the multiplicative decomposition of the Kronecker product that

f(ξ, η, ζ) =
(
bd1 ⊗ bd2 ⊗ bd3

)
· c =

(
I1 ⊗ I2 ⊗ bd3

)
·
(
I1 ⊗ bd2 ⊗ I3

)
·
(
bd1 ⊗ I2 ⊗ I3

)
· c

Algorithm 993 from [Fackler, 2019] with modifications

Set f := c
For ℓ = 1, 2, 3

1 f := reshape(f , [·], dℓ + 1)
2 f := bdℓ · f⊤

Output: f = f(ξ, η, ζ)

c =


8 9 10 11
14 15 16 17
38 39 40 41
...

...
...

...
134 135 136 137


︸ ︷︷ ︸

d1+1 columns

(d2 + 1)(d3 + 1)
rows
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Performance evaluation - bivariate B-splines
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Performance evaluation - trivariate B-splines
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Parametrization techniques

Requirements (not just) for interactive modeling and analysis
1 Automatic creation of analysis-suitable parametrizations from boundary description

bivariate planar parametrizations, trivariate volumetric parametrizations
2 Automatic reparametrization for improving the quality of parametrizations

as before + bivariate surface parametrizations

Parametrization techniques
1 Algebraic approaches, e.g., discrete Coons method
2 PDE-based approaches, e.g., H1 and H2 method
3 Optimization-based approaches, e.g., barrier or penalty function method

Our workflow: init by Coons patch ⇒ a.s. parametrization by H1 ⇒ optimize if needed
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Comparison of the different approaches

3.3. Domain parameterization - Ye Ji, Matthias Möller (DRAFT FINISHED)

Problem statement

Modern CAD systems primarily offer the boundary representation (B-Rep) of the CAD
model. However, creating a bijective mapping between the parameter domain Ω̂ and the com-
putational domain Ω becomes crucial in the context of the isogeometric-based design-analysis-
optimization workflow. The term “analysis-suitable parameterization” refers to this crucial map-
ping. In this part, we will introduce several available implementations within G+Smo .

Discrete Coons Method Spring Method H2 EGG Method [Hinz+2018]

Barrier Function-Based Method [Ji+2021] Penalty Function-Based Method [Ji+2022] H1 Scaled EGG Method [Ji+2023]

Figure 1: Parameterizations of a duck generated using diverse implementations available in G+Smo

Available implementations in G+Smo

In G+Smo , the existing implementations for constructing analysis-suitable parameterizations
can be categorized into three primary classifications:

• Algebraic parameterization methods. These techniques involve, at most, the solving of a
linear system of equations, showcasing notable computational efficiency. A representative
method is the discrete Coons method [6], an explicit parameterization technique from the
special class of TransFinite Interpolation (TFI) methods. It obviates the need for solving

15

Results by Ye Ji
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Automatic placement of interior control points

Harmonic mapping: x : Ω̂ → Ω by solving

∇ · ∇ξ(x, y) = 0
∇ · ∇η(x, y) = 0

such that x−1|Γ = Γ̂

• x−1 exists and is unique if the curvature of Ω̂ is non-positive and the boundary Γ̂ when
considered with respect to the metric on Ω is convex [Eells and Lemaire, 1978]

• x−1 is one-to-one by the Radó-Kneser-Choquet theorem [Duren and Hengartner, 1997]

37 / 48



Automatic placement of interior control points cont’d

Weak form in H2 [Hinz et al., 2020]∫
Ω̂ wL̃x dΩ̂ = 0∫
Ω̂ wL̃y dΩ̂ = 0

such that x−1|Γ = Γ̂

where
L̃ =

(
g22

∂2

∂ξ2 − 2g12
∂2

∂ξ∂η
+ g11

∂2

∂η2

)
/ (g11 + g22)

New weak form in H1 [Ji et al., 2023]∫
Ω̂ ∇xw · ∇xξ dΩ̂ = 0∫
Ω̂ ∇xw · ∇xη dΩ̂ = 0

such that x−1|Γ = Γ̂
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Comparison between H1 and H2 approaches

original: improved:

Results by Ye Ji
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Results by Ye Ji
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Planar results

Results by Ye Ji
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Volumetric results

Results by Ye Ji
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Solution of nonlinear systems by preconditioned Anderson acceleration
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Summary and outlook

• Least-squares collocation IgA enables seamless in-paradigm blending between fast
learning-based pre-analysis and in-depth simulation-based (post-)analysis

• Theory from IgA-L carries over to NN (e.g., interpretation of loss function)
• Iterative refinement of NN’s output by ‘classical’ IgA-L is possible

What’s next?
• Interactive workflow https://visualization.surf.nl/iganet/
• Least-squares collocation-based parametrization techniques
• Extension to multi-patch parametrizations
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